EQUIVARIANT OPERADS, SYMMETRIC SEQUENCES, AND BOARDMAN-VOGT TENSOR
PRODUCTS

NATALIE STEWART

ABsTrACT. Let Opg be Nardin-Shah’s co-category of Og-oo-operads (henceforth G-operads). We construct
the underlying G-symmetric sequence of a (one color) G-operad, yielding a monadic functor; we use this to
liftt Bonventre’s genuine operadic nerve to a conservative functor of co-categories, restricting to anequivalence
between categories of discrete G-operads.

BV
We then go on to define and characterize closed Boardman-Vogt tensor product ® on Opg; in particular,

this specializes to a G-symmetric monoidal co-category Alg . (C) of O-algebras in a G-symmetric monoidal

co-category C. We show that the category of G-symmetric monoidal co-categories possesses a canonical
symmetric monoidal structure whose tensor products are compatible with the Boardman-Vogt tensor product
via the G-symmetric monoidal envelope.
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Fix G a finite group. Within the burgeoning study of algebraic structures in G-equivariant homotopy
theory, relatively little is known about G-operads. In this paper, we use co-categorical foundations to advance
the study of G-operads in several ways. This concerns structural statements both about Nardin-Shah’s
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oo-category of (colored) Og-co-operads Op; (henceforth just G-operads) and about the co-categories of
algebras Alg,(C) of O-algebras for various examples of interest.*

Our first contribution concerns generalizing the theory of G-symmetric monoidal co-categories to I-
symmetric monoidal co-categories, for I a weak indexing category in the sense of [Ste24b]; these posses
indexed tensor products over a collection of arities only under the assumptions that they can be restricted
and composed. We go on to generalize G-operads to [-operads, which occur as a fully faithful subcategory
Op; € Op; with a terminal object N, IQ?;O, which we refer to as a weak N, -operad; in particular, an I-symmetric
monoidal co-category C® has an underlying (colored) I-operad of the same name, and O-algebras in C®
correspond with maps of G-operads O® — C®.

Additionally, we define a monadic functor

sseq: Opy — Fun(TotX, S),

the former being the one-colored G-operads and the latter being the co-category of G-symmetric sequences.
The objects of Tot X are identified with pairs (H,S) where H C G is a subgroup and S € Fy is a finite H-set;
given this data, we write O(S) := sseqO®(S), which we call the S-ary structure space of O®. This intertwines
with Bonventre’s genuine operadic nerve, so the nerve lifts to a conservative functor of co-categories.

We use this data to characterize the compatible (d + 1)-categories of G-symmetric monoidal d-categories
and G-d-operads: a G-operad O® is a G-d-operad if the S-ary structure space O(S) is (d — 1)-truncated for
all subgroups H C G and finite H-sets S € Fyy. These form a localizing subcategory, with localization functor
hg: Opg — Opg 4. When d <1, we show that the inclusion of d-operads intertwines with Bonventre’s nerve.

Having done this, we define a homotopy-commutative tensor product on Op called the Boardman-Vogt
tensor product. We show that this tensor product is closed, i.e. it has an associated (colored) G-operad of
algebras A_lgz(C). When C® is an I-symmetric monoidal co-category, we show that A_lgg(C) underlies an

I-symmetric monoidal co-category, which we give the same name; in particular, Algg(C) is an I-symmetric
monoidal co-category whose P-algebras are characterized by the formula

AlgpAlg® (C) = Algpgo(C).

We thus interpret P ® O-algebras as homotopy coherently interchanging pairs of P-algebras and O-algebras;
indeed we give a “bifunctor” presentation generalizing [HA, § 2.2.5.3].

We end by developing an “inflation and fixed points” adjunction InﬂEOp 2 O0pg: I'C and showing that
it is compatible with Boardman-Vogt tensor products.

We now move on to a more careful accounting of the background and main results of this paper.

Background and motivation. Let C be a semiadditive category, i.e. a pointed 1-category whose norm map
XY — X xY is an isomorphism for all X,Y € C. Let G be a finite group and let Og be the orbit category of
G. Recall that a semi Mackey functor valued in C is the data of:

e a contravariant functor R: (’)OGP — C, and
e a covariant functor N: Og — C

subject to the conditions that

(a) for all H C G, the values R([G/H]) and N([G/H]) are isomorphic, and
(b) writing R¥: R([G/H]) — R([G/K]) for the contravariant functoriality and Nf/: N([G/K]) — N([G/H])
for the covariant functoriality, R and N satisfy the double coset formula

HarH; |\ H H
RENH (-) ~ Z N ke Rest (=),
g€J\H/K

where (-), denotes the covariant conjugation action and J\G/K is the set of double cosets.

1 In this paper we will call co-categories co-categories and oco-categories with discrete mapping spaces I-categories, as their theory
is equivalent to the traditional theory of categories. More generally, we will call co-categories whose mapping spaces are (d —1)-truncated
d-categories.
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Let Span(Fg) be the effective Burnside 1-category, whose objects are finite G-sets, whose morphisms
Rxy: X — Y are given by spans X < Ryy — Y, and whose composition is given by pullback of spans

Rxz

Ryy T T Ryz

k& TSy Ty,
It is an observation due to Lindner [Lin76] that (semi)-Mackey functors valued in C are equivalently given by
biproduct preserving functors

Span(FFg) — C.
This appears as a straightforward generalization of the Lawvere theory Span(F) for commutative monoids, so
we will refer to semi-Mackey functors as G-commutative monoids.
Moreover, any C admits a universal map from a semiadditive category, given by the forgetful functor
U: C — CMon(C); since Span(Fg) possesses an identity-on-objects anti-involution, it is semiadditive, and so
U induces an equivalence

Fun*(Span(F¢), CMon(C)) — Fun®(Span(Fg),C);

in fact, replacing Span(IFg) with the effective Burnside 2-category of [Bar1l4] (whose 2-cells are isomorphisms
of spans), C with an co-category, and interpreting CMon(C) as E_,-monoids in C, the semiadditivization result
for CMon(C) still holds [GGN15], and Span(Fg) is still semiadditive. Thus we are justified in making the
following definition.

Definition. The co-category of G-commutative monoids in C is the product-preserving functor co-category
CMong(C) := Fun*(Span(Fg),C);
the oco-category of small G-symmetric monoidal co-categories is
Cat% := CMong(Cat). <
This recovers the notion of [NS22], which generalizes the notion of [HH16]. Recall that, we define
G-oo-categories to be categorical coefficient systems

Catg = Fun(OOGp,C);

the [G/H]-value of a G-co-category C will be written C, and the contravariant functoriality along [G/K] —
[G/H] will be written Resg : Cy — Cg. G-symmetric monoidal co-categories C® have underlying G-oo-
categories C defined by the precomposition

®
C: OOGP — Span(Fg) ot Cat.

Given a subgroup H C G and a finite H-set S, we will write the value of C® on Inng as Cg, noting that
there is a canonical equivalence Cs = [ ik ]corb(s) Ck -

We may induce the canonical map of H-sets S — #p to G to construct a structure map Inng —[G/H],?
and covariant functoriality yields a natural S-indexed tensor product operation

é: Ds — Dy.

We may induce the orbit set factorization S — |[g/kjeorb(s)*n — *u to yield a natural equivalence

s
DX @ X
K [H/K]eOrb(S)

Similarly, contravariant functoriality yields an S-indexzed diagonal AS: Dy — Dg satisfying
Sy ~ H
A*X = (ResK X)[H/K]eOrb(S)'

2 See [Die09] for a discussion of induced G-sets.
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This allows us to define S-indexed tensor power of an object Xy € Dy by

X8 ::®ASXH:®Res§XH: X) N Resfx
K

[H/K]€Orb(S)

Akin to the discrete case, these satisfy a double coset formula by functoriality under the composite span

I G/(KngJg™)
g€[J\H/K]

v

/ s T3 ok —
G/J = T G/H — = G/K

We are concerned with algebraic structures inside G-symmetric monoidal co-categories, which we will
control with a version of Nardin-Shah’s co-category Op of Og-oco-operads, which we simply call G-operads.
Work of Barkan, Haugseng, and Steinebrunner [BHS22] identifies these with functors of co-categories
1o: O® — Span(Fg) with cocartesian lifts over backwards maps and satisfying a pair Segal conditions, which
we may summarize in two cases of interest:
(1) in the case that O® additionally has mp-cocartesian lifts over forward maps, O® is a G-operad if and
only if it is is the unstraightening of a G-symmetric monoidal co-category;
(2) in the case that the fibers 7' (S) are contractible for all S € Fg (i.e. O® has one color), cocartesian
lifts over the backwards maps (S « [G/H] = [G/H])[g/mcorb(s) furnish an equivalence

MapT_’S (iT,iS) ~ ]_[ Mapggﬁ[G/H](

[G/H]eOrb(S)

iTy,i[G/H]),

where we set Ty := T x5 [G/H]| and we write iS for the unique object of 7'((_91(5).3
These span a localizing subcategory [BHS22, Cor 4.2.3].

Lopg
h int—cocart
1
(1) OpG \iat/Span(IFG)
Given O® a one-color G-operad, H C G a subgroup and S € Fy; a finite H-set, we write
G e
O(S) = Mapae 81 M i1nd G 5, i[ G/H))

for the S-ary structure space of O®. An O-algebra in C® is defined to be a map of G-operads O® — C®; these
posses an underlying G-object X, (i.e. cocartesian section of C — OOGP)) together with action maps
®S
O(S) — Mape, (XH ,XH)
which are suitably functorial and compatible with cocartesian lifts of backwards maps. In fact, as in [NS22],
we may lift these to a G-oo-category Alg (C) whose H-value consists of algebras over the restricted H-operad:

Alg (C)rr = Alggeq o(Res; C).

Summary of main results. Write X for the G-space core of the G-co-category of finite G-sets F-; write
Tot: Catg — Cat for the functor taking a G-co-category to the total co-category of its corresponding cocartesian
fibration. We identify objects with Tot X, with pairs (H,S) where (H) C G is a conjugacy class and S € Fy is
a finitie H-set.

Theorem A. There exists a monadic functor
sseq: Opyy — Fun(TotX,S)

ev
whose composite functor Opg NN Fun(TotX.,S) RGN S recovers O(S).

3 Given a functor F: C — D, and t: FX — FY a map in D, we write Mapllf(X,Y) C Mapg(X,Y) for the disjoint union of the

connected components consisting of maps ¢: X — Y such that F¢ is homotopic to 3.
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In parallel, Bonventre-Pereira developed a model category sOp. of colored genuine G-operads, and
the one-color variant sOpg, is right-transferred along a monadic underlying G-symmetric sequence functor

U: sOpg,, Fun, (Tot X, sSetquillen) [BP21, Thm I1].* We refer to the associated co-categories as

g0p; = sOpG[weq_l]; g0pg,. = sOpG’*[weq_l].
Unwinding definitions, we will see that sseq is total right derived from a functor of 1-categories out of
Nardin-Shah’s model structure [NS22| which preserves and reflects weak equivalences between fibrant objects,
and Bonventre’s genuine operadic nerve N® satisfies P(S) ~ (N®0)(S). We conclude by two-out-of-three that
N® preserves and refelcts weak equivalences between fibrant objects. In Section 2.6 we extend this to the
multiple-color setting, yielding the following.

Corollary B. Bonventre’s genuine operadic nerve N® possesses a conservative total right derived functor of
co-categories

N®: ¢Op. — Opg;
when O is a one color genuine G-operad, this satisfies O(S) =~ (N®O)(S).

Moreover, in Section 2.6, we will see that this restricts to an equivalence between their respective full
subcategories of G-operads with discrete structure spaces.

Having done this, we move on to develop a notion of equivariant homotopy-coherent interchange via the
Boardman-Vogt tensor product

0% P® = Lop (O® x P® — Span(Fg) x Span(Fg) —— Span(IFG)).
where Loy, is as in Eq. (1). We verify many basic properties of this.

BV
Theorem C. The bifunctor ® : Op; x Op; — Opg enjoys the following properties.

(1) In the case G = e is the trivial group, %V is naturally equivalent to the Boardman-Vogt tensor product
of [HM23; HA]J.

(2) The functor — %v(’): Op; — Opg; possesses a right adjoint A_lgg(—), whose underlying G-oo-category
is the G-oo-category of algebras A_lgo(—); the associated oo-category is the oco-category of algebras
Algy(-).

(8) The ® -unit of Opg is the G-operad triv® of [NS22[; hence Algﬁiv (0) = 0°.

(4) When C® is a G-symmetric monoidal co-category, A_lgg(C) s a G-i“ymmteric monoidal co-category;
furthermore, when O® — P® is a map of G-operads, the pullback lax G-symmetric monoidal functor

Ng5(0) - Al )
is G-symmetric monoidal; in particular, if O® has one object, then pullback along the unique map
trivg — P?® presents the unique natural transformation of operads

Alg2(0) ¢,

and this is G-symmetric monoidal when C is G-symmetric monoidal.
(5) When C® — DP® is a G-symmetric monoidal functor, the induced lax G-symmetric monoidal functor

Alg®(C) — Alg®(D)

is G-symmetric monoidal.
(6) The adjunction InflS: Op 2 Opg: TG enjoys the following (natural) equivalences:

Giriv® ~ triv®-
Infl; triv® ~ triv;

G ~ Gpo)\.
T A_lgi’lﬂgo(C)_Alg%(I‘ c);

InfiS(0) ® IS (P) ~ nfIS (O & P).

4 When we say a model category C is right-transferred along F : C — D, we mean that F preserves and reflects weak equivalences
and fibrations.
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Hence, writing E,, for the little ng-disks G-operad,” the maps E,, By — Eypp induce an equivalence
BV ~
E? ® E} — Epm

(7) The G-symmetric monoidal envelope of [BHS22; NS22] intertwines localized Day convolution with
Boardman-Vogt tensor products, i.e. the following diagram commutes

BV

Op2G € > Opg

lEnvz l/EnV

Lse
Fun(Span(Fg), Cat)2 —2— Fun(Span(F),Cat) —=5 Cat®

References. Statement (1) is Corollary 3.13. Statement (2) is Observation 2.52; Proposition 3.6, and Corol-
lary 3.19. Statement (3) is Proposition 3.16. Statements (4) and (5) are Corollary 3.11. Statement (6) is
Propositions 3.25 and 3.28 and Corollaries 3.26 and 3.27. Statement (7) is Proposition 3.9. ]

Notation and conventions. We assume that the reader is familiar with the technology of higher category
theory and higher algebra as developed in [HTT] and [HA, § 2-3], though we encourage the reader to engage
with such technologies via a “big picture” perspective akin to that of [Gepl9, § 1-2] and [Hau23, § 1-3].
Throughout this paper, we frequently describe conditions which may be satisfied by objects parameterized
over some oo-category 7. If P is a property, in the instance where there exists Borelification adjunctions

E;:C}- ﬁCT:Bor;

along family inclusions F € 7', we say that X € C7 is essentially P (or E-P) when there exists some X € Cr
which is P such that X ~ E;X. We say that X is almost essentially P (or aE-P) if Cx has a terminal object
+z for all F, and there is a pushout expression

X ~ * U*f *

for some F’ C F we say that X is almost P (or a-P) if it’s almost essentially P and F’ =7 in the above.

Acknowledgements. I would like to thank Jeremy Hahn for suggesting the problem of constructing equivariant
multiplications on BPg, whose (ongoing) work necessitated many of the results on equivariant Boardman-Vogt
tensor products developed in this paper; Additionally, I would like to thank Clark Barwick, Dhilan Lahoti,
Piotr Pstragowski, Maxime Ramzi, and Andy Senger, with whom I had many helpful conversations about
equivariant homotopy theory and algebra. Of course, none of this work would be possible without the help of
my advisor, Mike Hopkins, who I'd like to thank for many helpful conversations.

1. EQUIVARIANT SYMMETRIC MONOIDAL CATEGORIES

In this section, we review and advance the equivariant co-category theory of of homotopical incomplete
(semi)-Mackey functors for a weak indexing system I, which we call I-commutative monoids. To that end, we
begin in Section 1.1 by reviewing our equivariant higher categorical setup. We go on to cite and prove some
basic facts about I-commutative monoids in Section 1.2. In Section 1.3 we then endow the 7 -co-category
of I-commutative monoids with its mode symmetric monoidal structure, and prove that this is uniquely
determined as a presentable symmetric monoidal structure by the free functor from coefficient systems; we
use this to identify the resulting symmetric monoidal structure with the localized Day convolution structure.
Following this, in Section 1.4 we quickly develop a framework for 7 -symmetric monoidal d-categories.

5 Here, ng is the n-dimensional trivial orthogonal G-representation.
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1.1. Recollections on 7 -co-categories. We center on the following definition.
Definition 1.1. An co-category 7 is

(1) orbital if the finite coproduct completion F := TU has all pullbacks, and
(2) atomic orbital if it is orbital and every map in 7 possessing a section is an equivalence. <

We view the setting of atmoic orbital co-categories as a natural axiomatic home for higher algebra
centered around the Burnside category (see [Narl6, § 4]), generalizing the orbit categories of a finite groups.
The reader who is exclusively interested in equivariant homotopy theory is encouraged to assume every atomic
orbital co-category is the orbit category of a family of subgroups of a finite group.

Definition 1.2. Let 7 be an oco-category. Then, a full subcategory F C 7 is a 7 -family if whenever V € F
and W — V is a map, we have W € F.5 The poset of 7-families under inclusion is denoted Famy.
Similarly, a full subcategory F C T is a 7 -cofamily if its opposite F°P C T°P is a 7 °P-family. <

Example 1.3. Let G be a topological group, let Sg be the co-category of G-spaces, and let Og C Sg be the
full subcategory spanned by homogeneous G-spaces [G/H], where H C G is a closed subgroup. The following
are all atomic orbital co-categories (see [Ste24bl).

(1) For G is a topological group, the full subcategory (’)ém C Og spanned by G/H for H finite.

(2) If G is a topological group, the wide subcategory Oél' C Og whose morphisms are projections
G/K — G/H for K C H finite index inclusion of closed subgroups.

(3) If G is a topological group, the full subcategory Oé'mb C Oé'l' spanned by G/H for H C G a finite-index
closed subgroup.

(4) X a space, considered as an co-category.

(5) P a meet semilattice.

(6) If T is an atomic orbital co-category, ho(T).

(7) If T is an atomic orbital co-category, F C 7 a full subcategory satisfying the following conditions:
(a) Forall UWe F and paths U -V > W in T, VeF.
(b) For all U,W € F and cospans U — V < W in 7, there is a span U <« V'’ — V in F.
For instance, F may be the intersection of a family and a cofamily whose connected components
have weakly initial objects, such as 75y .

(8) If 7 is an atomic orbital co-category and V € T, the co-category 7,y . <

In this section, we briefly summarize some relevant elements of parameterized and equivariant higher
category theory in the setting of atomic orbital co-categories. Of course, this theory has advanced far past that
which is summarized here; for instance, further details can be found in the work of Barwick-Dotto-Glasman-
Nardin-Shah [BDGNS16a; BDGNS16b; Narl6; Sha22; Sha23], Cnossen-Lenz-Linskens [CLL23a; CLL23b;
CLL24; Lin24; LNP22], Hilman [Hil24], and Martini-Wolf [Mar22a; Mar22b; MW22; MW23; MW24].

1.1.1. The T -co-category of small T -co-categories.

Example 1.4. Let G be a finite group, F C Og a G-family of subgroups, and Sz be the co-category of
JF-spaces, constructed e.g. by inverting F-weak equivalences between topological G-spaces. Then, a version
of Elmendorf’s theorem [Elm83]| for families (see [DK84, Thm 3.1]) states that the total F -fized points functor
yields an equivalence

Sz ~Fun(F°P,S). 4
This motivates the following definition.
Definition 1.5. The oco-category of small T -co-categories is
Caty := Fun(7 °P,Cat),
where Cat is the co-category of small co-categories. If Cat is the (very large) oco-category of arbitrary
co-categories, then the very large co-category of T -co-categories is
Caty := Pun(7 °P, Cat). <

6 These are named families after subconjugacy closed families of subgroups, which frequently occur in equivariant homotopy; these
are referred to as sieves in [BH15; NS22| and upwards-closed subcategories in [Glal7].
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Notation 1.6. Fix C € Caty = Fun(7 °P,Cat,,). We refer to the value of C at V € 7°P as the V-value category
of C, written as Cy; given f : V — W, we refer to the associated functor as restriction

Res{',v: Cw —Cy. <
Remark 1.7. We show in Example 2.15 that Caty is equivalently presented as complete Segal obects in the
oco-topos Sy := Fun(7 °P,S). <
Remark 1.8. The Grothendieck construction, imported to co-category theory as the straightening-unstraightening
equivalence in [HTT, Thm 3.2.0.1], produces an equivalence

Caty ~ Catf%%%rt,

the latter denoting the (non-full) subcategory of Cat,7op whose objects are cocartesian fibrations and whose
morphisms are functors over 7°P which preserve cocartesian arrows. Under this identification, the fiber
of Un(C) — 7°P over V is identified with the V-value Cy, and the restriction functors are identified with
cocartesian transport. <

Given C,D a pair of 7T -oo-categories, we may define the 7 -functor category to be the full subcategory
Funy (C,D) := Funf9$y* (C, D) € Fun,7op (C, D)

consisting of functors over 7 °P which preserve cocartesian lifts of the structure maps.

Example 1.9. For any object V € 7, the forgetful functor (7;,)°P — 7°P is a cocartesian fibration classified
by the representable presheaf Map,(—, V). We refer to the associated 7 -category as V. This is covariantly
functorial in V, since postcomposition yields functors fi: 7,y — 7, for all maps f: V — W. <

The representable 7 -categories have total categories of a particularly nice form.

Proposition 1.10 ([NS22, Prop 2.5.1]). If an atomic orbital co-category T has a terminal object, then it is a
1-category; in particular, T,y is a 1-category.

These play an important role in equivariant higher category theory.
Notation 1.11. Given C a 7 -oco-category, we define the restricted 7,y -category by

CK =C X7op (7}\/)01) . <
Proposition 1.12 ([BDGNS16b, Thm 9.7]). Caty has exponential objects Fun,(C,D) classified by the functor
Vi FunTN (CK’ DK)’

We refer to monomorphisms in Caty as 7 -subcategories, and 7 -functors which are fiberwise-fully faithful
as full T -subcategories, or T -fully faithful functors.

Observation 1.13. By the fiberwise expression for limits in functor categories (c.f. [HTT, Cor 5.1.2.3]), a
7 -functor F :C — D is a 7 -subcategory inclusion if and only if Fy, : Cyy — Dy is a subcategory inclusion for
all VeT. <

Example 1.14. The terminal 7 -co-category # is classified by the constant functor V + . The poset of sub-
terminal objects in Caty (i.e. monomorphisms with codomain #;) is isomorphic to Famy; the 7 -co-category
*r associated with F is determined by the values

= VeF;
* >~ <
=V & otherwise.

The co-category Caty participates in an adjunction
Tot: Caty ——— Cat: Coeff”
whose left adjoint Tot is the total category of cocartesian fibrations, and whose right adjoint has V-value

(Coeff” C)y = Fun ((Zyy)*®,C)
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where the functoriality on f is given by (fi)* (see [BDGNS16b, Thm 7.8]). We refer to Coeff’ as the
T -co-category of coefficient systems in C.”
Example 1.15. There is an equivalence * = Coeff’ + € Caty, since right adjoints preserve terminal objects. <
We may additionally construct the associated co-category
r’c:= Funz (% C),
whose objects consist of cocartesian sections of the structure functor C — 7°P. We refer to this as the
oco-category of T -objects in C. For instance, if 7 has a terminal object V, [BDGNS16b, Lemma 2.12| shows
that we have an equivalence
r’c=~cy;
more generally, this implies that I'7C ~limyczop Cy, i.e. it is the T -fized points (or the limit of C viewed as
a 7 °P functor). Defining the 7 -inflation to have V-values

(InﬂZD) =D
\%
for any D € Cat and V € 7, the adjunction between limits and diagonals immediately yields the following.
Proposition 1.16. The functor InﬂeT: Cat — Caty is left adjoint to TT : Caty — Cat.

Using this adjunction, given C € Cat, we define the co-category

Coeff” C := T Coeff” C ~ Fun(T°P,C);

then, we have Caty = Coeff? Cat, and Elmendorf’s theorem states that Sg = Coeff? S, motivating the
following.
Definition 1.17. The T -co-category of small T -co-categories is Caty = CoeffT(Cat); the 7 -co-category of
T -spaces is S i= Coeff” (T), and the co-category of 7 -spaces is Sy := Coeff? (S) =~ r7s,. <
Observation 1.18. The V-value of Cat is (%T)V = Caty,,,; we henceforth refer to this as Caty. The

restriction functor Res‘V,‘] : Catyy — Caty is presented from the perspective of cocartesian fibrations by the
pullback

Res‘\,/vC —C
L
(Ty)? —— (Tw)*?
In particular, given a map U — V — W, abusively referring to (U — V) € 7y as U, this is characterized by

the formula
(Res]‘//\,C)U ~Cy. <

1.1.2. Language in the case T = Og. When G is a finite group, the category Og has objects the homogeneous
G-spaces [G/H] and morphisms the G-equivariant maps [G/K] — [G/H]; tracking the image of the identity,
the hom set from [G/K] to [G/H] may alternatively be presented as

{aeGIaKa‘1 CH}

a~b when ab-leK

(see e.g. [Die09, Prop 1.3.1] for details). In particular, the endomorphism monoid of [G/K] is the Weyl group
WgH = Ng(H)/H. Using this, one may see that when G is a finite group, the map Indg: On — Og,/(G/n) is
an equivalence of categories. Thus we may set the following notation without creating clashes.

Hom([G/K],[G/H]) =~

Notation 1.19. In the setting that 7 = O, we use the following notation:
(1) we refer to [G/H] as H;
(2) we refer to Og-oco-categories as G-co-categories and CatoG as Cat;

(3) we refer to Cig/p) as Cy and Res{g?]] as Resg;

7 These are referred to as the cofree parameterization CoFree(C) in [Hil24] and as the T -co-category of T -objects Cy in [Narl7]. We
avoid the former for clarity (as we do not view Tot as a forgetful functor), and we avoid the latter as it conflicts with the 7 -co-category
of T -spectra SpT; instead, our name is chosen to evoke the coefficient systems used in equivariant cohomology.
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(4) we refer to Og-spaces as G-spaces and §Oc as Sg. <

1.1.3. Join, slice, and (co)limits. We now summarize some elements of [Sha22; Sha23].

Definition 1.20 ([Sha23, Def 4.1]). Let 1: 7°P x dA! < TP x Al be the evident inclusion. Then, the 7 -join is

the top horizontal functor

Catg— > Catr

[ [

Cat/zopygal AN Cat/ryg LN Cat/zop
which exists by [Sha22, Prop 4.3]. We write
K> := K47 #7 and K= =247 K <
Definition 1.21. If C,D € Caty ¢, are T -co-categories under &, the T -co-category of T -functors under £ is
defined by the pullback of 7 -categories

Fun; ¢/(C,D) — Fun(C,D)

l ’ l(ﬂc)*
* ——»— Funy(€,D)
If p: K - C is a T-functor, then the 7 -undercategory and T -overcategory are the functor co-categories
PV .= Funs ¢, (K%C);
¢/PT) .= Funy ., (K=,C) <

In the case p : 7 — C corresponds with the T-object X € I'7¢, we simply write CX/ := CP"7) and similar
for overcategories. In general, the categories CP"7V take part in a functor out of Caty g/. Of fundamental
importance is the adjoint relationship between these functors:

Theorem 1.22 ([Sha23, Cor 4.27]). The T -join forms the left adjoint in a pair of adjunctions
Koy —: Caty ——= Caty g,: ()=,
—#7 K: Caty =——= Caty g,: (-7
We say a 7 -functor p: K= — C extends p : K — C if the composite K — K= — C is homotopic to p.

Definition 1.23. Let C be a T-co-category. A T-object X e T7C is final if for all V € T, the object Xy € Cy
is final; if p : K* — C is a 7-functor extending p : K — C and the corresponding cocartesian section

Op t*T = C/(P7) ig a final T-object, then we say p is a limit diagram for p. <

The fiberwise opposite (or vertical opposite) functor op: Caty — Caty is the 7 functor induced under
Coeff” by the opposite category functor op: Cat — Cat; the notions of initial 7-objects and 7 -colimits are
defined dually as final 7-objects and 7 -limits in the fiberwise opposite.

In many cases, these are familiar; for instance, trivially indexed colimits are non-equivariant in nature.

Proposition 1.24 ([Sha22, Thm 8.6]). Suppose K is a T -category such that, for all morphisms V.- W in T,
the associated restriction (i.e. cocartesian transport) functor Ky — Ky is an equivalence. Then, a diagram
p: K2 —C is a limit diagram for p: K — C if and only if for all V, the associated diagram p,: Ky, = Cy isa
limit diagram for pPv- B

Definition 1.25. Let C be a T -co-category and let K = (Ky)yer C Caty be a restriction-stable collection of
V-categories. We say that C strongly admits KC-shaped limits if for each V € T, each C-category K € Ky and
each V-functor p: K — Cy, there exists a limit diagram for p. We say C is 7 -complete if it strongly admits
Catr-shaped limits. n

If C and D are 7 -co-categories which strongly admit all X-shaped limits and F :C — D is a 7, functor,
we say F strongly preserves K-shaped limits if for all V € T and all K € Ky, postcomposition with the
V-functor Fy : Cy — Dy sends K-shaped limits diagrams to limits diagrams.
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If C c D is a full 7T-subcategory whose inclusion strongly preserves K-shaped limits, we say that C is
strongly closed under KC-shaped limits. <

An important class of examples is indexed (co)products.
Definition 1.26. Consider S € Iy, considered as a V-category under the unique coproduct-preserving inclusion
Sety <> Caty. Then, we refer to S-shaped V-limits as S-indexed products and S-shaped V-colimits as
S-indexed coproducts.

If C c F; is a full 7-subcategory, we refer to 7-colimits of the corresponding class as C-indezed
coproducts; similarly, following [Ste24b], if I C Sety is a pullback-stable subcategory, we define the full
T -subcategory Set; C Set, of I-admissible sets by

(&I)V = Sety y = {S | Indz,’S —-Ve I} C Sety.

We refer to the class of Set;-indexed coproudcts as I-indexed coproducts, and use the dual language for
I-indexed products. If D strongly admits Set;-shaped limits, we simply say D admits I-indexed coproducts; if
I =F7, we say that D admits finite indexed coproducts, and if I = Sety, we say that D admits small indexed
coproducts. <

Notation 1.27. Given C a T -category and S € Sety, we write
UeOrb(S)

where Orb(S) is the set of orbits expressing S as a disjoint union of elements of 7. Given S € Sety, and
(Xy) € Cs, we denote the S-indexed products and coproducts as

ﬁXU eCy, ]i[XUeCV.
U U

In particular, in the case that S has one orbit U, we write Indg(—) and CoIndg(—) for S-indexed coproducts
and products, respectively. <

Indexed coproducts may be decomposed into coproducts of inductions:

Observation 1.28. If C € Caty admits all indexed coproducts, S € Sety, and (Xy7) € Cg, then ] IndEXU
UeOrb(S)
satisfies the universal property for S-indexed coproducts; hence there is a natural equivalence

mXu: ]_[ Ind}; Xy
U

UeOrb(S)
and the dual argument characterizes indexed products similarly. <

In nonequivariant higher category theory, all colimits are geometric realizations of coproducts. The
equivariant version of this states that 7 -colimits are geometric realizations of indexed coproducts, hence of
coproducts of inductions. An example is the following result of Shah.

Proposition 1.29 ([Sha23, Cor 12.15]). Let T be an orbital co-category. Then, C is T -cocomplete if and only
if it admits all geometric realizations and indezed coproducts.

Given K C Cat; a restriction-stable collection of V-categories and W € 7', we let Ky C Caty, be the
corresponding restriction-stable collection V-categories, where V ranges over 7,y. We will use the following
notation for strongly (co)limit-presereving functors.

Notation 1.30. Let I C F7 be a pullback-stable subcategory. Following and slightly extending [Sha22,

Notn 1.15], we use the following notation for the described distinguished full 7 -subcategories of Fun,(C, D):
(1) Fun’;—_L(C D): the V-functors which strongly preserve Ky-indexed colimits;

(2) Fun§ R(c,D): the V-functors which strongly preserve ICV -indexed limits;

(3) F nT C D): the V-functors which strongly preserve small V-colimits;

(4) Fun ) the V-functors which strongly preserve small V-limits;

(5) Fu D): the V-functors which (strongly) preserve I-indexed coproducts;
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(6) FunIT’ *(C,D): the V-functors which (strongly) preserve [-indexed products.
(7) Funf(C,D): the V-functors which (strongly) preserve finite ordinary coproducts;
(8) Funy(C,D): the V-functors which (strongly) preserve finite ordinary products. <

In many cases of interest, it is easy to verify these properties. Given K C Cat, define K, C Catyv to
consist of V-categories whose fibers lie in K, and define K := (Ky,) C Cat.
Proposition 1.31 ([Sha22, Thm 8.6]). Let C,D be oo-categories and let F: C — D be a functor.
(1) Coeff®C strongly admits KC-shaped limits if and only if C admits K-shaped limits, and

(2) Coeff®F: Coeff®C — Coeff®D strongly preserves K-shaped limits if and only if F preserves K-shaped
limats.

Some important examples of indexed (co)limit preserving functors come from parameterized adjunctions.

Definition 1.32. A 7 -functor L: C — D is left adjoint to R: D — C if the associated functors Ly : Cy — Dy
are left adjoint to Ry : Dy —» Cy for all Ve 7. <

These are the same as relative adjunctions over 7°P by [HA, Prop 7.3.2.1]; 7 -left adjoints strongly
preserve small 7 -colimits and 7 -right adjoints strongly preserve small 7 -limits [Hil24, Thm 3.1.10], and they
satisfy a parameterized version of the adjoint functor theorem [Hil24, Thm 6.2.1]. Additionally: they are
plentiful.

Lemma 1.33. Suppose L: C 2 D: R is an adjunction of co-categories. Then,
Coeff! L: Coeff’ C = Coeff! D: Coeff’ R

1s an adjunction of T -co-categories.

Proof. This follows from the fiberwise description of Coef‘fT(—); indeed, the V-values
L. : Fun ((Z)y)°P,C) 2 Fun (Z)y)®, D) : R,
are adjoint. O

Example 1.34. We may use Lemma 1.33 to e.g. realize the full subcategory of 7 -spaces whose fixed points
are d-truncated and d-connected as (co)localizing subcategories

ST ,>d St St ,<d-

Under the assumption that 7 is orbital, the author believes that most of the results of [LM06] may be carried
out on this level of generality; later on, we will use this line of thought to understand t¢runcatedness and
connectedness of T -operads and T -symmetric monoidal categories. <

Example 1.35. By Lemma 1.33, the classifying space and core double adjunction (=)~ 414 (—)~ yields
(_)z (_):

N TN

Caty ¢<——— S, Caty ¢—— S7
S~ =) e S~ (=)* e
a double 7 -adjunction and double adjunction. <

In the case that K = 5, the results [HTT, Lem 6.1.1.1], Proposition 1.24, and Proposition 1.31 together
with [Sha23, Lem 4.8] immediately imply the following.

Lemma 1.36. The 7T -functor Ar(C) ¢ is a Cartesian fibration if and only if C admits T -pullbacks; in this
case, for a: X — Y a morphism of T -objects in C, there exists an adjunction
a: XV o
where a*(Z) =~ Z xy X.
Additionally, we can make genuine adjunction non-genuine using [HA, Prop 7.3.2.1].

Proposition 1.37. If L: C 2 D: R are adjoint T -functors, then TotL: TotC 2 TotD: TotR and I'L: I'C 2
I'D: TR are adjoint pairs.
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Proof. The adjunction on Tot is [HA, Prop 7.3.2.1], and it induces an adjunction
TotL,: Fun,s(7,TotC) ——= Fun,7 (7, TotD): TotR,,
which restricts to the full subcategories of cocartesian sections, and hence yields an adjunction
I7L:17¢ =—=T17D: 17. 0.
We will need the following lemmas later.

Lemma 1.38. Suppose a T -functor F: C — D has Fy : Cy — Dy conservative for all V € T ; then, TTF is
conservative.

Proof. Suppose f, : X, — Y, is a map of 7-objects in C, i.e. a natural transformation of cocartesian sections
of TotC — T°P. Then, f, is an equivalence if and only if fi is an equivalence for each V; by conservativity of
Fy, this is true if and only if F, f, is an equivalence for each V, i.e. if and only if Ff, is an equivalence, so
I'7F is conservative. g

Lemma 1.39. Suppose L: C 2 D: R is a T -adjunction such that Ry is monadic for all V € T; Then,
I'”R: TTD —>T7C is monadic.

Proof. We verify that T'7 R satisfies the conditions of the co-categorical Barr-Beck theorem [HA, Thm 4.7.3.5(c)].
First, by Lemma 1.38, TZ R is conservative. Second, note that a simplicial object Z4(—) in I'7D corresponds to
a family of simplicial objects Zy (=) in Dy, and a I'Z R-splitting of Z,(=) corresponds with a restriction-stable
family of Ry -splittings of Zy(—). Thus Ry creates a colimit of Zy for all V| and the resulting cocartesian
section creates a colimit for Z,. Unwinding definitions, we’ve argued that TZ R creates colimits for T'Z R-split
simplicial diagrams, we’ve verified the conditions of the co-categorical Barr-Beck theorem; hence T'ZR is
monadic, as desired. .

1.2. I-commutative monoids. Following [Barl4|, we say that an adequite triple is the data of two core-
1
preserving wide subcategories A, C X' D Ay of an co-category such that cospans X BLN y 2z satisfying

@ € Xy and @y, € A}, lift to pullback diagrams

" Xxy Z .
X < S z
satistying ¥, € A}, and Py € Xy. Given an adequate triple X, C X' O Xy, we define the span category to be
Spany, ((X) := AT (X, X, X)),
In particular, the objects of Span, f(X ) are precisely those of X', and the morphisms from X to Z are the

¢
spans X 2y 2, Z with @, € X}, and @ € Xy, with composition defined by taking pullbacks. 8
Example 1.40. For 7 an orbital co-category and I C Fy a pullback-stable wide subcategory, Fr =Fy « I is
an adequate triple; write
Span,(F7) :=Span; ;(F7). <
Warning 1.41. Even when F7 is a 1-category (i.e. 7 is a 1-category), Span;(F7) will seldom be a 1-category;
indeed, in this case, Span;(F7) is a 2-category whose 2-cells given by the isomorphisms of spans

YI
x< Ly
\t/

8 Those readers more familiar with [EH23] may note that this specializes to the notion of a span pair, when backwards maps are
Ap =X, in which case Spanf(X) recovers that of [EH23], and hence lifts to an (oo, 2)-category with a universal property that we will

not use.
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In this subsection, we review the cartesian algebraic theory Span;(Fy) corepresents, called I-commutative
monoids. We will find that, in the same way that CMon is easily characterized via semiadditivity (c.f.
[GGN15]), CMon; is easily characterized via I-semiadditivity. Little of this subsection is original; instead, it
forms a slight generalization of [Narl6] and a massive specialization of [CLL24].

1.2.1. Weak indexing systems. We briefly review the setting of weak indexing systems introduced in [Ste24b],
which we view as the combinatorial context for the intersection of category theoretic and algebraic notions of
I-commutative monoids.

Definition 1.42. A T -weak indexing category is a subcategory I C F7 satisfying the following conditions:

(IC-a) (restrictions) I is stable under arbitrary pullbacks in F;
(IC-b) (segal condition) T — S and T’ — S are both in [ if and only if TUT’ — SIS’ isin I; and
(IC-¢) (X7-action) if S € I, then all automorphisms of S are in I.

A T -weak indexing system is a full 7-subcategory F; C '+ satisfying the following conditions:

(IS-a) whenever the V-value Fy = (F;),, is nonempty, we have *, € F; |,; and

(IS-b) F; cFy is closed under F;-indexed coproducts. <
Observation 1.43. By a basic inductive argument, condition (IC-b) is equivalent to the condition that S — T
isin I if and only if Ty =T xg U — U is in [ for all U € Orb(S); in particular, I is determined by its slice
categories over orbits. <

We denote the I-admissible sets by [F; := Set; C Fr as in Definition 1.26. This is a full 7-subcategory.

Remark 1.44. By Observation 1.43, in the presence of Condition (IC-b), Condition (IC-a) is equivalent to the
condition that for all Cartesian diagrams in Fy

TxyU——T
@ [P
Uu—YV
with U,V €7 and a €1, we have a’ € I. <
Inspired by Observation 1.43 and Remark 1.44, in [Ste24b, Thm A] we prove the following.

Proposition 1.45. The assignment I — F; implements an equivalence between the posets of T -weak indexing
categories and T -weak indexing systems.

We additionally recall the following conditions, which may equivalently be restated for weak indexing
categories by [Ste24b, Thm A]. In view of [Ste24b, § 2.4], we encourage the reader to think primarily of
unitality.

Definition 1.46. We say that [F;:
(i) has one color if for all V € 7, we have Fjy # @;
(ii) is almost essentially unital (or aE-unital) if for all non-contractible V-sets SIS’ € Fyy, we have
S, S’ e FI,V;

(iii) is essentially unital (or E-unital) if, for all V-sets SLS" € Fyy, we have S,S” € Fy y; and

(iv) is an indexing system if the subcategory IF; y, C Fy is closed under finite coproducts for all V € 7.
We say that F; almost unital if it’s almost essentially unital and has one color, and we say that F; is unital if
it is essentially unital and has one color. These lie in a diagram of embedded sub-posets

Indexy C windexy™ C wIndex?’m, windex?™ c wIndex“TEunl C windexy. <

We say that F; is unital if it contains the V-set @y for all V € T'; we say that [; is an indexing system
if n-#y is I-admissible for all V € 7 and all n e N. When 7 = Og, this recovers the notion given the same
name in [BH15]; see [Ste24b] for details. Some useful invariants of these include

c(I)={VeT |+ eFry};
(3) v(I)={VeT|oyeFv};
V(I) = {VET'Z'*V EIFI,V}'

These are each families [Ste24b, § 1.2], which we call the families of colors, units, and fold maps in I.
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These will show in Proposition 2.33, where they parameterize a family of 7 -operads called the weak
Ny operads. We will see in forthcoming work on tensor products of weak N -operads [Ste24a] that these
play an important structural role in the theory of 7 -operads. Narrowly, this role comes down to the fact that
I-indexed coproducts in [F; appear as the arities of compositions of I-indexed algebraic structures, so weak
indexing systems occur as the possible “arity supports” that 7 -equivariant algebraic theories can have, so
long as they possess identity operations and they allows for the formation of composite operations. Indeed,
weak N, -operads will represent a support stratification on Op.

1.2.2. Indexed semiadditivity. One central source of weak indexing categories is indexed semiadditivity.
Definition 1.47. Given F C 7 a 7 -family, we say that D is F -pointed if Dy is pointed for all V € F. <

Given S € [Fy, a finite V-set with a distinguished orbit W C S, D a 7.y -pointed 7 -co-category admitting
S-indexed products and coproducts, and (Xy) € Dy, [Narl6, Cons 5.2] constructs a map

S
Xw: Res‘v/v]_[XU - Xw
U

by distinguishing a “diagonal” Xy -summand on the left hand side and dictating the map to be the indentity
on this summand and 0 elsewhere; then, the norm map

Nmyg: Ii[XU —>]i[XW
U U

has projected map ]_[‘E] Xy — CoInd%XW adjunct to xw.

Definition 1.48. Given D a 7T -co-category and S € Fy a finite V-set, we say that S is D-ambidexrtrous if
D admits S-indexed products and coproducts, is 7y -pointed, and for all (Xy) € Dg, the norm map is an
equivalence

S S
]_[XU;]_[XU.
U U

Given I a T -weak indexing category, we say that D is I-semiadditive if S is D-ambidextrous for all S e F;. <

Remark 1.49. We’ve given an elementary presentation of this notion; this has been generalized to encapsulate
Hopkins-Lurie’s higher semiadditivity in [CLL24] (see Example 3.37 there). In particular, we find that T — S
is D-ambidextrous in the sense of [CLL24] if and only if the U-set T x5 U is D-ambidextrous for all orbits
U C S, so we adpot their language for ambidextrous maps. In particular, by [Cno23, Prop 3.13, Prop 3.16],
ambidextrous maps are closed under composition and base change. <

Given D a T -co-category, we define the semiadditive locus
s(D)={f: T— S| f is D-ambidextrous} C Fr.

This is closed under composition by Remark 1.49; furthermore, it’s clear that an equivalence T =~ S is
D-ambidextrous if and only if D is 7.y -pointed, so s(D) C Fr is a subcategory satisfying Condition (IC-c).
In fact, we may say more.

Proposition 1.50. s(D) is a weak indexing category, and D is I-semiadditive if and only if I < s(D).

Proof. By Observation 1.43 and Remark 1.49, s(D) satisfies Condition (IC-b). In fact, by Remark 1.49,
ambidextrous maps are closed under base change, i.e. s(D) satisfies Condition (IC-a). We're left with verifying
that D is I-semiadditive if and only if I < s(D), but this follows immediately by unwinding definitions. [

By [Ste24b], the poset windexCats has joins, which we write as —V —. The following is immediate.

Corollary 1.51. D is IV J-semiadditive if and only if it is I-semiadditive and J-semiadditive.
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1.2.3. I-commutative monoids as the I-semiadditivization. Let Trip?d C Fun(e — e « e,Cat) be the full
subcategory spanned by adequate triples. By definition [Barl4, Def 3.6], Span__(-) forms a functor
Tripadeq — Cat. Fix I a one-object weak indexing category. Write Fy, :=F , = ET/V and let Eé— CEFr be
the wide subcategory whose V-value is (EIT)V =1y CFy 2 Fr v is the wide subcategory of maps whose
underlying map in F7 lies in I.

The wide 7 -subcategory inclusion EIT C F; is fiberwise given by a (one object) weak indexing category
[Ste24b, § 2.1], so in particular, this yields a functor 7°P — Trip?®d (c.f. [CLL24, § 4.1]). We use this to
define the composite 7 -functor

(Fr Fr Fy) s
Span (Fr): gop " T°T Trip?ded 2P, Cat.

Definition 1.52. If C is a 7 -co-category admitting I-indexed products, then the 7 -co-category of I-commutative
monoids in C is
CMon,(C) := Funéf>< (SpanI (ET),C). <

Definition 1.53. We say that a 7 -functor F : D — C is the I-semiadditive completion of C if D is I-semiadditive
and for all I-semiadditive 7 -categories £, postcomposition along F yields an equivalence
Fun!™(&, D) = Fun!™(&,0). <
The following theorem is of fundamental importance in the theory of equivariant higher algebra.

Theorem 1.54 (|[CLL24, Thm BJ|). U: CMon,(C) — C is the I-semiadditive completion.

1.2.4. Commutative monoids in T -objects. Let I°° C Fy denote the smallest core-preserving wide subcategory
containing the fold maps n-V — V for all V € 7 and n € N; this is precisely the indexing category corresponding
with the minimal indexing system. We set the notation

CMongy/(C) := CMon;«(C).

Observation 1.55. I*°-indexed products are precisely trivially indexed products; by Proposition 1.24 the I*°-
indexed product preserving functors are precisely the fiberwise product-preserving 7 -functors. Furthermore,
a 7 -category is V-semiadditive if and only if, for each V € 7, the co-category Cy is semiadditive. Thus we
have equivalences Cat’y ~ CoeffT(CatX) and Cat?é ~ CoeffT(Cat@) compatible with the inclusions. <

Lemma 1.33 and Observation 1.55 directly imply that the I*°-semiadditive closure satisfies

CMong(C) = (TOP £, Cap< Mon, Cat®) ;

Cnossen-Lenz-Linsken’s semiadditive closure theorem (i.e. Theorem 1.54) then yields the following.

Corollary 1.56. There is a canonical equivalence CMony(C) ~ CMon(I'C).

1.2.5. I-commutative monoids in co-categories. We recall a special case of Cnossen-Lenz-Linsken’s Mackey
functor theorem.

Theorem 1.57 (|[CLL24, Thm C]). For every presentable co-category C, there are canonical equivalences
CMon (Coeff” (C)) = Fun*(Span, (F7),C);
CMon, (Coeff” (C))y =~ Fun*(Span;, (Fy),C.
Furthermore, given a map f : V — W, the associated restriction functor
Resy’ : Fun(Span; (Fy),C) — Fun(Span; (Fy),C)
is given by precomposition along Span(Ind‘{,v(—)).

This motivates us to make the following definition.

Definition 1.58. If C is an co-category with finite products, then the 7 -co-category of I-commutative monoids
in C is
CMon, (C) := CMon, (Coeff” (C)). “

Similar to the case of CoeffT, this construction is compatible with adjunctions.
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Lemma 1.59. Let I C7 be a pullback-stable wide subcategory of an orbital co-category.
(1) If f :C — D is a product-preserving functor, then postcomposition yields a T -functor

f.: CMon,;C — CMon, D.

(2) If L: C 2: R is an adjunction whose right adjoint R is product preserving, then
L,: CMon;,C ———CMon;D:R,
is a T -adjunction.

Proof. (1) follows by noting that f, exists since f is product preserving, and it is compatible with restriction
because postcomposition and precomposition commute. (2) follows by noting that the associated functors

L.: (CMon,C), = Fun*(Span, (Fy),C) == Fun*(Span, (Fy),D)=(CMon;D)y): R,
are adjoint. O

We may unpack the structure of I-commutative monoids more using the following.

Construction 1.60. Let X € CMon;C be a a [-commutative monoid, and let V € 7 be an orbit. Let 1y, : F — Fr
be the coproduct-preserving functor sending * +— V. Then, the V-value is the pullback

CMon;C Cv

> CMony,C
1 1

Fun*(Span;(F7),C) AN FunX(SpanIXFT,lV]F(IF),C)

In particular, when I contains all fold maps (i.e. I is an indezxing category in the sense of [BH15; Ste24b])
and X is an I-commutative monoid, Xy is a commutative monoid in C. <

Construction 1.61. Fix X € CMon;(C) and f : V — W a map in I. There exists a natural transformation
af 11y — 1 whose value on # is the copower map n-V — n-W; this induces a natural transformation

N“;‘] :(-)y = (-)w, which we refer to as the norm map. <

1.2.6. I-symmetric monoidal co-categories. We refer to
Cat? := CMon,Cat

as the 7 -co-category of I-symmetric monoidal co-categories. In the case I = F7, we refer to these simply as
T -symmetric monoidal co-categories and write Cat® := Cat?T.

Notation 1.62. Suppose S € F;. Associated with the structure map Indgs — V we have functors
S
®ICS—>Cv, ASZCV—>CS
U

AS &
called the S-indezed tensor product and S-indexed diagonal. We refer to the composite ()% : Cy — Cg = Cy
as the S-indexed tensor power. In the case Indj\;S =W is an orbit (i.e. S is a transitive V-set), we write

w
NV‘C :=®ZCW —>Cv.
U

In general, we will use the inset notation —® — for ®?]'*V, and when @y € [}, we will refer to the @y-ary

operation * — Cy as the V-unit and denote it as 1y,. <
Observation 1.63. Suppose S, |Orb(S)|-*y, and all orbits of S are is I-admissible V-sets. Then, the following
path lies in I:

Ind% S — |Orb(S)|- V — V.
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In algebra, this yields the formula

?

s Cy
/
(S)

xOrb
\%

Cs
(N%\
C

S
i.e. (?XU ~ ®errb(S)N[‘;XU. Thus, when I is an indexing category, the indexed tensor products in an

I-symmetric monoidal co-category is are determined by their binary tensor products and norms. Furthermore,
in [Ste24b, § 1.2], we see that I-symmetric monoidal co-categories satisfy a version of the double coset formula

U><VW
Resy, Ny Z ~ ® Res{ Z
X

for all cospans U -V « W in 7 such that U -» W isin I. <

Construction 1.64. Right Kan extensions preserve product preserving functors; applying this to the orbits
functor Fr : Fr — F yields a functor

I := Span(F7), : Fun*(Span(F7),C) — Fun*(Span(F),C).

In particular, T is right adjoint to InﬂZ := Span(F7)*. When C = Cat, the counit of this adjunction is a
natural 7 -symmetric monoidal functor.

InflZ TC® — C®
We refer to the (symmetric monoidal) V-value of this as the symmetric monoidal V -evaluation

evy : ITC® — C%. <

1.2.7. Symmetric monoidal T -co-categories. The co-category of symmetric monoidal T -co-categories is
Cat?mj ~ Coeff’ Cat® ~ CMonCat-.

Definition 1.65. Suppose LC C C is a localizing 7 -subcategory of a symmetric monoidal 7 -co-category. We
say that L is compatible with the symmetric monoidal structure if for each V € 7, the localization Ly is
compatible with the symmetric monoidal structure on Cy in the sense of [HA, Def 2.2.1.6]. <

We will crucially use the following proposition in Section 1.3.

Proposition 1.66. If L is compatible with the symmetric monoidal structure, there exists a commutative
diagram of T -co-categories

ce L y LC®
X /
(F*)triv
satisfying the following conditions:

(a) LC® is a symmetric monoidal T -co-category and L® is a symmetric monoidal T -functor,
(b) the underlying T -functor of L® is L: C — LC, and
(c) L® possesses a fully faithful and laz symmetric monoidal right T -adjoint extending the inclusion

Lccc.
Proof. This is the specialization of [NS22, Thm 2.9.2] to O® :=E&. O

1.3. The canonical symmetric monoidal structure on /-commutative monoids. We now explore the observation
that the parameterized presentability results of [Hil24] are sufficiently strong to power non-indexed lifts of
[GGN15] in the I-semiadditive setting.
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Definition 1.67 (c.f. [Hil24, Thm 3.1.9(2), Thm 6.1.2]). A (large) 7 -co-category C is T -presentable if it
strongly admits finite 7 -coproducts and its straightening factors as

C:T° - prb* _ Cat
for some regular cardinal x. The (nonfull) subcategory
Pl’%— C EET
has objects given by 7 -presentable co-categories and morphisms given by 7 -left adjoints. <

Observation 1.68. The conditions of factoring through PrP*, of strongly admitting finite 7-coproducts, and
of being 7 -left adjoints are preserved by restriction; hence Pr]% canonically lifts to a (nonfull) 7 -subcategory

ﬂ%’ c @T <

These satisfy an adjoint functor theorem [Hil24, Thm 6.2.1] and have analogous characterizations to

the non-equivariant case; in particular, Pr% C @T is closed under functor categories from small categories

[Hil24, Lem 6.7.1] and by Definition 1.67, Pré is closed under fiberwise x-accessible 7 -localizations. Hence
CMon,(C) is 7 -presentable when C is 7 -presentable.

Additionally, in [Narl7], a 7-symmetric monoidal structure was constructed on &% In order to
characterize this structure, we use the following definition (c.f. [QS19, § 5.1]).

Definition 1.69 ([QS19, Def 5.14]). Fix S a finite V-set, (Cy) an S-oco-category, D a V-oco-category, and
F: ]—[fj Cy — D a V-functor. Denote by (—), the indexed products in Caty and (—)* the restriction. We say
that F is S-distributive if, for every pullback diagram

TxyS LT

.
o L
s—L v
and S-colimit diagram p: K= — ¢”C for p: K — g”*C, the composite T-functor

> ) > *’7 ) % * “F *
(FRE < gk 2D prere~gre £ gp
is a T-colimit diagram for the associated composite f/K — ¢*D. We denote by
Fun{ (f.C, D)  Funy (£.C,D)

the full subcategory spanned by S-distributive functors. <

By the proof of [Narl7, Prop 3.25], Nardin’s 7 -symmetric monoidal structure on &é has V unit Sy,
and indexed tensor products characterized by the universal property

®0,5 zFung[]i[c,D].
U U

Definition 1.70. The co-category of presentably T -symmetric monoidal co-categories is the (non-full) sub-

L
Funr

—®
category CAlgT(&%QB) C Catg; the co-category of presentably symmetric monoidal T -co-categories is the
(non-full) subcategory CAlg(Pr%—) c CMon(Caty). <
Observation 1.71. By definition, a 7 -symmetric monoidal co-category whose underlying 7 -co-category is
presentable factors through the inclusion &If C Cat; if and only if its structure maps C\X,S — Cy are in
Fun?,(C‘X/S,CV); in the language of [NS22|, a presentably 7 -symmetric monoidal co-category is precisely a
distributive T -symmetric monoidal co-category whose underlying 7 -co-category is presentable. <
Example 1.72. By [NS22, Prop 3.2.5], if C is a cocomplete co-category with finite products such that finite
products preserve colimits separately in each variable, then the cartesian symmetric monoidal structures on
Coeff"C lift to a distributive symmetric monoidal T -co-category %TCX. It follows from Hilman’s charac-
terization of parameterized presentability [Hil24, Thm 6.1.2] that Coeff’ C is presentable, so Observation 1.71
implies that MTC X is presentably symmetric monoidal. <
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Hilman used the universal property of ® in [Hil24, Prop 6.7.5] to prove the formula
C®D =~ Fun¥ (C°P, D).
Using this, for any 7 -presentable 7 -co-category C, we have
CMon, (C) = Funi*(Span, (E7),C)
~Fun’>(Span, (E7), Fun? (C°?,S 7))
~ Funf(CP, Funy ™ (Span (E7),S7))

~C®CMon,(S+).

In particular, this implies that the functor C +— CMon,(C) is smashing. In fact, we can say more.

Notation 1.73. We say that a presentable 7 -cocategory is [-semiadditive if its underlying 7 -co-category
is I-semiadditive, and we let Pr?*GB C Pr% be the full subcategory spanned by [-semiadditive presentable
T -categories. <

It follows from Cnossen-Lenz-Linsken’s semiadditive closure theorem [CLL24, Thm B] that a 7-
presentable 7 -co-category is fixed by CMon,(-) if and only if it’s I-semiadditive, i.e. CMon;(-) implements

the localization functor
Pr% - Pr%l_EB
left adjoint to the evident inclusion. By the above argument, we find that CMon, (-) is a smashing localization,

hence a symmetric monoidal localization; by [GGN15, Lemma 3.6|, this implies that given C € CAlg(Pré),
there is a unique compatible commutative algebra structure on its localization CMon,(C). In other words,
we’ve shown the following.

Theorem 1.74. The localizing subcategory
CMon;, : Prg = Prl;lfe;: 1

is smashing; in particular, if D® is a presentably symmetric monoidal T -category, then there is an essentially
unique presentably symmetric monoidal T -co-category CMon?_mOde(D) possessing a (necessarily unique)

symmetric monoidal lift
Fr®: D% — CMon?_mOde(D)
of Fr: D — CMon, (D).

Warning 1.75. Theorem 1.74 is not as genuinely equivariant as the user may want, as it constructs symmetric
monoidal structures, but never norm maps. The author is content with this for the purposes of this paper, as
the algebraic interpretation of indexed tensor products of 7 -operads is unclear. She hopes to address the
indexed case in forthcoming work. <

Remark 1.76. Under the equivalence of Theorem 1.57, writing D = CoeffT(C), Theorem 1.74 constructs an
essentially unique presentably symmetric monoidal structure on CMon,(C) subject to the condition that the

free functor Coeff’ C — CMon;(C) is bears a symmetric monoidal structure. <

Observation 1.77. The T -co-category Sy is freely generated under 7 -colimits by one 7 -point, in the sense
that evaluation at the V-units (+y/) yields an equivalence [Sha23, Thm 11.5]

Fun’(S,,C) ~TC.

In particular, every symmetric monoidal 7 -co-category receives at most one symmetric monoidal 7 -left
adjoint from S;; in the case C = 87 the condition of Theorem 1.74 then may be read as saying that there is

a unique presentably symmetric monoidal structure on CMon,(S+) with V-unit 1“’90‘16 =Fr(xy) forall VeT.
Furthermore, by Yoneda’s lemma, these V-units are characterized by the property that

Mapv(lr\r/mde,Xv) ~ Map(ry, Xy (*y)) = Xy (*v). <

We'd like to identify this symmetric monoidal structure via a familiar formula. We have a candidate:
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Proposition 1.78 ([BS24b, Prop 4.24|, via [CHLL24, Prop 3.3.4]). If C is a presentably symmetric monoidal
co-category, then the Day convolution structure on Fun(Span;(Fr),C) with respect to the smash product on
Span,;(Fr) is compatible with the localization

Lgeg : Fun(Span;(F7),C) — CMon;(C)
Proof. By the general criterion [CHLL24, Prop 3.3.4], it suffices to verify that A, A—:Span(F7) — Span(F7)

is product-preserving, which follows by the fact that it is colimit preserving and Span(Fy) is semiadditive. [

By Proposition 1.66, Proposition 1.78 constructs a symmetric monoidal structure on CMon,(C). We
will show that this agrees with the mode symmetric monoidal structure.

Theorem 1.79. Let C® be a presentably symmetric monoidal co-category. Then, there is a unique equivalence
between the Day convolution and mode symmetric monoidal structures on CMon(C) lifting the identity.

The proof of [BS24b, Lemma 4.21] and [CSY20, Lemma 5.2.1] apply identically to the following.

Lemma 1.80. Fiz Ay, A,B¢€ CAlg(PrLT) and L: Ay — Ay a T -localization functor which is compatible with
the symmetric monoidal structure on Ay. Then, L®idg: Ag®B — Ay ® B is a T -localization functor which
is compatible with the symmetric monoidal structure on Ag® B.

Proof of Theorem 1.79. Set the temporary notation PCMon,(-) := FunT(SpanI(ET),—). Our argument

follows along the lines of [BS24b, Thm 4.26]. Repeating the argument of Theorem 1.74, for all presentably
symmetric monoidal 7 -co-categories D, we acquire a diagram

PCMon;(D) =~ PCMon(S)®D
CMon,;(D) = CMon,(S)®D

Furthermore, the associated map PCMon;,(S) — PCMon;, (D) is postcomposition along the canonical symmetric
monoidal left adjoint S — D, and the associated map D — PCMon,(D) is the Yoneda lemma; the former
bears a symmetric monoidal structure for the Day convolution symmetric monoidal structure and the latter
bears an I-symmetric monoidal structure by [NS22, Prop 6.0.2]. Thus the top arrow can be lifted to a
symmetric monoidal equivalence. We may take adjoint functors to find the diagram

PCMon, (D) =~ PCMon,(S)®D
lLSeg lLSeg
CMon;(D) = CMon,(S)®D

of [CHLL24, Prop 3.3.4]. The bottom functor is a symmetric monoidal localization of the top. In particular,
choosing D = CoeffT(C)7 by Lemma 1.80, it suffices to prove this in the case C =S .
The 7-Yoneda embedding is 7 -symmetric monoidal for the 7-Day convolution by [NS22, Thm 6.0.12],

SO 1Bay ~ y(+y). Hence Yoneda’s lemma yields that

D
Mapy (1,7, Xy) = Map(y(+y), Xv) = Xy (+v),

which implies that 102 ~ 1m0de 4nd hence the theorem, by Observation 1.77. |

Remark 1.81. It is not likely that it is necessary for 7 to be atomic orbital in the above argument; indeed,
for CMon(C) := Fun’ (Span;(F;),C) to implement I-semiadditivization, it suffices to assume that I is a weak
indexing category with respect to an implicit atomic orbital subcategory P C T (c.f. [CLL23b; CLL24]).
Unfortunately, the author is not aware of a symmetric monodial structure on partially presentable 7 -categories,
and developing such a thing would lead us far afield from our current operadic goals. <
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1.4. The homotopy [-symmetric monoidal d-category. Recall that, a space is (=2)-truncated if it is empty,
(=1)-truncated if it is empty or contractible, and for d > 0, a space X is d-truncated if it is a disjoint union of
connected spaces (X,)gea such that 7, (X,) =0 for all m>d and a € A.

Recall that a (d + 1)-category is an oo-category C such that the space Map(X,Y) is d-truncated for
all X,Y € C. We say that an oo-category is a —1-category if it is either * or empty. In general, we write
Cat, C Cat for the full subcategory spanned by the oco-categories with the property that they are d-categories.

Definition 1.82. The 7 -co-category of small 7 -d-categories is
Caty ;= MTCatd.
A T -poset is a T-0-category. If I C F7 is pullback-stable, the 7 -co-category of small I-symmetric monoidal
d-categories is
Q?,d := CMon,Cat,.
We write Catr 4 := 7 Cat; 4 and Cat}, :=T7 Cat?,. <
By the following lemma, Caty ; is a 7-(d + 1)-category and Catr 4 is a (d + 1)-category.
Lemma 1.83 ([HTT, Cor 2.3.4.8, Prop 2.3.4.12, Cor 2.3.4.19]). Caty is a (d + 1)-category and the inclusion
Cat,; <> Cat
has a right adjoint hy: Cat — Caty.

Construction 1.84. By Lemmas 1.33 and 1.83, the functor Caty ; <> Caty is an inclusion of a localizing
T -subcategory; let hy 4: Caty — Caty ; be the associated T -left adjoint.

The mapping spaces in a product of categories are the product of the mapping spaces; in particular, the
inclusion Cat; < Cat is product-preserving. Hence Lemmas 1.59 and 1.83 construct an adjunction

hr gt Cat‘}B = Cat?d: L.

whose right adjoint is fully faithful. We refer to hy 4 as the homotopy I-symmetric monoidal d-category. <

The remainder of this subsection will be dedicated to recognition results for 7-symmetric monoidal
d-categories, which will be useful throughout the remainder of the paper. We first reduce this consideration
to that of plain 7 -co-categories; the following proposition follows by unwinding definitions and noting that
Cat, < Cat is closed under products.

Proposition 1.85. If I CFy is a one-object weak indexing system, then C® € Cat‘i9 is a I-symmetric monoidal
d-category if and only if its underlying T -co-category C is a T -d-category.

Often in equivariant higher algebra, we will find that our objects come with natural maps to 7-1-
categories, and we’d like to develop a recognition theorem in this case in terms of mapping spaces.

Proposition 1.86. A 7 -co-category C is a T -d-category if and only if
Mory (C) := Fun(AL,Cy )~
is (d — 2)-truncated for all V €T .

Proof. By definition, it suffices to prove this in the case 7 = *. Fix f,¢ € Mory(C). Then, we may present
Map(f,g) as a disjoint union over a,b of homotopies

w5 x
oo
Y Z

For fixed a, b, this is either empty or equivalent to the component of the space Map(S!,Map(W, Z)) whose
underlying map is homotopic to bf. If C is a d-category, then this is (d — 2)-truncated; conversely, choosing
a,b=1id and f =g, if this is (d — 2)-truncated for all f, then the mapping spaces of C are (d —1)-truncated,
i.e. C is a d-category. |
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Given a functor F: C — D and a map ¢: A! — Cy and F: C — D, define the pullback space

Mor?(C) —— Mory/(C)
BAuty, — Mory/(D)

so that Mor?(C) is the disjoint union of the connected components of Mory (C) whose image in Mory (D) is

equivalent to 1. We say that F has (d — 1)-truncated mapping fibers if Mor;’:b(C) is (d — 2)-truncated for all
V eT and ¢ € Mory (C).

Corollary 1.87. Suppose F:C — D is a T -functor and D is a T -1-category. Then, the following are equivalent
ford=>1:

(1) F has (d - 1)-truncated mapping fibers.
(2) C is a T -d-category.
Additionally, the following are equivalent.
(1’) F=: CZ — D= is fully faithful and F has (—1)-truncated mapping fibers.
(2°) F includes C as a (replete) T -subcategory of D.

Proof. After Proposition 1.86, the only remaining part is the equivalence between (1’) and (2’). Note that
BAuty is —1-truncated by Proposition 1.86, so (1) is equivalent to the conditions that C is a 7-1-category
and Fy : Cy — Dy is a faithful functor which is fully faithful on cores, i.e. it is a (replete) subcategory
inclusion; by Observation 1.13, this is equivalent to (2’). O

2. EQUIVARIANT OPERADS AND SYMMETRIC SEQUENCES

In Section 2.1, we begin by recalling rudiments of the theory of algebraic patterns and Segal objects of
[CH21| and the theory of fibrous patterns and the Segal envelope of [BHS22|; in the case of © = Span(Fy), we
show in Appendix A.1 that this recovers the theory of 7-symmetric monoidal co-categories, 7 -co-operads
(henceforth 7T -operads), and the 7 -symmetric monoidal envelope of [NS22]. We go on in Section 2.2 to
specialize several results of [BHS22; CH21]| to this setting and construct the family of weak N, -operads.

After this, we go on to study the underlying T -symmetric monoidal sequence functor in Section 2.3,
showing in Corollary 2.62 that it forms a fiberwise-monadic 7 -functor

sseq:Op_ — Fun,(X,,57);

in particular, this implies that it is a conservative right 7 -adjoint and confirms an atomic orbital lift of
Theorem A. In Section 2.6.3, we use this to confirm Corollary B.

In Section 2.4 we go on to compute the monad Ty(—) for O-algebras in arbitrary 7 -symmetric monoidal
oco-categories; in particular, when C ~ &+ for a structure whose indexed tensor products are indexed products,
we naturally split off a O(S)-summand from Ty(S); using our atomic orbital lift of Theorem A, we conclude
that A_lg(,)(§T): Op; — Caty is conservative.

Last, in preparation for forthcoming work, we initiate in Section 2.5 the study of the localizing
subcategory of 7 -operads whose underlying 7 -symmetric sequence is (d — 1)-truncated, called 7 -d-operads;
we show in particular that the full 7 -subcategory of Op spanned by 7 -operads whose S-ary spaces are
empty or contractible form a 7 -poset. We use this in Sectlon 2.6 to prove that Bonventre’s nerve restricts to
an equivalence between categories of G-1-operads.

We assure the reader exclusively interested in wusing 7 -operads that the relevant interpretations of
the results of Section 2.1 will be restated throughout the following subsections, so these sections may be
black-boxed at the cost of completeness of proofs.

2.1. Recollections on algebraic patterns. An algebraic pattern is a collection of data encoding Segal conditions
for the purpose of homotopy-coherent algebra. Given an algebraic pattern O and a complete co-category C,
there is an oco-category of Segal O-objects in C, which we view as O-monoids in C; these are presented as
functors O — C satisfying a Segal condition.
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We may view O-objects in Cat (aka Segal O-co-categories) as O-monoidal co-categories; these straighten
to cocartesian fibrations over © satisfying conditions. As in [HA, § 2], the condition of being a cocartesian
fibration may be relaxed to construct a form of operads parameterized by O, called fibrous O-patterns.

In contrast to the categorical patterns of [HA, § B], these are manifestly co-categorical, and it is relatively
easy to construct push-pull adjunctions between categories of fibrous patterns over different algebraic patterns;
we found our theory of I-operads in this syntax for this reason, as the Boardman-Vogt tensor product is most
easily defined in terms of pushforward along maps of algebraic patterns.

The author would like to emphasize that the program surrounding algebraic patterns has achieved
many results not mentioned here, as fibrous patterns only play a foundational role. For a significantly more
thorough and elegant treatment, we recommend [BHS22; CH21; CH23].

2.1.1. Algebraic patterns, Segal objects, and fibrous patterns.

Definition 2.1. An algebraic pattern is a triple (B, (B, B2t), Bel), where (B'", B2) is a factorization system
on B and B¢ c B is a full subcategory.” The co-category AlgPatt C Fun(Q, Cat) is the full subcategory
spanned by algebraic patterns, where

(4) Q:=—e—>e—ecoe. <

We refer to the morphisms in B™ as “inert morphisms,” morphisms in 1t as “active morphisms,” and
objects in B¢ as “elementary objects.” When it is clear from context, we will abusively refer to the triple
(B,(Bm, BacY), Bel) simply as B. The following is our a primary source of examples.

Construction 2.2. An adequate quadruple is the data of an adequate triple X}, X r C X in the sense of Section 1.2
together with a full subcategory Xy C A}; the co-category of adequate quadruples is the full subcategory
Quad?®?¢d ¢ Fun(Q, Cat)

spanned by adequate quadruples, where Q is defined by Eq. (4).
Given an adequate quadruple Xy C A} C X' D Xy, let X; Pc Span,, f(X ) be the wide subcategory spanned

¥
by the spans X & R BN Y with iy an equivalence, and similarly Xy C Span,, f(X ) the side subcategory of
spans with 1, an equivalence. This yields a factorization cystem [HHLN23, Prop 4.9]

X,P > Spany, (X) < Xy

We define the span pattern Spanb,f(X;XO) via the data

e underlying co-category Spanb’f(X ),

e inert morphisms X; Pc Span(X),

e active morphisms Xy C Span(X), and

e clementary objects Xgp C XbOp.
Given a map of adequate quadruples (X, (Xb,Xf),XO) — (y, Vo, V), yo) the associated functor Spanbyf(X) —
Spanb,f(y) preserves inert morphisms, active morphisms, and elementary objects by defintiion; hence the

functor Span__(—;-): Quad?d¢d — Fun(Q, Cat) descends to a functor
Span__(—;-): Quadadeq — AlgPatt. <

The central example for equivariant higher algebra is the following.

Example 2.3. When 7 is an orbital co-category, I C Fr is a 7-weak indexing system (e.g. I =F7), and ¢(I)
its color family in the sense of Eq. (3), we define the effective I-Burnside pattern

Span;(Fr):= Spanalu (IFC(I); C(I)) P

9 Throughout this paper, we adopt the definition of factorization system used in [CH21, Rmk 2.2|, which does not assert any lifting
properties; that is, a facorization system on C is a pair of wide subcategories ctcRce satisfying the condition that, for all maps

f

1 r
X = X’, the space of factorizations X — Y — X’ with [ € CL and r € CR is contractible.
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Example 2.4. Given 7 an orbital co-category, we may define the co-category of finite pointed T -sets as
Fr . :=Spang ,;;(Fr),
where F? C F7 is the wide subcategory of summand inclusions. In fact, the class of summand inclusions is
restriction-stable, so this lifts to an algebraic pattern
TotFy , ~ Span; . (TotF;7°P);

together with a map of algebraic patterns

U
(5) @ : TotFy , < Span,) . j(TotF;7°P) — Span(F7). <
Algebraic patterns provide a general framework for algebraic structures satisfying the associated Segal
conditions, which are encoded in the notion of Segal objects.

Definition 2.5. Let C be a complete co-category and let © be an algebraic pattern. Then, the co-category of
Segal O-objects in C is the full subcategory Segn(C) C Fun(®,C) consisting of functors F such that, for every
object O € O, the natural map
F(O)— lim F(E)
Ee@E;/
is an equivalence, where (Deol/ =0 X@in ey, (Dig/ is the co-category whose objects consist of inert morphisms
from O to an elementary object. <
Remark 2.6. By [CH21, Lem 2.9], a functor F : © — C is a Segal ®-object if and only if the associated functor
Flpint is right Kan extended from F|pe along the inclusion o0 - O, <

Example 2.7. We show in Lemma A.5 that Span; (]FT)eZl/ = (Fz,/7)°P contains the set of orbits Orb(Z) as an
initial subcategory. Hence there is an equivalence of full subcategories

SegSpan,(ET)(C) =~ CMon/ (C) c Fun(Spanl (IFT ), C) <
One benefit of the framework of Segal objects is their general monadicity result.

Proposition 2.8 ([CH21, Cor 8.2]). if O is an algebraic pattern and C a presentable co-category, then the
forgetful functor

U : Seg(C) — Fun(©%,C)
is monadic; in particular, it is conservative.
Corollary 2.9. A morphism of I-commutative monoids is an equivalence if and only if its underlying morphism
of c(I)-objects is an equivalence; in particular, an I-symmetric monoidal functor F : C® — D® is an equivalence
if and only if the underlying c(I)-functor is an equivalence.

Another benefit of Segal objects is a rich framework for functoriality.

Definition 2.10. A morphism of algebraic patterns f : P — © is a called a:
e Segal morphism if pullback f*: Fun(®,C) — Fun(P,C) preserves Segal objects in any complete
oco-category C.

e strong Segal morphism if the associated functor f;} : Dg(l ) — (D;l(x) , is initial for all X € P. <
Observation 2.11. The conditions for Segal morphisms and strong Segal morphisms are each compatible with
compositions and equivalences; that is, there are core-preserving wide subcategories AlgPatt>®8, AlgPattStron8-5¢8
AlgPatt whose morphisms are the Segal morphisms and strong Segal morphisms, respectively. <
Remark 2.12. [CH21, Lem 4.5] concludes that f is a Segal morphism if f* preserves Segal objects in spaces. <
Example 2.13. We show in Proposition A.12 that, given any functor 7 — 7’ of atomic orbital co-categories,
the associated functor

Span(F7) — Span(F7/)
is a Segal morphism. Additionally, in Corollary A.8, we show that the map ¢ of Eq. (5) is a segal morphism,
constructing a pullback map

CMony(C) = Segspan(FT)(C) - SegTotET,* (C).
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In [Bar23, Cor 2.64], conditions for a strong Segal morphism were developed concerning when their pullback
maps are equivalences, and these conditions were checked in [BHS22, Prop 5.2.14] in the case 7 = ng; we
review their argument and extend it to arbitrary atomic orbital co-categories in Appendix A.1. The existence
of such an equivalence (not necessarily induced by a pattern) is not new, and to the author’s knowledge, first
appeared as [Narl6, Thm 6.5]. <

Lemma 2.14 ([CH21, Cor 5.5]). AlgPatt C Fun(Q,Cat) is a localizing subcategory; in particular, AlgPatt has
small limits.

Example 2.15. In particular, AlgPatt has products. By [CH21, Ex 5.7], there is an equivalence

Segy,1y(C) ~ SegysSegy (C).
In particular, this combined with Example 2.7 gives a complete segal space model for I-symmetric monoidal
categories; indeed, the pattern A°PH of [CH21, Ex 5.8| has Segal A°PA_objects in C given by complete Segal
objects in C, specializing to the fact that Seg,ops(S) = Cat, and hence

Segpops(ST) = Segropel pops(S) = Segrope (Cat) = Catr,
where T°P°Pel is the algberaic pattern with (TOP’el)EI ~ (TOP'el)im ~ 7P ~ (TOP'eI)aCt. Additionally,
Segop(CMony(S)) = SengP,thpan(FT)(S) ~ Segspan(FT)(Cat) ~ CMony (Cat). <
Cartesian products of patterns play nicely with well-structured maps of patterns.
Lemma 2.16. Suppose f :© — D and f': O’ - P’ are (resp. strong) Segal morphisms. Then,
fxf:OxO ->pxp
is a (strong) Segal morphism.

Proof. The case of Segal morphisms follows immediately from Example 2.15, so we assume that f, f” are
strong Segal. Then, the induced map

£ % X’/—(fxf)xx' (DX(D)XX/_)(DXD)fox
is a product of initial maps; it then follows that it is initial, since limits in product categories are computed
pointwise. O

The unstraightening functor of [HTT] realizes Seg,(Cat) as a non-full subcategory of Cat/q consisting of
cocartesian fibrations satisfying Segal conditions; we relax this for the following definition, which is equivalent
to the original definition stated in [BHS22, Def 4.1.2] by [BHS22, Prop 4.1.6].

Definition 2.17. Let 1 be an algebraic pattern. A fibrous B-pattern is a functor 7w : O — B such that
(1) (inert morphisms) © has m-cocartesian lifts for inert morphisms of B,

(2) (Segal condition for colors) For every active morphism w: Vy — V; in B, the functor

(DV — lim (DwauVl

el
CZEBVI/

induced by cocartesian transport along w, is an equivalence, where w_ B ;= BE?} is the inert
morphism appearing in the inert-active factorization of a o w, and

(3) (Segal condition for multimorphisms) for every active morphism w: Vo — V; in B and all pairs of
objects X; € (DBVZ-’ the commutative square

Mapy(Xo, X1) — hmaebi}l/Map@(Xo: Wa,1X1)

| !

Mapy(Vo, V1) —— 1imaeB§}1/MaPB(V0: W, V1)

is cartesian.
We denote by Fbrs(B) C Cati/r)‘g_Cocart the full subcategory spanned by the fibrous B-patterns, where the latter
category has objects the functors to 1 possessing cocartesian lifts over inert morphisms and morphisms the
functors preserving such cocartesian lifts. <
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Remark 2.18. As noted in [BHS22, Rmk 4.1.8], in the presence of condition (3) above, condition (2) may
be weakened to assert that the functor Oy, — lim, el /(Dwalv1 is a mp-surjection without changing the
) X

resulting notion. To match [BHS22, Prop 4.1.6], we may even take the intermediate assumption that this
functor induces an equivalence on cores. <

Example 2.19. Fibrous F,-patterns are equivalent to co-operads (c.f. [HA]), and in Appendix A.1 we will extend
a proof due to [BHS22] (in the case 7 = Og) that fibrous Fr ,-patterns are equivalent to the 7 -co-operads of
[NS22]. <

A fibrous pattern 7t : © — B inherits a structure of an algebraic pattern whose inert morphisms consist
of m-cocartesian lifts of inert morphisms in 1, whose active morphisms are arbitrary lifts of active morphisms
in B, and whose elementary objects are spanned by lifts of elementary objects. This is canonical:

Proposition 2.20 (|[BHS22, Cor 4.1.7]). Fibrous patterns are closed under composition for the above pattern
structure, inducing an equivalence

Fbrs(©) ~ Fbrs(1) .
Furthermore, the fully faithful functor U : Fbrs(13) — AlgPatt y is well behaved.
Proposition 2.21 (|[BHS22, Cor 4.2.3]). The fully faithful functor U participates in an adjunction
U

—
Fbrs(1) - AlgPatt,

_
LFbrs

We construct many Segal morphisms in Appendix A.3. Many more are constructed in the following.
Proposition 2.22 ([BHS22, Obs 4.1.14]). Fibrous patterns are strong Segal morphisms.

2.1.2. The Segal envelope. In [BHS22, Lem 4.2.4] it was verified that a fibrous O-pattern is a cocartesian
fibration if and only if it’s the straightening of a Segal O-category under the condition of soundness; this
lifts the fact that an operad C® is a symmetric monoidal co-category if and only if the corresponding functor
C® - T, is a cocartesian fibration. We would like to describe adjunctions relating fibrous patterns to Segal
objects, but to do so, we need a few constructions.

Definition 2.23. Given O — B a map of algebraic patterns, the Segal envelope of © over 1 is the horizontal

composite

Envp® — Aryq(B) —— B

Lok
O — D
Where Ar,(B) C Ar(1) = Fun(A!, 1) is the full subcategory spanned by active arrows and s, t are the source
and target functors. We denote the envelope of the terminal B-pattern as
Sy 1= Al (D)5 1. <

Let © be an algebraic pattern and w: X — Y an active map. Define the pullback square

O (w) —— Ar(OR))

Lt

(Del % ©el (w(,),id}) (Dint x (Dint
Y/ X/ X/ X/

where w(_y: (D;l/ - (D‘)?/t sends a : Y — E to the inert map w, of the inert-active factorization of X SYy5SE.

Definition 2.24. © is sound if, for all w: X — Y active, the associated map O (w) — (D?(l/ is initial. A sound
pattern © is soundly extendable if o7y is a Segal (O-co-category. <

Soundness as a condition allows one to simplify Segal conditions, yielding functoriality results for the
categories of Segal objects and fibrous patterns; sound extendibility reduces many instances of relative Segal
objects in the sense [BHS22, Def 3.1.8] to a morphism with Segal domain by [BHS22, Obs 3.1.9]. To that end,
we prove the following in Proposition A.11, extending [BHS22, Lem 4.1.19].
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Proposition 2.25. Suppose f: P — © is a Segal morphism and either © is soundly extendable or f is strong
Segal. Then, the pullback functor f*: Cat/p — Catp preserves fibrous patterns; furthermore, the functor

f*: Fbrs(®) — Fbrs(P)
has a left adjoint given by Lppysfi.
Example 2.26. We verify in Lemma A.7 that Span(IF7) is soundly extendable; hence Example 2.13 and Propo-
sition 2.25 together yield a functor
Op; — Span(Fr);
we review a proof that this is an equivalence (originally due to [BHS22] when 7 = Og) in Corollary A.8. <«

Given f: P — O a Segal morphism between algebraic patterns, we then define the composite functor

Iz

f®: Seg(';{‘D - Segg*'d‘D IR Seg/dp

(0]

where ¢q is the map fitting into the following diagram:

)
ey Ao
- N}
P——O

This participates in the following theorem, which was proved under a strong Segal assumption which is
rendered unnecessary by Proposition 2.25.

Theorem 2.27 (|[BHS22, Prop 4.2.1, Prop 4.2.5, Thm 4.2.6, Rem 4.2.8]). Let O be a soundly extendable
pattern. Then, Envy is the left adjoint in an adjoint pair

Env®
— =

Fbrs(©) + Segg(Cat)

—
Un

By taking slice categories, this induces an adjunction
7
Env® ©

—
Fbrs(®©) + Segg(Cat)
—

whose left adjoint is fully faithful. Furthermore, if f : © — P is a Segal morphism between soundly extendable
patterns, the following diagram commutes:

/ot
Env
Seg(Caty,) — U Fbrs(0) «n—q}) Segp(Cates )/, — o Fbrs(®)

| ] | I
SegD(Catm) T) Fbrs(P) W SegD(Catm)/db T) Fbrs(P)
Envp,

We will make frequent use of product patterns, so we observe their interaction with Segal envelopes.
Observation 2.28. If O, P are fibrous B-patterns, then their Segal envelopes satisfy

Envy3 (O x P) = (O x P) X313 Alaet (B x B)
= ((D X1 Aract(b)) X (D X Aract(B))
~ Envyy(O) x Envys(P) <
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Observation 2.29. Suppose B, B’ are soundly extendable algebraic patterns. Unwinding definitions, the
projection p: Bx B — 13 is a flat inner fibration and a Segal morphism; in particular, this yields a functor

p.: Fbrs(Bx B') —L Catsy —— Cat)y sy Fbrs(1)
which is right adjoint to p*: Fbrs(1) — Fbrs(B x 1’) by definition. <

2.2. T-operads and [-operads. We're finally ready to specialize to equivariant operads.
Definition 2.30. The co-category of 7 -operads is
Op; :=Fbrs(Span(Fr)).
More generally, when I C F7 is a weak indexing category, the co-category of I-operads is
Op; := Fbrs(Span;(F7)). <

By Proposition 2.20, if O® is an I-operad, then it has a natural pattern structure s.t. O® — Span;(Fr)
is a morphism of patterns; the inert morphisms are cocartesian lifts of backwards maps, and the active maps
are arbitrary lifts of forwards maps.

Definition 2.31. The co-category of O-monoidal co-categories is
Cat?ﬁ)ll = Seg e (Cat). <

When O® € Op; is terminal, we write Cat? = Cat% 13 Corollary A.6 yields an equivalence

Cat? ~ CMon;(Cat).

when I is clear from context, we will simply write Cat% for Catg I

Definition 2.32. If O®,P® are I-operads, then an O-algebra in P is a map of I-operads O® — P®; the
co-category of (O-algebras in P is written

Algo(P) = Funjg oGt (0%, P°). <

For us, the appropriate degree of generality for I will be that for which the pushforward functor
Op?9 - Op?i is simply given by postcomposition along the canonical functor LIT: Span;(F7) — Span([Fr); this
turns out to be a familiar setting (c.f. [NS22, Ex 2.4.7]).

Proposition 2.33. Let I CFr be a core-full, pullback-stable subcategory. Then, the functor
N2, = (Spany (Fr) = Span(Fr))

is presents a T -operad if and only if I is a weak indexing category in the sense of Definition 1.42.1°

We will delay the proof of this until Page 31. If O® ~ N I%o arises from Proposition 2.33, we say that O®
is a weak Ny, T -operad, and if I is an indexing category, then we say that j\ffzo is an N, -operad; in either
case, we write

CAlg,(C) :=Algy, (C)

for the co-category of I-commutative algebras in C. This fits nicely into the theory of I-operads:

Corollary 2.34. There exists a canonical equivalence of categories Op; ~ OPT,//\/F .

Proof. Unwinding definitions, this is Proposition 2.20 applied with © := J\/’I?;O O

In forthcoming work [Ste24a], we will show that the morphism ./\fﬁ;0 — Comm? is monic, so pushforward

Op; — Op7 is fully faithful. Until then, we will largely consider Op; and Op; separately.

10 The conditions that I C F7 is core-full and pullback-stable are necessary to define the co-category Span;(F7) in the first place;
this is the most general this result can reasonably be made to be.
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id
Example 2.35. The terminal 7 -operad is presented by Comm? = (Span(]FT) = Span(IFT))7 and hence it is a

weak N, -operad; we write CAlg,(C) := CAlg]FT(C), and call these 7 -commutative algebras. For any T -operad
O®, pullback along the unique map O® — Comm? determines a unique natural transformation

CAlg,(C) — Algy(C),

so we view 7 -commutative algebras as a universal T -equivariant algebraic structure. <

Fix I a weak indexing category. If C,D € Cat‘iB are I-symmetric monoidal co-categories, we say that a
laz I-symmetric monoidal functor C® — D® is a map of their underlying 7 -operads; this is an I-symmetric
monoidal functor if and only if it lands in Cat?, i.e. if and only if it preserves cocartesian lifts for arbitrary
maps in Span;(Fr).

2.2.1. The structure of T -operads. The Segal conditions for fibrous Span(Fy)-patterns were characterized
in [BHS22] in the case T = Og; we generalize this to weak indexing systems over general atomic orbital
co-categories in Lemma A.5, and summarize the results here.

Construction 2.36. Given 1o : O® — Span;(F7) an I-operad and S € F7 a finite 7-set, we define
Os =15 (S).

Then, inert cocartesian lifts endow on (Oy)yer the structure of a 7 -co-category, formally given by the
pullback

Uuo®) ——— 0®

[
7 «—— Span(F7)

We call this the underlying T -co-category of O%, and refer to it as O when this won’t cause confusion. <

Proposition 2.37. A functor 7 : O® — Span(Fr) is an I-operad if and only if the following are satisfied:

(a) O® has Tt-cocartesian lifts for backwards maps in Span;(Fr);
(b) (Segal condition for colors) for every S € Fr, cocartesian transport along the T-cocartesian lifts lying
over the inclusions (S « U = U | U € Orb(S)) together induce an equivalence

- [] o

UeOrb(S

(¢) (Segal condition for multimorphisms) for every map of orbits T — S in I and pair of objects
(C,D) € Or x Oy, postcomposition with the 1-cocartesian lifts D — Dy lying over the inclusions
(S« U=U|UeO0rb(S)) induces an equivalence

MapJ.’®(C,D) ~ ]—[ Map_s VY (C,Dy).
UeOrb(S
where Ty =T xg U.
Furthermore, a cocartesian fibration 1 : O® — Span;(Fr) is an I-operad if and only if its unstraightening

Span;(F7) — Cat is an I-symmetric monoidal category.

Proof. Each of our conditions nearly matches with that of Definition 2.17, with the exception being that we
evaluate the limits on the sub-diagram Orb(S) C SpanI(IFT)‘Sﬂ/; we show in Lemma A.2 that this is an initial
subcategory, proving the proposition. O

Remark 2.38. Cocartesian lifts over backwards maps furnish an equivalence

T—Ty—U
Cr,,Dy),

Ty—U
Map s (C,Dy) *Mapye — (

where Cr,, € O, is the Ty-tuple of colors underlying C. Hence in the presence of Conditions (a) and (b),
Condition (c¢) may equivalently stipulate that the map

Map’;$(C,D) - ]_[ Map %" (Cr,, Dy)
UeOrb(S
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is an equivalence. We will generally prefer this version, as the data of a 7 -operad is most naturally viewed as
living over the active (i.e. forward) maps. <

Remark 2.39. Practicioners of [HA, Def 2.1.10] should note that, by Remark 2.18, we may weaken Condition (b)

to assert only that cocartesian transport induces a 7mg-surjection Og — [ Oypy; with this modification,
U€Orb(S)
Proposition 2.37 recovers Lurie’s definition of co-operads when 7 = =. <

We’'re finally ready to prove Proposition 2.33

Proof of Proposition 2.33. Note that Conditions (IC-a) and (IC-c) of Definition 1.42 are true by assumption
(they were forced on us in order to make Span;(F7) definable). We verify the conditions of Proposition 2.37
for 7 -operads.

Note that Span;(F7) has unique lifts for backwards maps, so condition (a) follows always. Furthermore,
Span;(IFy) always satisfies condition (b) by construction. Lastly, by unwiding definitions and noting that
there exists a map of spaces X —» ¥ x @ = & if and only if X is empty, Observation 1.43 implies that (c) is
equivalent to Condition (IC-b). O

Using Proposition 2.37, we gain access to the structure spaces of 7 -operads.
Construction 2.40. Let O® be a 7 -operad. When C,D € O® are objects, define

Mulp(C, D) := ]_[ Map?, (C, D).

zpzﬂ(C).—m(D)
active
® ® .
In the case D €Oy, S€Fy, and Ce Olndgs’ we write
Ind?s—v

O(C;D):=Map, """ (C;D).
Similarly, given S € Fy, we write

O(S) := l_[ O(C;D);

(CDIE0 7 ¥Ov

we refer to this is the space of S-ary operations in O. <

We use this to define a litany of useful full subcategories of Op;.
Definition 2.41. A 7 -operad OP is:

at most one-colored if Oy € {@,+} for all V € T, i.e. O(xy) € {@,+} for all V e T,

at least one-colored if Oy # @ for all VeT  ie. Oxy)=@ forall VeT,

one-colored if O® is at least one-colored and at-most one colored,

almost essentially unital (or aE-unital) if O(&y) = * whenever there exists some S # *, € Fy, such
that O(S) = @.

e unital if O(@y)==forall VeTm

o almost essentially reduced (or aE-reduced) if O® is almost-E-unital and at-most one colored,

o reduced if O® is unital and one-colored. <

We denote the associated full subcategories by

Opl;_ni EOp?OC
/ y
Re )
L xop%m "
—

Op;—E red \ Op§oc

Warning 2.42. An almost essentially unital 7-operad with at least one object need not be unital (and likewise
for reducedness); they satisfy the more general notion of almost unitality following [Ste24b], but we suppress
this notion for the time being. <
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Construction 2.43. Given O® a one-colored T -operad, V € 7 an orbit, and S € Fy, a finite V-set, we write
Og ~{iS}. For any T « Ind‘T,S, we have an equivalence

TeInd}S—V
o

O(S) ~Map (iS;iV)

due to the existence of cocartesian lifts for inert morphisms. Given a map U — V in 7 and a finite V-set
S € Fy, composition of the cospan Indgs — V « U in Span(F7) induces a restriction map

Res?,
o(S) - > O(Res; S)
(6) I R
Tg_, Too 1nd” N
MapisV* 7Y (i8;iV) —— Mapaev* "SI i Res 55iU)

Furthermore, given a map of V-sets s : T — S, write Ty =~ Ty xg U — U for the pullback, and write
TV :Ind‘T,T — V for the structure map of T. Composition in O® restricts to a map

(7) R

Mapgs' (iS;iV) x Mapgl*(iT,iS) —— Mapgs' (iT;iV)

Lastly, note that every V-equivariant automorphism of S yields an automorphism of Ind\T,S over V., which
are backwards maps by definition; cocartesian transport then yields an action

(8) ps : Auty (S) x O(S) — O(S).
We refer to Resg as restriction, y as the composition, and ps as X-action. <

Example 2.44. Let I be a weak indexing category. Recall the example NIQ?;O = (Span;(F7) — Span(F7)) of
Proposition 2.33, and write
cl)={VeT|Vel}

as in [Ste24b]|. Then, it follows by definition that U/\/'I‘?;o ~x,(q); that is, Vi always has at most one color,
and it has one color if and only if I has one color in the sense of [Ste24b].

Moreover, we have
* S € Fl Vi
g S¢ FI V-

Nloo( ) {

Thus we see that /\/’I@;o is almost essentially unital (hence almost essentially reduced) if and only if I is almost
essentially unital in the sense of [Ste24b]; likewise, N2 is unital (hence reduced) if and only if I is unital.
Unwinding definitions, each of the maps Resg,y, ps are canonical, as they have codomain either + or @. <«

Observation 2.45. The structures of Egs. (6) to (8) are compatible in the following ways:

(1) The restriction maps are Borel equivariant, i.e. the following commutes:

{cocart lifts of Auty (S xMap‘psv(zS iV) ° Map(psv iS,iV)
/ Auty(S)x O(S) P s O(S)
Resw Res% lResl‘,/\, ResW

tW(Res S)xO(Res}//v S) S N O(Res% S)

\
/

{cocart lifts of Autyy (Resyy S) xMap(pSV(zRes}//v S,iW) o > Map{s' (iRes};, S,iW)
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(2) The composition maps are Borel Auty(S)x [] Auty(Ty)-equivariant in an analogous way.
UeOrbS

(3) The identity map on =y yields an element 1y € *i; which is taken to 1y by Resz/].
(4) The map y is unital, i.e. the following commutes.

Mapgy' (iS, 1V (id,{id}) > Map®y' (iS,1V) x Mapis, (iS,iS)
(id (1)) -
(9) ——08)e ® Ote) \
UeOrb(S
({id},id) {1y}, 1d )/
&
0(*v O(S) v > O(S) /
id (:v7 5 Psv <Psv
Map e (iV,iV) xMappe (iS,iV) o Mappy' (iS,iV)

(5) The map y is compatible with restriction, i.e. given a composable pair of morphisms

T
Indy, S

Ind‘T,T oTV % Vv,

and W — V a map in 7, the following diagram commutes.

Map(psv iS,iV) xMap(pTS(zT iS) o apgév iT,iV)
V4
O(S [T O(Ty) > O(T)
UeOrb(S)
Res}y, lRes‘(,V lReSV Res};,

ResWS)x [T O(Ty) —)O(Resw )

U/eOrb(ResW ) \

R \%4
MapO;SW(PSV zResWS zW x Ma O®W¢T5(1Resz iRes}y, S)

o—> Map 1ResWTzW)

(6) The map y is associative, i.e. given a collection of maps and composites

/ e

Ind}, R —<pm—> Ind?, T — ors —> IndTS — sy

‘PRS
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the following commutes:

Maphe' (iS,iV) x Mapht’ (iT,iS) x Map ' (iR, iT) 0 > Maphs' (iT, 1V)><Map(’)RT(1R iT)
[0<5>x M O(Tm]x [ O(Ry) ———— O(T)x TT O(Rw)
UeOrb(S) UeOrb(S) WeOrb(T)
WeOrb(Ty)

| p

T
: 0(5)x Tl [O(me I O<Rw>] O(URW) ;
UeOrb(S) WeOrb(Ty) W
ly
Ty
0S)x 1 O(]_[RW) r s O(R)
UeOrb(S) \ W \
Map‘psv(ls iV) xMap‘pRs(lR iS) ° Map(PRV(zR iV)

Thus, passing to the homotopy category, the data of a 7-operad supplies a discrete genuine 7 -operad in hoS
in the sense of Definition 2.79. <

Remark 2.46. The assumption that O% has one color is not strictly necessary in Construction 2.43 and Obser-
vation 2.45; for instance, in general we may choose a V-color B, a S-color C = (Cyy), and for every U € Orb(S)
a Ty-color Dyy. Then, writing D for associated T-color associated with (D), composition in O® yields an
analogous map
y:0GB)x || OMDuy;Cy)— OM;B),
UeOrb(S)

which is associative in an analogous way to Observation 2.45. In particular, if O® merely has at most one
color, then all statements in Construction 2.43 and Observation 2.45 apply whenever O® has colors over the
appropriate orbits. We do not explore this further here, as it is not necessary for our present purposes. <

2.2.2. The T -co-category of T -operads. Recall the map of algebraic patterns @: TotFr, — Span(Fr) of
Eq. (5). In Proposition A.1 and Corollary A.8, we prove the following generalization of the contents of
[BHS22, §5.2|, which identifies our 7 -operads with those of [NS22].

Proposition 2.47. Suppose T is an atomic orbital co-category. Then, pullback along ¢: TotF; , — Span(F7)
implements equivalences of categories

Caty ~ SegTotET'* (&F
Opy = Fbrs(TotET’*),
and Fbrs(TotET’) is equivalent to the oo-category of T -co-categories of [NS22].

Remark 2.48. The functor TotF , — Span(F7) is natural in 7'; in particular, applying this for 7,y — 7, we
acquire a commutative diagram

TotF, , —— Span(Fy)

l |

TotF; , —— Span(F7)

Functoriality of pullbacks witnesses the fact that Resz;: Opy — Opy is implemented by pullback along
TotF,, , — TotF .. <
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By assumption, if O® is a fibrous TotF ,-pattern, it possesses cocartesian lifts over all morphisms in
the composite O® — TotFy , — T°P. Thus, fibrous Fz ,-patterns possess total 7 -co-categories; we refer to
the associated functor as

Totr: Opy — Caty.
Definition 2.49. Let O®, P® be T -operads, Then, the 7 -co-category of O-algebras in P is the full subcategory

— int— t
Alg (P) = Funip 50" (Tot7 O®, Tot7 P®)

with V-values spanned by the V-functors Resg Tot7 O® — Resg Tot7P® preserving cocartesian lifts over inert
arrows in Fy, . <

We lift Op to a 7 -oco-category by the following.

Definition 2.50. We show in Proposition A.13 that Span(lnd‘[ﬁ) : Span(Fy) — Span(Fy) is a Segal morphism
for all maps U — V in 7. We refer to the resulting 7 -co-category

Span(F(,)) Fb
Op_: TP —— 7 AlgPattSPSe8or 25, Cat,

as the 7 -co-category of T -operads, where AlgPattSE’Seg C AlgPattSeg is the full subcategory spanned by
soundly extendable patterns. <

Observation 2.51. The V-value of %T is Opy = Opg, ; the restriction functor ResE: Opy — Opy is
implemented by the pullback

Res/,0® —— O®
L
Span(Fy) —— Span(Fy).
with bottom functor is Span(IndE). <

Observation 2.52. Via Proposition 2.47, we find that 7 Alg (P) ~ Alg,(P). Furthermore, we find that

Alg(P)y = Funj5 ) (Res, O, Resi, P°) = Algge, oResi; O)

with restriction functors induced by functoriality of Res‘é. <

2.2.3. Envelopes. In [NS22|, a left adjoint to the inclusion CMonyCat — Op; was constructed, called the
T -symmetric monoidal envelope. This was greatly generalized by Theorem 2.27 in view of Propositions 2.37
and 2.47. For convenience, we spell this out here.

Corollary 2.53. If P® — O® is a map of T -operads, then the following diagram consists of maps of T -operads
EnvpP® —— Ar*ct(0®) —— 0%
Ll
P ———— 0°
and the top horizontal composition is an O-monoidal co-category. The corresponding functor
Envp: Opr j0e — Catg
is left adjoint to the inclusion of O-monoidal co-categories into T -operads over O®, and the induced functor
Envg{O: Opr /08 = Catg It
is fully faithful, with image spanned by equifibrations in the sense of [BHS22, Thm C|.

We will simply write Envy(~) := Envy, (=) and Env(-) := Envcomm, (=)-
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Example 2.54. Let I be a weak indexing category. Then, unwinding definitions, we find that

Envi N, = E ™,
where F; C F is the full 7-subcategory defined in Section 1.2, i.e. it is the I-symmetric monoidal subcategory
generated by {*y | V € c(I)}. <

Remark 2.55. Suppose F7 C I C F7 is a core-preserving wide subcategory which is not a weak indexing
category. We've already seen in Proposition 2.33 that Span;(F7) — Span([F7) is not a T-operad, so we can’t
specialize from 7 -operads to a theory of I-operads; in fact, Example 2.54 is a prominent example where
I-operads would act quite differently. Indeed, since I does not satisfy Condition (IC-b), F; c F+ is not closed
under [-indexed coproducts, so F; can not even be endowed with a generalization of the above I-symmetric
monoidal structure. <

We record a convenient property of Envy(—) here, which follows by unwinding definitions.
Lemma 2.56 ([HA, Rmk 2.4.4.3]). If O® € Op; and : T — S is a map of V-sets, then there is an equivalence
W - W
MorEnvl(O)V—JE‘LV (Envi(O)y) ~ U MaPO®—>Span(FT)(C’ D)
(C,D)EOTXOS

= || [ ocuby
(C,D)eOrxOg UeOrb(S)

In particular, if O® has one color, then

iT;iS) ~ I_[ O(Ty).
UeOrb(S)

P
MaPEnv, (O)y—Fpy (

2.3. The underlying 7 -symmetric sequence. Set the notation X, := Ei—'*, where the latter is the 7 -space
core of Example 1.35. We refer to this as the 7 -symmetric T -category, and we refer to Funy(X,,C) as the
oco-category of T -symmetric sequences in C; in the case C = S+, we refer to Funy (X,,87) = Fun(TotX,,S)
simply as the co-category of T -symmetric sequences.

Observation 2.57. For any adequate triple (X, X}, Xr), the inclusion

induces an equivalence on cores. In particular, choosing (ET,EST'i‘,ET), we find that the inclusion (=), : Fr —
Fr . induces an equivalence
Fr~F;, =27
In particular, unwinding definitions, we have the computation
Sv =27y =Fy = | | BAutys
SeFy

and that the restriction map ¥ — Xy is induced by the forgetful maps BAuty S — BAuty S. <

Observation 2.58. Under the equivalence Opz ~ Fbrs(TotF ,), by Proposition 3.16, triv?i is modeled by the
inclusion £ <> F7 .. Every morphism in the associated factorization system on X7 is equivalent to an inert
morphism; hence there exist equivalences

int—cocart _ ~
Cat?/fgtcg; ~ Fun(Tot X, Cat) ~ Funy (X, Cat;). <
Construction 2.59. Given O® € Opggd, there is a structure map
XComm!

Envotrivy = trivy ® ArYe(0) — trivd

which is an inert-cocartesian fibration by pullback-stability of inert-cocartesian fibrations [BHS22, Obs 2.1.7].
The underlying T -symmetric sequence of O% is

OReq = Uiy, Envotrivy € Fun(Tot X, Cat).
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Unwinding definitions, we find that there exists a cartesian square

O(S) —— Envptriv TOtZT XE, Aract,/el(o)
|7 !
* ;) tl‘iV® ) TOtZT
so that 0%, is indeed a 7 -symmetric sequence. The associated functor is denoted

sseq

sseq: Opy — Fun(TotX;,S).

We will often use the following to reduce questions about 7 -operads to 7 -symmetric sequences.

Proposition 2.60. Suppose a functor of T -operads ¢ : O®° — P® satisfies the following conditions:
(a) @ induces surjective maps 1gOy — 1oPy for all V €T, and
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(b) for all VeT, all SeFy, all CeOg, and all D € Oy, the map @ induces equivalences ¢ : O(C; D) =

P(¢C;9D).

Then @ is an equivalence of T -operads; in particular, the restricted functor
sseq : Opy — Fun(Tot X, S)
18 conservative.

To prove this, we proceed by reduction to the following observation.

Observation 2.61. If C — D is an equivalence of categories over £, then it preserves and reflects cocartesian
lifts of arrows in &; in particular, if ¢ : O® — P® is a morphism of 7 -operads who induces an equivalence
Tot: O® — P® between the total co-categories of the associated functors to Span(F7), then its inverse is
also a morphism of 7 -operads. Said another way, we’ve observed that the functor U: Opy — Cat/span(r;) 18

an isofibration, so Tot: Op; — Cat is conservative.
Similar arguments show that U: Opy — Catr /5, — Cat/op, , is an isofibration.

<

Proof of Proposition 2.60. In view of Construction 2.59, the second statement follows immediately from the
first, since morphisms of reduced 7 -operads are automatically 7ty-isomorphisms by two-out-of-three. Fixing
@ satisfying (a) and (b), we will prove that ¢ is an equivalence of T-operads. Using Observation 2.61, it

suffices to prove that Tot¢ is an equivalence of co-categories.
By the Segal condition for colors, we have an equivalence of arrows

700s = [lyeorns) ToOv

l") s ll_l Qv

Ps = [lveor(s) TPy

Since myO = ][ mxOs, (a) implies that ¢ is essentially surjective. Furthermore, the Segal condition for

multimorphisms yields isomorphisms of arrows

Mapos(CD) = |l Maph(GD) = LI [l Maply(Cpi;Dy) = LITO(C;1v3Dy)

l fmC—-nD f VeOrb(n(D)
¢

)
l]_lqv l]Jﬂ(p lunq;(Tv)

Mapps (¢C,@D) =[] Map{)(qu:(PD) =11 T Map{?(‘Pcf*1V:¢Dv) = IJJIJP(prf—lvxpDv)-

fmnC—-nrD f VeOrb(S)

the right arrow is an equivalence by (b), so the leftmost arrow is an equivalence, hence ¢ is fully faithful.

The author learned the U, portion of the following argument from Thomas Blom.

Corollary 2.62. The functor sseqy : OpS® — Fun(TotX;,S) is monadic and preserves sifted colimits.

O
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Proof. By [BHS22, Cor 4.2.2], Opggd and Fun(TotX;,S) are presentable, so by Barr-Beck [HA, Thm 4.7.3.5]
and the adjoint functor theorem [HTT, Cor 5.5.2.9], it suffices to prove that sseq is conservative and preesrves
limits and sifted colimits. Conservativity is Proposition 2.60, and (co)limits in functor categories are computed
pointwise by [HTT, Prop 5.1.2.2], so it suffices to prove that O > O(S) preseres limits and sifted colimits.
We separate this into manageable chunks via the following diagram:

O-0(S T
Opc%c (S) v S ¢ U SnoMap(IndVS,V)

ev. .1
lUsEg IndVS,VT

Int-cocart,core—iso Ucocart core—iso U, X2
Cat) span(ry) > Catigonw,) — Fun((Span(]FT) ) ,S)

7 and ev_,7sv preserve (co)limits since they are evaluation of functor categories [HTT, Prop 5.1.2.2]. Ucocart
|4

preserves limits and sifted colimits by [BHS22, Cor 2.1.5]. Useg preserves limits and sifted colimits, as each
commute with finite products.
By [Hau20, Prop 3.12], U, is equivalent to the forgetful functor

Alg(S/span(Fr)=,Span(Fr)~) = S/Span(Fr),Span(Fr)s

where S% y is a symmetric monoidal structure on Syyy ~ Syxy = Fun(Y xY,S). This functor preserves limits
and sifted colimits by [HA, Prop 3.2.3.1], completing the argument. |

In particular, this constructs a left adjoint
Fr:Funy(X;,S87) = Fun(TotX,,S) — OpS
to sseq. We lift this to a 7-adjunction in the following construction.

Construction 2.63. The functor sseq is associated with a 7-functor sseq as in the following diagram

Aract,/el(O@))
\P
o® trivy ——— O trivy > 0%
m m m
oc T A2 :,®
OpY —— %T,triv?i/ ——— > Funy (Inﬂe Az,OpT) Xop_ {terT}
- 1
T A2 L, ®
Fun, (ZT’ﬁT) = OPT,/triv?; 5 Funs (Inﬂe AI,%T) Xop_ {tI‘IVT}
w w w
sseqO® Envotriv Envotriv y Arict/el(0®)
L N é
\I(
trivy trivy > O%
By [HA, Prop 7.3.2.1], the pointwise left adjoints Fr lifts to a 7 -adjunction
sseq : OP;?d S Fung (27,87) : Fr,
i.e. Fr is compatible with restriction. <

2.4. The monad for O-algebras. Fix O® a one-object T-operad, fix C® a distributive O-monoidal category in
the sense of [NS22] (e.g. it may be presentably O-monoidal) and let triv?ﬁ — C® be the functor of operads

associated with a 7-object X € I'C. Denote by X®: Envotriv?- — C® the associated O-symmetric monoidal
functor, and denote by

Ogseq(X) : Envotrivy — C
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the underlying 7 -functor. Recall that
x5~ (X) NJXyerc.
VeOrb(S)

Proposition 2.64 (“Equivariant [SY19, Lem 2.4.2|"). The forgetful T -functor U : Alg (C) — C is monadic,
and the associated monad Ty acts on X € C by the indexed colimit

ToX := colimOggeq (X).

In particular, we have

9) (ToX)y = | | (05)-x%%), .
SeFy

Proof. Monadicity is precisely [NS22, Cor 5.1.5], so it suffices to compute the associated monad.
By [NS22, Rem 4.3.6], the left adjoint Fr: C — Alg,(C) is computed on X by 7 -operadic left Kan

. X . . . . .
extension of the corresponding map triv® — C® along the canonical inclusion triv® — O®, and the underlying
7T -functor of this is computed by the 7 -left Kan extension

Envotriv == X7 xp, Ar*t/e () %‘C
//’//
\L ?”, Tox -7 ///
Xr - N
\L //’/T@X
O sy =777

T -left Kan extension diagrams to #; are 7 -colimit diagrams by definition (see [Sha23, Def 10.1] when D =),
so the underlying 7 -object is

ToX =~ colimOggeq (X).
More generally, the 7 -left Kan extension TOX has values

ToX(S)~  colim X®
{S }XET Aract,/el (O)

~ colim X®%
75 (S)

~0(S)- X%,
By composition of left Kan extensions and [Sha23, Prop 5.5], we then have

(ToX)y =~ colim ToX®S
Se

ey
~colim O(S)-X®°
SeFy,
~ _v®S
- I_I (O(S) X )hAutvs' =
SeFy

Remark 2.65. Let Ogyy, 1, € Ogxy, be the full subcategory spanned by G xX,/Is for ¢5: H — ¥, with
associated graph subgroup Is = {(h, ¢s(h)) | h € H} C H x X5 Then, a G-equivalence

I_I Ogxz,1, = 2Xg
neN

was constructed in [NS22, Ex 4.3.7], and in particular, this provides a formula akin to Eq. (9) in the language
of graph families. <

By [NS22, Prop 3.2.5] (noting that all colimits involved are finite), the Cartesian 7 -symmetric monoidal
structure on MT(C) is distributive whenever C is a cocomplete Cartesian closed category. We apply this
to Sy := Coeff’ S.
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Example 2.66. Fix C := CoeffT(S) with the Cartesian structure, and recall that C is distributive. The monad
formula of Proposition 2.64 says that the free O-algebra on a 7 -space X7 has restriction

Res] ToXr = | | (O(S) (Res] X7 )®S)

SeFy hAuty S

In particular, its genuine V-fixed points is the space
(ToX7)V ]_[ (O ) . <
SEFV hAutVS
Corollary 2.67. The functor Alg(_)(§T): py — Cat is conservative.
Proof. Suppose ¢ : O — P induces an equivalence Algy(Sy) > Alg,(S7). Then ¢ induces a natural

equivalence Tn = Tp respecting the summand decomposition in Proposition 2.64. Choosing X =S € Fy,,
there is a natural coproduct decomposition
xS ~
(O8)xS™%), oy, 5 = (O1S) x Auty S)ypyg s Uos
=0(S)UJo,s»

for some Jo,5; hence the summand-preserving equivalence T, : TS = TpS implies that ¢(S): O(S) — P(S)
is an equivalence for all S, i.e. sseq@ :sseqO — sseqP is an equivalence of 7 -symmetric sequences. Thus
Proposition 2.60 implies that ¢ is an equivalence. ]

We also point out a straightforward consequence of the fact that the forgetful functor is a right 7 -adjoint.

Corollary 2.68. The I-indezed tensor products in Alg® (CI_X) are products.

Proof. The forgetful functor U : A1g® (CI _X) — C is conservative, preserves 7 -limits, and preserves tensor

products; for all (Xyy) € Alg® (CI_x )S’ the canonical map

S S S S
U ®XW ~ ® U(Xw) — ]_[U(XW) ~U I_[XW
w w w w
S S
is an equivalence, so ®XW -] Xw- (]
w w

To finish the section, we repeat the above work without the one-color assumption.,
Observation 2.69. By either [NS22, Lem 2.4.4] or [CH21, Lem 2.9], we find that X -fibrous patterns are right
Kan extended from their underlying 7 °P-fibrous patterns. Unwinding definitions, this expresses
ﬂotriV(O)V =~ {(C,D) [S 05 XOV | Se Fv}
<

Observation 2.70. Analogously to the above, for O® an arbitrary T -operad, the operadic left kan extension
formula of [NS22, Rmk 4.3.6] expresses the values of the associated monad as the left Kan extension

Envotriv(0) Tot triv(0)® xpe ArHe (O ﬁ C
+ Tox 7
i ®O)® - e
Tottrlv( \ o
- /,,/’/ﬂbx
@ O ----~
The 7 -functor TO(X ) sends
S
(10) (C,D)—~ O(C;D)®®XU -
u hAuty S




EQUIVARIANT OPERADS, SYMMETRIC SEQUENCES, AND BOARDMAN-VOGT TENSOR PRODUCTS 41

Corollary 2.71 (“Equivariant [HM23, Thm 4.1.1]"). A map of T -operads ¢ : O® — P® is an equivalence if
and only if it satisfies the following conditions:

(a) U(p): O — P is T -essentially surjective, and

(b) the pullback functor @™ : Algp(Sr) — Algn(S1) is an equivalence of co-categories.

Proof. The fact that ¢ being an equivalence implies the above conditions is obvious, so assume the above
conditions. The result follows by using an identical argument to Corollary 2.67, using Eq. (10) instead of
Eq. (9) to show that ¢ : O(C;D) — P(@C; ¢D) is an equivalence for all C, concluding the equivalence from
Proposition 2.60. (]

2.5. O-algebras in I-symmetric monoidal d-categories. Recall that a space X is said to be d-truncated if
it is empty or 7,(X,x) =+ for all x € X and n > 0; in particular, X is (—1)-truncated precisely if it is either
empty or contractible. In Section 1.4, we applied this to mapping spaces to define 7 -symmetric monoidal
d-categories. In this section, we define a compatible notion of 7 -d-operads, centered on the following result.

Proposition 2.72. Let O® be a T -operad and let d > —1. Then, the following conditions are equivalent:

(a) O(S) is d-truncated for all S € Fy .
b) The T -functor EnvO — F+ has d-truncated mapping fibers.
T

Proof. Let : T — S be a map of 7T-sets over V. Then, by Lemma 2.56, we have an equivalence

4 - P
MorEnvOHET (EnvO) ~ I_l MapEnvOHET (C,D)
CEOT,DGOS

~ P
(11) = I_l ]—[ Mapg,o-p, (Cu,Du)
CeOr,DeOg UeOrb(S)

~ || ]—[ (’)CU,DU

CeOr,DeOg UeOrb(S
First, in the case d = —1, note that conditions (a) and (b) both imply that O has at most one color, so
Eq. (11) specializes to
P
MorEnVO_)F (EnvO) ~ ]_[ (9
UeOrb(S

Thus it suffices to note that a product is —1-truncated if and only if its factors are.

Next, in the case d > 0, note that a coproduct of spaces is d-truncated if and only if its factors are;
hence Eq. (11) shows that (b) is equivalent to the condition that [eorm(s)O(Cy; Dy) is d-truncated for all
S,C,D. In fact, the equation

O(8) ~ ]_] O(C;D)
(C,D)€05XOV
shows that this (b) equivalent to the condition that O(S) is d-truncated for all S € Fy,, as desired. |

We define the full subcategory of d-operads

ta: Opz 4 <= Opr
to be spanned by 7 -operads satisfying the condition that O(S) is (d — 1)-truncated for all S € Fy as in
Proposition 2.72.
The following corollary immediately follows from Proposition 2.72 and the mapping fiber truncation
characterizations of Corollary 1.87.

Corollary 2.73. Let O® be a T -operad and let d > 1. The following conditions are equivalent:
(a) O is a d-operad, and
(b) EnvO® is a T -symmetric monoidal d-category.

Furthermore, the following conditions are equivalent:
(a’) O is a 0-operad, and

(b°) the T -symmetric monoidal functor EnvO® — E;"—'

is a T -symmetric monoidal subcategory inclusion.



42 NATALIE STEWART

Corollary 2.74. The inclusion Opy ; <> Opyr has a left adjoint hy 4 satisfying
(h1,a0)(S) = 1<40(S).

Furthermore, when d > 1, this fits into the following diagram

hT,4
Op;yr —— Opry

T

hr 4
® : ®
Cat; —— CatT! i

In particular, when C® is a T -symmetric monoidal d-category, the canonical map O®° — hr ;0% induces an
equivalence

Algo(C) = Alg, o(C)

Proof. By [BHS22, Prop 4.2.1], the image of the fully faithful functor Op; — Cat?i ot is spanned by the
JEr

equifibered T -symmetric monoidal co-categories, i.e. C® such that, given T — S a map of finite 7 -sets, the
associated diagram

Cr —— Cg
L
Fr —— Fg

is cartesian. We separately argue in the case d > 1 and d = 0 that the image of this is closed under hy 4; this
will imply that hT’dEnV/ Er ©® corresponds with a 7 -d-operad hr 4O®, which computes the left adjoint to
the inclusios Opz ; C Opz by fully faithfulness of Env/Er 0%,

We first consider the case d > 1. In this case, since hy 4 : Cat?i - Cat?i’ 4 1s applied pointwise, it preserves

equifibrations, so hTydEl"lV/ Er 0% corresponds with a d-operad hr 4O%.

The case d = 0 is similar, except that we are tasked with replacing equifibered 7 -symmetric monoidal
functors with an equifibered subcategory. In fact, subcategories are precisely (—1)-truncated maps in Cat, so
we may do this by taking the pointwise (—1)-truncation functor and applying [HTT, Prop 5.5.6.5] to see that
the result is equifibered. O

Corollary 2.75. Let O® be a T -d-operad.
(1) if d 21, then Algy(P) is a d-category; hence Opr 4 is a (d + 1)-category.
(2) if d =0, then Algy(P) is either empty or contractible; hence Opy  is a poset.

Proof. In each case, the second statement follows from the first by noting that the mapping spaces in Op,
are Alg,(P)~. For the first statements, note that

Alg(P) = Algy, »(P) = Fun?@?u (Envh,O% EnvP?®);

if d > 1, then this is a subcategory of a d-category, so it’s a d-category. If d = 0, then this category is either
empty or contractible since we verified that the map EnvO® — E;’—u is monic. |

Corollary 2.76. If P® is a T -0-operad, then it is a sub-terminal object of Opy.
Proof. The mapping space criterion of monomorphisms shows that this is equivalent to the condition that
AlghUO(P): ~Alg,H(P)" — AlgO(Comm?i): ~ %
is a monomorphism, i.e. AlghOO(P)Z € {@,*}; this follows from Corollary 2.75. (]
Corollary 2.77. Let I <] be related weak indexing categories. Then, the unslicing functor
Op; = Op]'/NI%O — Opy
1s fully faithful.



EQUIVARIANT OPERADS, SYMMETRIC SEQUENCES, AND BOARDMAN-VOGT TENSOR PRODUCTS 43

Proof. Fully faithful functors satisfy two-out-of-three, so we may replace Op; — Op; with the composite
unslicing functor Op; — Op; — Opy, and assume I = F7. The corollary is then equivalent to the statement

that V2, — Comm?i is a monomorphism [HTT, § 5.5.6]. In fact, by Example 2.44, N is a T-0-operad, so
this follows from Corollary 2.76. O

We finish the subsection with a recognition result highly connected maps; we say that a map ¢: O® — P®
is n-connected if any of the following equivalent conditions hold.
Proposition 2.78. Let ¢: O® — P® be a morphism of T -operads. Then, the following are equivalent:

(a) The underlying T -functor Ugp: O — P is fiberwise-essentially surjective and for all V€T and S € Fr,
the induced map O(S) — P(S) is n-connected.

(b) @ is an hy ;1 -equivalence.

(¢) For all T -symmetric monoidal (n+ 1)-categories C, the pullback T -symmetric monoidal functor

Alg?;(C) — Alg®(C)

is an equivalence.
(d) The pullback functor

AlgP(Ser—l ) — Algo (S<n+1)

is an equivalence.

Proof. Suppose (a); in view of Proposition 2.60, to prove (b), we're tasked with proving that the maps
h1 4+10(C;D) = ht 11 P(C; D) are equivalences. But by the natural equivalence

os)= || ocb)
(C,D)EOS XOV

it suffices to verify that hz ,,10(S) = hr ,,1P(S) is an equivalence for each S. This follows from (a) by
Corollary 2.74.
Suppose (b); by the factorization

®
CatT,nJrl - OpT,n+l = OpT

of Corollary 2.74, given C € Cat?i,n +1, the top map in the following is an equivalence

Alg,  p(C) —— Alg,,  (C)
1 1R
Algp(C) ———— Algp(C)
the bottom arrow is an equivalence from two-out-of-three, and (c) follows from Corollary 2.9. Furthermore,
(c) implies (d) by setting C® := Q;_ZX"H.

Finally, suppose (d). Note that O(S)-1 = 1<,,10(S), so using the same argument as Proposition 2.64,
we naturally split off the map

Teni1P(S): T<nr10(S) = T<n1 P(S)
from the map T,S between monads over St <;41. By assumption, T, S is an equivalence so T<;119(S ) is an

equivalence, implying (a). a

This suggests a notion of n-connected T -operads, who satisfy the property that the truncation unit O® —
hr oO® is n-connected. In forthcoming work [Ste24a], we will classify 7-0-operads, and gain characterization
of n-connected 7 -operads as a corollary.

2.6. The genuine operadic nerve.
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2.6.1. The 1-categorical nerve. [BP21] introduced a variant of the following.
Definition 2.79. A one-color genuine 7 -operad in a symmetric monoidal 1-category V the data of:

(1) a 7-symmetric sequence O(=): TotL, — V),
(2) for all V € T, a distinguished “identity” element 1y € O(*y,), and
(3) for all S € Fy and U € Fs, a Borel X5 x[[ycorb(s) L, -equivariant “composition” map

S
y:08)e X) (Ty) ﬁo[]_[ TU]
U

UeOrb(S)

subject to the following compatibilities for all :

(a) (restriction-stability of the identity) for all U — V, the map Res‘{] :O(xy) > O(xy) sends 1y to 1y;
(b) (restriction-stability of composition) for all U — V, the following commutes

O(S)x [1 O(Ty) ——L—— O(T)

U€eOrb(s)
lResy

JReslf

O(ResK] S);'egb(?)(TU,) _r . O(Res‘\,/v S)

(¢) (unitality) for all S € Fy, the following diagram commutes

o(s) LMD o5y e R Oy)

\UeOrb(S)
s
Y

O(+y)®O(S) —— 7 —— O(S)

S T
(d) (associativity) For all S € Fy, (Ty) € Fg writing T := [Ty, and (Ry) € Fr writing R := ][Ry, the
U w

following diagram commutes

0iS)e Q O(Ty)|le & O(Ty) —L—= O(T)e R ORy)

UeOrb(Sy) UeOrb(S) WeOrb(T)
WeOrb(Ty)
[ ly
T
0(5)® ® [0<TU>® R O(RU)] O(URW)
UeOrb(S) WeOrb(Ty) w
" H
O(S)®®O(]_[RW) > O(R)
UeOrb(s)\W

A morphism of one-color discrete 7 -operads in V is a map of 7 -symmetric sequences in V preserving 1y and

intertwining y; we refer to the resulting 1-category as gOp5°(V). <

We write sOpS® := gOp5(sSet). In [BP21], a many-colors variant gOp, (V) was introduced, and a model

structure was given to sOp := gOp;(sSet); this was later shown to be Quillen equivalent to several other

model categorical variations on G-operads (e.g. [BP20, Tab 1]). This was used in [Bonl9| to construct a
genuine operadic nerve functor of 1-categories

®. +

N¥: gOps(sSet) — Sset/(TotEG,*,Ne)

whose restriction gOp(Kan) lands in fibrant objects in Nardin-Shah’s model structure [NS22, § 2.6], and

hence presents G-operads.
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Moreover, gOp5(Kan) agrees with the fibrant simplicial colored T -operads of [NS22, Def 2.5.4] subject
to the condition that the underlying 7 -set of colors is contractible; thus Nardin-Shah construct an analogous
nerve functor

N?®: ¢Op(Kan) — Sset;(TotET,*),NE

whose specialization to 7 = Og agrees with the one-color version of Bonventre’s nerve.
These nerves can be understood as taking O € gOp,(Kan) with underlying 7 -coefficient system C to
the Kan-enriched category over TotF; , with ObOgs = €Cg and with mapping space

Mapps(C, D) ~ ]_I l_[ O(Cy;Dy)
1oC—mpD UeOrb(np (D))

mapping down to Map]FT (o C, tpD) via the evident forgetful map.

2.6.2. Restriction and the nerve. N® interacts with restrictions.

Construction 2.80. Let W € 7 be a distinguished object. Then, the restriciton functor
Resy, : gOp7(V) = gOpyy (V) = gOpy,, (V)

acts on underlying 7 -symmetric sequences via pullback along the map TotX,, — Tot¥;, with the data 1y
and y defined in Res?, O® by restriction from O®. <

We define restriction Resjl,:/: Catset,/TotF . CatsSet,/TotEW’* by pullback along TotF, , — TotF ..
Proposition 2.81. There is a natural isomorphism of simplicial categories N® Resg\, ~ Res%,;, N® over TotF .

Proof. Let O® be a one-color simplicial genuine 7 -operad. We may construct a functor N® Res?, 0% — N®0O®
sending the object over a (V — W)-set Sy _, to it underlying V-set S and acting on mapping spaces by
taking coproducts of the equivalence Res{v O(Sy_w) =O(Sy). This constructs a natural diagram

Tot7 N®Res?, O®

Tt
Tots Res?, N®O® —— Toty N®O®

l |

TotFy, , —— TotF,

since TIN® ResT, 09 and TlResT, N®O® AT€ both my-isomorphisms, F is as well; hence F is essentially surjective. It

follows by unwinding definitions that F is fully faithful, and hence an equivalence of simplicial categories over
TotFy ,, as desired. O

Pullback along TotFy, , C TotF;, implements restriction of 7-operads Remark 2.48, yielding the
following.

Corollary 2.82. There is a natural equivalence of W-operads Resl, N®O® ~ N®Res, O®.

The main reason we went to this trouble is for the following example.

Example 2.83. Let G be a finite group and V be a real orthogonal G-representation. Let Dy be a genuine
G-operad which is equivalent to the little V-disks operad (see [Horl19, § 3.9]). Then, given K C H C G, and
S € Fg, we have a tautological equivalence

Resg Dy (S) ~ Conf?(Resg V)=~ Conflg(Resg Resg V)=~ DResg v(S)
which intertwines with the composition rule in Dy ; writing E?} := N®DV, we acquire an equivalence

ResS E® ~ E® <.
H™V Resg \%
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2.6.3. The conservative co-categorical lift. N® has homotopical structure.

Proposition 2.84. N® preserves and reflects weak equivalences between one-color locally fibrant genuine
equivariant G-operads.

Proof. By [BP21, Thm II, Prop 4.31], the functor U : sOpg — Fun(X, sSet) is monadic and sOp¢s possesses
the (right-)transferred model structure from the projective model structure on Fun (ZG,SsetQuiHen); in

particular, U preserves and reflects weak equivalences.
It is not hard to see that sseq may be presented as total right-derived from a functor

ssseq : sSetZE;’Ne) — Fun (TOtZG,SSEtQuillen)Proj

setting Ogseq(S) := 7'((’91 (Inng — G/H); by Proposition 2.60 sseq is conservative, so ssseq preserves and
reflects weak equivalences between fibrant objects. Hence it suffices unwind definitions and note that the
following diagram commutes

ocC N® +,0C
sOpg —— sSet/(EG’Ne)

R lssseq

Fun(TotX;, sSet)

In fact, the one-color assumption was not necessary.

Proposition 2.85. N® preserves and reflects weak equivalences between arbitrary locally fibrant genuine
equivariant G-operads.

Proof. It is not too hard to see that N® preserves and reflects the property of inducing bijections on
sets of colors, so we may fix a coefficient system of sets of colors €. Then, we are tasked with prov-
ing that N(% :50pg e — Opge = (7‘(0U)_1 (C) preserves and reflects weak equivalences between fibrant
objects. Thankfully, we have the same tools as in the one-color case; writing TotY, for the 1-category
of [BP22, Def 3.1], sOpg ¢ possesses the right-transferred model structure from along a monadic functor
U :sOpg¢ — Fun (TOtZ@,SSetQuﬂlen) by [BP22, § 5.2]. Furthermore, Proposition 2.60 constructs a functor

ssseq: sSet;r(’]gT Ne) ™ Fun (TotEQ,sSetQumen) which preserves and reflects weak equivalences between fibrant

objects, and such that N® is a functor over Fun (Tot&,:, sSetQuiHen); by two-out-of-three for weak equivalences,
N® preserves and reflects weak equivalences between fibrant objects. O

The theory of total right derived functors (e.g. [Riel4, § 2]) then immediately yields Corollary B.

2.6.4. The discrete genuine nerve is an equivalence. Recall that whenever O® is a 7-operad and C® is a
T -1-category, there is an equivalence of 7 -1-categories

Algy(C) = Algy, »(C);

because of this, for the rest of this subsection, we assume all 7-operads are 7 -1-operads.

Note that the (fully faithful) inclusion of discrete simplicial sets Set < sSet is product-preserving, so it
induces a fully faithful functor gOp,(Set) < gOp,(sSet). We refer to these as discrete genuine T -operads.
We're concerned with relating this to 7 -1-categories, beginning with the following.

Observation 2.86. For all O € gOp,(Set), N®O is a T-1-operad. <

Conversely, from the data of a 7-1-operad O, the data of a discrete genuine 7 -operad O(-) is supplied
by Observation 2.45.
Proposition 2.87. N® descends to a functor gOpz(Set) = OpS | with quasi-inverse O(-).

Proof. By Observation 2.86, N® restricts as above. Thus it suffices to prove that the compositions
gOp7(Set) — gOpy(Set) and OpF | — OpF | are homotopic to the identity; this follows immediately after
unwinding definitions. O
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Now having an explicit combinatorial model for 7 -1-operads, we focus on algebras. We need the
following.

Construction 2.88. Let O® be a T-operad and P C O a full 7-subcategory. Then, we define the full subcategory
P® c OP to be spanned by the tuples C € Og such that, for each U € Orb(S), C;; € P. P® is a T -operad and
P® — O%® a map of T-operads [NS22, § 2.9].

In particular, if X e T7 O is a T-object in O, we define the endomorphism T -operad End}% CC® of X to
be the full 7-operad of O® spanned by {X}. <
Observation 2.89. Suppose C® is an [-symmetric monoidal co-category and X € T7C. Then, Endy has
underlying 7 -symmetric sequence Endx(S) =~ Map(X%S,XV) for S € Fy, identity element 1y =idy,, and
composition map given by composition of maps

S S
T ®UVT Hs
Vs (umy)): X5~ Q)XY ——5 X5 5 Xy <
U

In general, an O-algebra in C® may be viewed as the information of its underlying object X together
with the factored map O® — End§ < C®. The following proposition follows by unwinding definitions.

Proposition 2.90. If C® is a T -1-category and X,Y are O-algebras in C®, then the hom set HomAlgO(c)(X, Y)c
Hom¢(X,Y) consists of those maps such that the following diagram of operads commutes:

®
Endy

o
’ \Eil%

For the sake of comparison, we will propose one more model for discrete I-commutative algebras.
Definition 2.91. Let I be a one-color weak indexing category. Then, a strict I-commutative algebra in C is the
data of a T-object X together with Auty S-equivariant maps pg :X%S — Xy for all S € Fyy subject to the
following conditions:

(1) (restriction-stability) The functor Res(; takes pg to FRes! s+
(2) (unitality) for all maps S L+, € F y, the following diagram commutes:

®SLI*y
XV

/ \

Xy Xy

S
(3) (associativity) for all S-tuples (Ty) € Fy g, writing T =[] Ty, the following diagram commutes:
U

S
T, (FTU) S
(§§)XU Y —= Xy
I

R ’j

<

Proposition 2.92. If C® is a T -symmetric monoidal 1-category, then the categories of I-commutative algebras
and strict I-commutative algebras in C agree.

Proof. This follows from Observation 2.89, noting that Map(N2,,End$) ~ Map(N2_,Bor? End$) and un-

Too’
winding definitions using Proposition 2.87. ]

Let X,Y be I-commutative algebras and f: X — Y a morphism between their underlying 7 -objects.
For the rest of this subsection, we assume familiarity with the techniques of [Ste24b|. We will say that f
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intertwines at S € Fy y if the following diagram commutes:

X8 —— Xy

+ 1

YE —— vy
Define the collection Et(f) CF; by
Fir)v ={S | f intertwines at S} CFyy

The fact that f is a map of 7-objects implies that Et(f) is restriction stable. Hence Fyp CFris a full
T -subcategory.

Proposition 2.93. Et(f) s a weak indexing system.

Proof. It follows by unwinding definitions that c(¢(f)) = ¢(I), so we'’re left with proving that Fy ) is closed
under self-indexed coproducts. To that end, fix S € Fys)y and T € Fy(s) 5. By the associativity condition,
we’re tasked with proving that the outer rectangle of the following diagram commutes

XgT = QpXy — X —— Xy
! 1 U !
veT s @y —— v —— vy

The left inner rectangle is commutative by definition; the right inner rectangle is commutative by the
assumption S € Fy(r) v; the middle inner rectangle is commutative by taking a (pointwise) S-indexed tensor
product of the commutativity diagrams for each Ty;. |

Recall that a sparse V-set is a V-set of the form
exy LW, LU---LUW,
where € € {0, 1} and there exist no maps W; — W; over V for i # j.

Corollary 2.94. Let I be an almost essentially unital weak indexing system. Then,

(1) f is a map of I-commutative algebras if and only if it intertwines at all sparse I-admissible V -sets.
(2) If I is an indexing system, then f is a map of I-commutative algebras if and only if it intertwines at
2%y and at all I-admissible transitive V-sets for all V € T .

Proof. In each case, it suffices to show that the applicable V-sets generate [F; as a weak indexing category.
Case (1) is shown in [Ste24b] and case (2) follows by noting that every V-set is an n-*y-indexed coproduct of
transitive V-sets for some n € N, and n -y is generated by 2-#y, under 2 -*y-indexed coproducts. |

Corollary 2.95. If C is a G-symmetric monoidal 1-category and I is an indexing system, then I-commutative
algebras in C are equivalent to [Cha2j, Def 5.6/’s “I-commutative monoids” over C.

Proof. This follows by matching Corollary 2.94 with [Cha24, Def 5.6]. O

3. EQUIVARIANT BOARDMAN-VOGT TENSOR PRODUCTS

Using the language of fibrous patterns, in Section 3.1 we define the Boardman Vogt tensor product,
and we show that it’s closed and compatible with the Segal envelope in Propositions 3.6 and 3.9. Following

this, in Section 3.2 we specialize this to Ops. Then, in Section 3.3, we characterize the ]g—unit of Op; and
leverage this to compute the 7 -co-categories underlying operads of algebras in the unital case. Finally, in
Section 3.4, we define the inflation adjunction Infl! : Op; 2 Op: I7 and characterize its relationship with
the Boardman-Vogt tensor product.
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3.1. Boardman-Vogt tensor products of fibrous patterns. If C is an co-category, we refer to the data of an
object M € C and a map M xM — M as a magma in C. We refer to magmas in the nonfull subcategory
AlgPattseg’se C AlgPatt of soundly extendable patterns and Segal morphisms as magmatic patterns.

Construction 3.1. Let (13,A) be a magmatic pattern. Then, the B-Boardman-Vogt tensor product is the
bifunctor — %g —: Fbrs(B) x Fbrs(B) — Fbrs(B) defined by

BV A
@@D:=Lpbrs(©XD—>BxB—>B). «

We defined this in order to have a mapping out property with respect to the following construction.

Definition 3.2. Let (1B, A) be a magmatic pattern and O, P, Q fibrous B-patterns. Then, a bifunctor of fibrous
B patterns O x P — @ is a commutative diagram in AlgPatt

OxP——Q

L

BxB Lo B
where O x P — B x B is induced by the structure maps of © and P. <

The collection of bifunctors fits into a full subcategory
BiFuny (O, P; Q) c Fun(A! x Al, AlgPatt)

Example 3.3. Let O, P be fibrous BH-patterns, and consider 1 to be a fibrous B-pattern via the identity.
Then, the oco-category of bifunctors O x P — 1 is contractible, as it is equivalent to composite arrows

OxP->DBxB->D. <

Observation 3.4. There are natural equivalences
BiFuny(O, P; Q) ~ Funi 99 (O x P, A°Q)
= Funfii < (A, (0 x P), @)
. BV
~ Fun/ii "0 ® P,Q). <

Following in the tradition started by the namesake [BV73, § 2.3], in forthcoming work [Ste24a] we will
interpret BiFuny (O, P; Q) in the context of 7-1-operads as interchanging © and P-algebra structures; as in
[BV73, Prop 2.19] and the variety of recontextualizations of their ideas (e.g. [HA; Weill], we additionally

BV
recognize this as O-algebras in P-algebras, making ® into a closed tensor product.

Construction 3.5. Fix (13, A) a magmatic pattern, let F: O xP — @ be a bifunctor of fibrous B-patterns, and
let € be a fibrous Q-pattern. We have a diagram

p F
OOxP—->Q;
admitting push-pull adjunctions p* 4 p, and LgysFi 4 F* on fibrous patterns, with compatible adjunctions on

Segal objects by Propositions 2.20 and 2.22 and Observation 2.29. We define the pattern
® e T* M)-
A_lgD/Q((E) := p.F*C € Fbrs(©);

this is the fibrous O-pattern of P-algebras in C over @Q. In most cases, we will have Q = © =B, in which
case the information of a bifunctor B x P — 1 is simply that of a fibrous B-pattern P by Example 3.3. In
this case, we simply write

Alg® (€)= Alg® | (C) € Fbrs(B);

this is the fibrous B-pattern of P-algebras in C. <
In the case @ = © = B, the above diagram refines to

BB L 3l p,
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so the functor P+ Alg%(@) has a left adjoint computed by Lppys Ay (id X7), p*; explicitly, this is computed on

P’ by the fibrous localization of the diagonal composite

:p/ X I) ~ H*D/
=~ T[@Xid l
HBxP
TLQXT{D 1d><IT[I;
bHBxB > B

A

By definition, this is precisely P’®BY P, so we’ve proved the following.

Proposition 3.6. The functor (=) %V(D : Fbrs(13) — Fbrs(B) is left adjoint to A_lg?)(—).

BV
We additionally spell out a few useful characteristics of ® here. First, we describe functoriality.

Observation 3.7. Fix the fibrous B-pattern Q. Suppose we have bifunctors of fibrous B-patterns
F:OxP->Q<0OxDP:G

together with a morphism of fibrous B-patterns ¢ : P — P’ making the following diagram commute:

Ox7P
r ~L
° o~ @lp' oG

The left triangle possesses a Beck-Chevalley transformation

%

o = idy” =",
which possesses a mate natural transformation 7w, = m,¢"; precomposing with G*, this yields a “pullback”
natural transformation

Alg%,/Q(—) = Alg%/@(—). <
.We observe that, in all of the work above, we may have instead assumed that € € Seg,y(Cat), in which
case all of our constructions land in Segyy(Cat). Spelled out, this yields the following.
Proposition 3.8. Fiz O,P,Q,C as in Construction 3.5. Then
(1) if C is a Segal Q-oco-category, then Algg/Q(G) is a Segal O-co-category;
(2) if € —> D is a morphism of Segal Q)-co-categories, then the induced map Alg%/@(@) — Alg%/@(D) 18

a morphism of Segal ©-co-categories; and
(8) if P— D is a morphism of fibrous B-patterns and € is a Segal Q-co0-category, then the induced map
of fibrous patterns

Alg® Alg®
Algy (@) = Algp (@)
is a functor of Segal O-co-categories, i.e. it preserves cocartesian lifts for inert morphisms.

Finally, in analogy to [BS24a] we show that this tensor product is compatible with Segal envelopes.

Proposition 3.9. The following diagram commutes

Fbrs(B)? ® > Fbrs(B)

lEnv lEnv

L €
Fun(B,Cat)2 —2— Fun(B,Cat) BN Segyy(Cat)
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Proof. Fix € a Segal B-oco-category. Then, there are natural equivalences
BV .
Fungeg, (Cat) (Env ((D ® D), (E) ~ Funii 5" (O x P, A*C)

=~ Funf%is (Bnvs,3(O x P), A°C)

(12) =~ Fun{% (Envyy(O) x Envyy(P), A*C)
~ Funfy™ (Lseg A (Envy (O) x Envy (D)), €)
(13) = Fungeg,, (cat) (Lseg (Envs(©) @ Envy (D)), €)
Equivalence Eq. (12) is Observation 2.28; Eq. (13) follows by symmetric monoidality of the Grothendieck
construction [Ram22, Thm B]. The result then follows by Yoneda’s lemma. O

3.2. Boardman-Vogt tensor products of 7 -operads. Recall that Op; =~ Fbrs(Span(F;). We specialize the
results of Section 3.1 to this case.

Construction 3.10. We show in Proposition A.15 that the Cartesian product in F7 endows Span(F7) with
the structure of a magmatic pattern in the sense of Section 3.1 via the smash product

A = Span(x) : Span(F7) x Span(F7) — Span(F7);
we refer to the resulting bifunctor as the Boardman-Vogt tensor product

0% %Z\)/ P% = Lipys (O® x P® — Span(F7) x Span(F7) N Span(]FT)). <

The T -operad of O-algebras in P is given by the right adjoint Alg®(C) € Ops to the Boardman-Vogt tensor
product constructed in Proposition 3.6.

Proposition 3.8 immediately implies the following.

Corollary 3.11. Fiz O® — P® a map of T -operads and C® — D® a map of T -symmetric monoidal co-categories.
Then, Alg®(C) is a T -symmetric monoidal category, and the canonical lax T -symmetric monoidal functors

AlgS(C) — AlgS(©), Alg?(C) - Alg® (D)
are T -symmetric monoidal.
Proposition 3.9 specializes to the following.

Corollary 3.12. The T -symmetric monoidal envelope intertwines with the mode structure:
BV
Env ((’)® ® P®) ~ EnV(O®) gMode EnV(P®).

In particular, [BS24a, Thm E| shows that this property identifies the Boardman-Vogt tensor product,
so we acquire the following.

Corollary 3.13. When 7 =~ =, %v is naturally equivalent to the Boardman-Vogt tensor product of [BS24a;
HM23; HAJ.

BV
In forthcoming work [Ste24a|, we will use a variant of Barkan-Steinebrunner’s strategy to lift ® to a
canonical symmetric monoidal structure.

3.3. T -oco-categories underlying 7 -operads of algebras. Recall the underlying T -co-category functor
U: Op; — Catr

of Construction 2.36. In this subsection, we characterize the relationship of U with Alg?(—). One significant
reason to study the underlying 7 -oco-category is the following.

Observation 3.14. In the case C® is an I-symmetric monoidal category, C® is a Segal Span;(Fr)-pattern and
U(C®) its underlying SpanI(FT)el—pattern. Hence the composite functor

Cat?9 — Op; — Caty

is conservative by Proposition 2.8. <
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Warning 3.15. The functor U is not conservative on Op; indeed, users of 7-operads will find that they are
often describing distinct algebraic theories as corepresented by one-object T -operads, yet every map between
one-object 7 -operads is a U-equivalence. <

Let trivs := Nﬂ% - Nardin-Shah showed the following.
Proposition 3.16 ([NS22, Cor 2.4.5]). U induces an equivalence
OP7 /ive = Catr;
(C), these are identified by the property
P)=Funz (C,U(P?));

iy co® (Y . 771
writing trive(C) == U eriv®

A_lgtriv®((2)(

in particular, triv®(-) : Caty — Opy is a fully faithful left adjoint to the underlying T -category.

These are weak N_-operads 7 -operads if and only if C has at most one V-object for each V, i.e.
C =#x Cxy for a T-family F. In this case, we write

triv = triv®(s ) ~ NI%OO
under the evident embedding 7 C Fr~CFr.
Observation 3.17. Proposition 3.16 directly implies that
triv®(C) = Lpys (C — 7 °P < Span(F7));

furthermore, if 7 posseses a terminal object V, then we have

riv = Lppys ([V) < Span(F7 ). .
BV
An important property of triv?i is that it is the ®@-unit.

BV
Proposition 3.18. For all O® € Opy, we have O® ~0%® ® triv?i; hence there exists a natural equivalence

Alg®  (0) > 0.

— Ztrivy
Proof. The first statement implies the second by the usual folklore argument:

Map(O®,Alg®  (P)) ~Map (O® ® triv?,P®),

——trivy

~ Map(O®, P?%),

so Yoneda’s lemma yields a natural equivalence A_lgﬁiVT(P) ~P®. The same argument in reverse shows that
the second statement implies the first. Furthermore, in view of Observation 2.52, it suffices to verify the
second statement (hence the first) over the base 7;y, so we may assume that 7 has a terminal object.

In the case that 7 has a terminal object, by Observation 3.17, bifunctors triv?- x O — P correspond
canonically with functors of 7-operads O — P; put another way, using the bifunctor presentation for algebras
of Observation 3.4, this demonstrates that the forgetful natural transformation

Algpgav iy (P) = Algy(P)
BV
is a natural equivalence; Yoneda’s lemma then demonstrates that O® ® triv?ﬁ ~ (0%, O

Using this, we have a sequence of natural equivalences

® ~ ®
UAIES(P) = Alg, AlgS(P)

= A—1g0®trivT (P)

~Alg (P);
in particular, we’ve proved the following corollary.
Corollary 3.19. There exists a natural equivalence

® (D) ~
UAlg? (P) ~ Alg _(P).
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BV
We’ve shown in Proposition 3.9 that Env intertwines ® with ®, and we’ve now seen that triv? is the
BV
® -unit. In fact, Env intertwines units.
Proposition 3.20. Env;(trivy) is the ®-unit in CMon;(Cat)®.

Proof. Recall from Observation 1.77 that, when C* is cartesian, the free object Fry(x) € CMon;(C) is the unit;
thus

Fun?(EnvI(trivT)®, D?) ~ AlgtrivT (D®) 2.53
~D 3.16
=~ Funf (Pr; », D®)
~ Fun?(1®,D®),
so the result follows from Yoneda’s lemma. |

3.4. Inflation and the Boardman-Vogt tensor product. Recall that the 7 -fized points of a T -category I are
right adjoint to inflation. We briefly discuss an operadic version of this and relate it to %/.
Construction 3.21. Given O® a T -operad, and V € 7, we form the V-value operad
rvo® = i;,0%,
where iy : Span(F) < Span(F7) is the map of patterns extending the coproduct preserving functor F < Fr

sending * > *y,. Using this, we may set

r70® = lim 0%,
VeT

noting that this recovers TV if V is terminal in 7. <

Remark 3.22. In the case that C® is a 7-symmetric monoidal co-category, the structure map of the operad
I'VC is the pullback of a cocartesian fibration, so it is a cocartesian fibration, i.e. it presents a symmetric
monoidal co-category; unwinding definitions, this agrees with the construction I'VC of Construction 1.64.
Since the forgetful functor Cat — Op is a right adjoint, it preserves limits, so the two constructions of r’c
also agree. <

Unwinding definitions, we find that Corollary 1.56 implies that the map of patterns 7 °P x Span(F) —
Span;.(F7) induces equivalences on Segal objects, hence on fibrous patterns. Further unwinding definitions,
this yields an equivalence

Op;e =~ Fun(7°P,Op).
In particular, this yields the following.

Proposition 3.23. The functor T7 : Opje = Op has a fully faithful left adjoint Infl” : Op — Op;e whose
image is spanned by the I*°-operads whose corresponding functors T°P — Op are constant.

In particular, we find that E® ~ InﬂTEf?;. The map of patterns iy induces a push-pull adjunction
E17;°: Opje 2 0ps: BorITw, and we will write Infl” : Op 2 Op: I'7 for the composite adjunction as well.

Example 3.24. Let G be a finite group and ng the trivial n-dimensional real orthogonal G-representation.
Note that the bottom map

Enc(m'*H) —>EHG(m.*K)
1R 14
Confl,i,,,H(nG) — Confl,;ll,*H(nG)

is an equivalence for all K € H C G, as it intertwines the tautological identification of each side with Conf,,(R").

In particular, the map E?G — E?;,G ~ [E2 witnesses E,. as an [*-operad in the image of Inﬂg; unwinding
definitions, we have an equivalence Inﬂ?]E% ~E,.- <

In general, we define the 7 -operad E := InﬂZEf’. We will explore such adjunctions at greater length in
forthcoming work [Ste24a], but for now, we concern ourselves with Boardman-Vogt tensor products.
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BV BV
Proposition 3.25. There exists a natural equivalence Inflf O® ® InflZ P® ~ Infl? (O® ® P®).

Proof. We can verify that Inﬂz is product-preserving, so we acquire a zigzag of maps

]
Infl7 0° ® Infl] P 22— A, (Infl] 0P x Infl] P®)
A Infl] (0P < P®)

Infl] A (O® xP®)

1

1

InﬂZq BV
® , Al (O® ® P®),

with 1o, an Loy, -equivalence. We're tasked with proving that 7o, is an Loy, -equivalence; then, the desired

equivalence can be gotten by applying Lo, and inverting arrows as needed. In fact, if Q% is a T-operad,
then pullback along 7o, furnishes an equivalence

Funibeoser (1nfl] (09 P°),0°) = Funift st (0° & P°,170%)

~ Punjii ot (A, (0% x P®),T7 Q%)

~ Funji < (Infly A, (O° x P®),Q%)

SO InﬂZnOp is an Lop_-equivalence, yielding the desired natural equivalence. ([

BV
Corollary 3.26 (Trivially eqivariant Dunn additivity). There is an equivalence E® ® E& ~ES .

Proof. By Corollary 3.13 and Proposition 3.25, it suffices to construct an equivalence of operads ]E® IE® ~

E®, ,,; this is nonequivariant Dunn additivity [HA, Thm 5.1.2.2]. O
Corollary 3.27. There exists a natural equivalence of operads
7 Alg? 1700 = Alg&(r7e)
Proof. Once more, there is a string of natural equivalences
Algpl” Alg? w70(C) = Algy o7 pAlg? 270(©)

= Alglnﬂ??@lnﬂfo(c )

= AlgaT (peo) (C)

~ Alg(pgo)(I” C)

~ AlgpAlg(r7e),
so the result follows by Yoneda’s lemma. O

A similar statement to Proposition 3.25 for triv® follows by either symbol pushing or examining the
various localizations; we take the former approach, constructing a string of natural equivalences

(0) = Alg,;, (I70)
~ Fun(C,T7 0)
~ Funy(InflZ C,0)

= Al (O)

Alglnﬂz

trive

That is, we’ve proved the following.
Proposition 3.28. Let C be an oco-category. Then, there is a canonical natural equivalence

T ~
Infl; tl’lVC _tr1VI T
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APPENDIX A. BURNSIDE ALGEBRAIC PATTERNS: THE ATOMIC ORBITAL CASE

The following appendices are not written to be particularly original; most of their contents appear as
straightforward technical extensions of beloved works in higher algebra, and they are included for the sake of
mathematical completeness.

A.1. I-operads as fibrous patterns. This subsection deviates only slightly from [BHS22, § 5.2], so we suggest
that the reader first read their work. We’re interested in proving Proposition 2.47, so we freely use its
notation.

A.1.1. The pattern Fr .. Our first step is to prove the following proposition.
Proposition A.1. There are equivalences of categories

SegET’*(C) ~ CMon7(C),

Fbrs(ETﬁ) ~OP7 oo
the latter denoting Nardin-Shah [NS22]’s co-category of T -co-categories.

To prove this, we must understand the associated Segal conditions. The following lemma characterizes
their indexing category.

Lemma A.2 ([BHS22, Obs 5.2.9]). Fir [S — U] an object in Fr . Then, there are equivalences

el op .
(14) ((ET:@)[swv) =T e, By s
(15) =T xg, Fr . /1s>071

Furthermore, the full subcategory of T x7 ET,*,/[S—)U] consisting of morphisms f : T — S such that f is a
summand inclusion is an initial subcategory equivalent to the set Orb(S).

Proof. (14) follows by definition. For (15), this follows by noting that whenever [U=U] — [S —> V] is a
morphism in F; out of an orbit, the associated morphism U — S xy U is a summand inclusion, as it’s split
by the projection S xy, U — U.

For the remaining statement, the inclusion Orb(S) — 7 xr ET'*'/[S_)U] has a right adjoint sending
f:T— S to f(T)— S, so it is initial. |

Lemma A.3 ([BHS22, Footnote 6]). The pattern Fr, is sound.

Proof. We verify the conditions of [BHS22, Prop 3.3.23]. First, we must verify that (E;l )/S = Fr /s is fully

faithful, i.e. if there is a diagram

Sy —— S —— Sy

L

UZ—)Ul—)UO

such that the associated maps S, — S xy, Uy and S; — S xy, U; are summand inclusions, the map
S = S1 xy, U; is a summand inclusion. In fact, the associated map S; — S xy, U, may be decomposed as

Sz d Sl XUl Uz — SO XUO Ul XUl U2 =~ SQ XUO Uz.
The composition and second map are each summand inclusions, or equivalently, split monomorphisms; this
implies that the first map is a split monomorphism, so § — Sy Xy, U, must be a summand inclusion as well,
ie. (E? )/S — Fr /s is fully faithful.
Last, we must verify that

si,el el
BT is—u1 = E7 jis-uy

is final for all [S — U] e Fy; in fact, it is an equivalence by Lemma A.2. |
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Proof of Proposition A.1. For the first statement, note by Lemma A.2 that a Segal Fr ,-object in C is
equivalent to a functor

M:Fr, —C

satisfying M([]; U;) = [1; M(U;); this is precisely the condition that M is product preserving, i.e. it is a
7T -commutative monoid object.

For the second statement, Lemma A.3 together with [BHS22, Prop 4.1.7] reduce the Segal conditions of
a fibrous pattern to precisely the conditions of [NS22, Def 2.1.7]. |

We now turn to the remaining statements of Proposition 2.47 making use of the following theorem:

Theorem A.4 ([BHS22, Prop 3.1.16, Thm 5.1.1]). Suppose O — P is a strong Segal morphism of algebraic
patterns such that the following conditions hold:

(1) f:0° = Pel s an equivalence, and

(2) for every O € O, the functor ((978)7 - (P/ajf(to)y is an equivalence.
Then, the functor f*:Segn(C) — Segy(C) is an equivalence. Furthermore, if P is soundly extendable, then
f*:Fbrs(P) — Fbrs(O) is an equivalence.

For posterity, we temporarily increase in generality.

A.1.2. Global effective burnside patterns. Let T be an oo-category and I C Fg— C F7 a one-object weak
indexing category of an atomic orbital subcategory of 7 in the sense of [CLL24|; write

Span;(IF7) := Span,; ;(F7;7°P)
for the resulting pattern. There is a span pattern analog to Lemma A.2 which is proved identically.

Lemma A.5. For T an arbitrary oco-category, the full subcategory of (Spanl(]FT)% )Op ~T xg, Fr /s consisting
of morphisms f: T — S such that f is a summand inclusion is an initial subcategory equivalent to the set

Orb(S).
Unwinding definitions, this demonstrates the following.
Corollary A.6. The forgetful functor
SegspanI(FT)(C) — Fun(Span;(Fr),C)
is fully faithful with image spanned by the product preserving functors.
Global effective Burnside patterns are generally well behaved:
Lemma A.7. The pattern Span;(Fr) is soundly extendable.

Proof. Tt is sound by [BHS22, Cor 3.3.24]. To see that Span(F7) is extendable, it is equivalent to prove that
Dspan(Fr) i a Segal Span;(Fr)-co-category, i.e. for every S € Span;(F7), the associated functor ¢ of

act ~ ~

Span;(Fr)js > s > ]_[ Ly

VeOrb(S)

lim  Span(F7)3f —— lim Ly
VeSpan(Fr)g, v VeTxp, Fr /s

is an equivalence. In fact, it is an equivalence by Lemma A.5. |
A.1.3. The equivalence. We resume our original assumption that 7 is atomic orbital.
Corollary A.8. The source functor s:Fr , < Span(Fr) induces equivalences of categories

SegSpan(]FT)(C) = SegET’* ©€);
Fbrs(Span(F7)) ~ Fbrs(Fr ).
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Proof. Tt is clear that s is a morphism of algebraic patterns, as it is induced by a morphism of quadruples.
The pattern Span(F7) is soundly extendable by Lemma A.7. In order to verify that s is a strong Segal
morphism, we must verify that SF;HV] /s initial. In fact, by the following diagram,

1 ~ j P~
Fsovy —— (Fxe, By )" —— [ (BAutz()™®

UeOrb(S)
Lel
[S=V)/ qu’

Span(Fr;F)g) —— (Fxp, Frys)” ———— [ Fo)®
UeOrb(S)

it suffices to verify that the functor ¢ is final. Indeed, since 7 is atomic, the subcategory BAutyr(U) — 7,y

is downwards closed, i.e. initial. This implies ¢ is a product of opposites of initial functors, hence it is final.
It remains to check that s satisfies the conditions of Theorem A.4. We check this in parts. Condition 1

follows immediately by construction. Condition 2 follows by noting that the following diagram commutes:

F¥sov) — Frjisov) — Fvys —— ]_I Vu

N T

Span(Fr; F)jst —— Fr s Fr/s —— ]_[ Ty
UeOrb(S)

and by noting that ¢ is an equivalence, since V C 7 is a full subcategory containing any element attaining a
map to V, and there exists a map U - S —» V. (]

In fact, we may say something more general; define the pullback pattern

EI,* 1 ET,*

l l

Span;(Fy) —— Span(F7)
so that F;y . corresponds with pointed I-admissible V-sets.

Observation A.9. By Lemma A.2, F; -Segal objects in C are precisely I-semiadditive functors F; , — Coeff’ C.
<

The conditions of Theorem A.4 follow from the case I =7, so we have the following.

Corollary A.10. If I is a weak indexing category, then pullback along the map ¥, ~Span;(Fr) induces an
equivalence

Op; = Fbrs(Span;(F7)) =~ Fbrs(F; )
A.2. Pullback of fibrous patterns along Segal morphisms and sound extendability.
Proposition A.11. Suppose ¢ : O — P is morphism of algebraic patterns and P is soundly extendable. Then,
(1) If the precomposition functor
¢ : Fun(P, Cat) - Fun(O, Cat)
preserves Segal objects, then the pullback functor
@" : Cat/p — Cat)p

preserves fibrous patterns.
(2) If @ is an inert-cocartesian fibration and the left Kan extension functor

@y : Fun(©, Cat) — Fun(P, Cat)
preserves Segal objects, then postcomposition

¢, : Catp — Catyp
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preserves fibrous patterns.

In particular, if @ is an inert-cocartesian Segal morphism between soundly extendable patterns whose left Kan
extension preserves Segal categories, then pullback and postcomposition restrict to an adjunction on fibrous
patterns

@, : Fbrs(©) 2 Fbrs(P) : ¢*

Proof. Our argument mirrors that of [BHS22, Lem 4.1.19]. In either case, the property of being an inert-
cocartesian fibration is always preserved, either by assumption or by [BHS22, Obs 2.2.6].

We prove (1) first. Fixing .# € Fbrs(D), by [BHS22, Obs 4.1.3], it suffices to prove that the left vertical
arrow in the following pullback diagram is a relative Segal O-oco-category.

Sti(ro‘t((p*?) — @*St%‘tﬁ

l l

P —A

By [BHS22, Lem 3.1.10], relative Segal O-co-categories are pullback-stable, so it suffices to prove that the
right vertical arrow is a relative Segal O-co-category. By sound extendability <7 is a Segal P-co-category,
and since ¢ preserves Segal co-categories, ¢*.o is a Segal O-co-category; by [BHS22, Obs 3.1.8] it then

suffices to prove that (p*Stif;tﬂ is a Segal O-co-category. Since @* preserves Segal co-categories, it suffices to
prove that St%“f is a Segal P-category, which follows by the assumption that .% is a fibrous pattern.

(2) is similar; this time, by taking left adjoints to the commutative square of [BHS22, Prop 4.2.5], it
suffices to prove that the composition

qolsti(ontﬁ - QI — ,5271)

is relative Segal; since P is soundly extendable, [BHS22, Obs 3.1.8] again reduces this to verifying that (;)!Sti@ntﬁ
is Segal; this follows from the facts that % is a fibrous pattern and ¢, preserves Segal co-categories. |

A.3. Segal morphisms between effective Burnside patterns. In this section, we fill our grab bag full of a wide
variety of Segal morphisms between effective Burnside patterns.

Proposition A.12. Suppose F C F’ C Fr are wide subcategories. Then, the inclusion
1:Spang(Fr) — Spang, (Fr)
is a Segal morphism.

Proof. We are tasked with verifying that precomposition with 1 preserves product-preserving functors, i.e.
that 1 is a product-preserving functor. In fact, this is immediate, since a functor Spanp(F7) — C is product-
preserving if and only if the backwards maps (S < U)yecorb(s) together map to a product diagram, which is
obviously true of . O

Proposition A.13. Suppose ¢ : V. — W is a morphism in T. Then, the associated functor Span(Ind{/,v) :
Span(Fy) — Span(Fy) is a Segal morphism.

Proof. We're tasked with proving that precomposition along Span(Ind{/,v) preserves product-preserving
functors, i.e. it is a product-preserving functor. Since Span(Fy) and Span(Fy ) are semiadditive, it is
equivalent to prove that Span(Ind\V,v) is coproduct-preserving; since coproducts in Span(Fy/) are computed in
Fy, it’s equivalent to prove that Indy :Fy — Fyy is coproduct-preserving, which follows from the fact that
it’s a left adjoint. |

Proposition A.14. If f : T’ — T is a functor of atomic orbital co-categories, then the associated functor
Span(Fz/) — Span(Fy) is a Segal morphism.
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Proof. By [CH21, Rem 4.3], it suffices to verify that ff} induces an equivalence on the left vertical arrow

im F—— |[] FO

Span(7)5|y,, UeOrb(f(X))

! !

lim Fofe —~3 ]_[ Ff(V)
Span(T")§, VeOrb(X)

whenever F is restricted from a Segal Span(F7) space. This follows by noting that the horizontal arrows are
equivalences by construction, and Span(f) sends the set of orbits of X bijectively onto the set of orbits of
f(X). O

Proposition A.15. The map Span(F7) x Span(Fy) 24, Span(F7) is a Segal morphism.

Proof. By [CH21, Ex 5.7], a functor Span(F7) x Span(F7) — C is a Segal object if and only if it preserves
products separately in each variable. Hence we’re tasked with verifying that A*F preserves products separately
in each variable whenever F preserves products. In fact, this follows by distributivity of products and
coproducs in F7; indeed, we have

NE(X,®Z,,Y,)~F(XUX')xY),
~F((XxY)U(X'xY)),
~F((X, AY)®(XLAY,)
~F(X,AY,)®F(X_.AY,)
~ANF(X,, Y,)®ANF(X,,Y,) O
REFERENCES
[Bar23| Shaul Barkan. Arity Approzimation of co-Operads. 2023. arXiv: 2207.07200 [math.AT] (cit.
on p. 26).
[BHS22] Shaul Barkan, Rune Haugseng, and Jan Steinebrunner. Envelopes for Algebraic Patterns. 2022.
arXiv: 2208.07183 [math.CT] (cit. on pp. 4, 6, 23, 24, 26-28, 30, 34-36, 38, 42, 55, 56, 58).
[BS24a] Shaul Barkan and Jan Steinebrunner. Segalification and the Boardmann-Vogt tensor product.
2024. arXiv: 2301.08650 [math.AT] (cit. on pp. 50, 51).
[Barl4] C. Barwick. Spectral Mackey functors and equivariant algebraic K-theory (I). 2014. arXiv:

1404.0108 [math.AT] (cit. on pp. 3, 13, 16).

[BDGNS16a] Clark Barwick, Emanuele Dotto, Saul Glasman, Denis Nardin, and Jay Shah. Parametrized
higher category theory and higher algebra: A general introduction. 2016. arXiv: 1608.03654
[math.AT] (cit. on p. 7).

[BDGNS16b| Clark Barwick, Emanuele Dotto, Saul Glasman, Denis Nardin, and Jay Shah. Parametrized
higher category theory and higher algebra: Exposé I — Elements of parametrized higher category
theory. 2016. arXiv: 1608.03657 [math.AT] (cit. on pp. 7-9).

[BS24b] Shay Ben-Moshe and Tomer M. Schlank. “Higher semiadditive algebraic K-theory and redshift”.
In: Compos. Math. 160.2 (2024), pp. 237-287. 1SSN: 0010-437X,1570-5846. poI1: 10.1112/
50010437x23007595. URL: https://doi.org/10.1112/s0010437x23007595 (cit. on p. 21).

[BH15] Andrew J. Blumberg and Michael A. Hill. “Operadic multiplications in equivariant spectra,
norms, and transfers”. In: Adv. Math. 285 (2015), pp. 658-708. 1SsN: 0001-8708,1090-2082. DOTI:
10.1016/j.2im.2015.07.013. URL: https://arxiv.org/abs/1309.1750 (cit. on pp. 7, 14,
17).

[BVT73] J. M. Boardman and R. M. Vogt. Homotopy invariant algebraic structures on topological
spaces. Vol. Vol. 347. Lecture Notes in Mathematics. Springer-Verlag, Berlin-New York, 1973,
pp. x+257 (cit. on p. 49).

[Bon19] Peter Bonventre. “The genuine operadic nerve”. In: Theory Appl. Categ. 34 (2019), pp. 736-780.
ISSN: 1201-561X. URL: https://arxiv.org/abs/1904.01465 (cit. on p. 44).


https://arxiv.org/abs/2207.07200
https://arxiv.org/abs/2208.07183
https://arxiv.org/abs/2301.08650
https://arxiv.org/abs/1404.0108
https://arxiv.org/abs/1608.03654
https://arxiv.org/abs/1608.03654
https://arxiv.org/abs/1608.03657
https://doi.org/10.1112/s0010437x23007595
https://doi.org/10.1112/s0010437x23007595
https://doi.org/10.1112/s0010437x23007595
https://doi.org/10.1016/j.aim.2015.07.013
https://arxiv.org/abs/1309.1750
https://arxiv.org/abs/1904.01465

60

[BP20]

[BP21]

[BP22]

[CSY20]

[Cha24]

[CH21]

[CH23]
[Cno23|
[CHLL24|
[CLL23al

[CLL23b]

[CLL24]
[Die09)

[DK84]

[EH23]

[Elm83)|

[Gep19]

[GGN15|

[GlalT]

[Hau20]

REFERENCES

Peter Bonventre and Luis A Pereira. “Equivariant dendroidal Segal spaces and G—oo—operads”.
In: Algebraic Geometric Topology 20.6 (Dec. 2020), pp. 2687—2778. 1SSN: 1472-2747. DOL:
10.2140/agt . 2020.20.2687. URL: http://dx.doi.org/10.2140/agt.2020.20.2687
(cit. on p. 44).

Peter Bonventre and Luis A. Pereira. “Genuine equivariant operads”. In: Adv. Math. 381
(2021), Paper No. 107502, 133. 1ssN: 0001-8708,1090-2082. DOI: 10.1016/j.aim.2020.107502.
URL: https://arxiv.org/abs/1707.02226 (cit. on pp. 5, 44, 46).

Peter Bonventre and Luis A. Pereira. “Homotopy theory of equivariant operads with fixed
colors”. In: Tunis. J. Math. 4.1 (2022), pp. 87-158. 1SSN: 2576-7658,2576-7666. DOI: 10.2140/
tunis.2022.4.87. URL: https://doi.org/10.2140/tunis.2022.4.87 (cit. on p. 46).
Shachar Carmeli, Tomer M. Schlank, and Lior Yanovski. Ambidexterity and Height. 2020.
arXiv: 2007.13089 [math.AT]. URL: https://arxiv.org/abs/2007.13089 (cit. on p. 21).
David Chan. “Bi-incomplete Tambara functors as O-commutative monoids”. In: Tunisian
Journal of Mathematics 6.1 (Jan. 2024), pp. 1-47. 1SSN: 2576-7658. DOI: 10.2140/tunis.
2024.6.1. URL: http://dx.doi.org/10.2140/tunis.2024.6.1 (cit. on p. 48).

Hongyi Chu and Rune Haugseng. “Homotopy-coherent algebra via Segal conditions”. In: Aduv.
Math. 385 (2021), Paper No. 107733, 95. 1ssN: 0001-8708,1090-2082. DOI: 10.1016/j.aim.
2021.107733. URL: https://arxiv.org/abs/1907.03977 (cit. on pp. 23-26, 40, 59).
Hongyi Chu and Rune Haugseng. Enriched homotopy-coherent structures. 2023. arXiv: 2308.
11502 [math.CT] (cit. on p. 24).

Bastiaan Cnossen. Twisted ambidexterity in equivariant homotopy theory. 2023. arXiv: 2303.
00736 [math.AT]. URL: https://arxiv.org/abs/2303.00736 (cit. on p. 15).

Bastiaan Cnossen, Rune Haugseng, Tobias Lenz, and Sil Linskens. Homotopical commutative
rings and bispans. 2024. arXiv: 2403.06911 [math.CT] (cit. on p. 21).

Bastiaan Cnossen, Tobias Lenz, and Sil Linskens. Parametrized stability and the universal
property of global spectra. 2023. arXiv: 2301.08240 [math.AT] (cit. on p. 7).

Bastiaan Cnossen, Tobias Lenz, and Sil Linskens. Partial parametrized presentability and the
universal property of equivariant spectra. 2023. arXiv: 2307.11001 [math.AT] (cit. on pp. 7,
21).

Bastiaan Cnossen, Tobias Lenz, and Sil Linskens. Parametrized higher semiadditivity and the
universality of spans. 2024. arXiv: 2403.07676 [math.AT] (cit. on pp. 7, 14-16, 20, 21, 56).
Tammo tom Dieck. Representation theory. 2009. URL: https://ncatlab.org/nlab/files/
tomDieckRepresentationTheory.pdf (cit. on pp. 3, 9).

W. G. Dwyer and D. M. Kan. “Singular functors and realization functors”. In: Nederl. Akad.
Wetensch. Indag. Math. 46.2 (1984), pp. 147-153. 1SSN: 0019-3577. URL: https: //www .
sciencedirect.com/science/article/pii/1385725884900167 (cit. on p. 7).

Elden Elmanto and Rune Haugseng. “On distributivity in higher algebra I: the universal prop-
erty of bispans”. In: Compos. Math. 159.11 (2023), pp. 2326—2415. 1sSN: 0010-437X,1570-5846.
DOI: 10.1112/s0010437x23007388. URL: https://doi.org/10.1112/s0010437x23007388
(cit. on p. 13).

A. D. Elmendorf. “Systems of Fixed Point Sets”. In: Transactions of the American Mathematical
Society 277.1 (1983), pp. 275-284. 1SSN: 00029947. URL: https://people.math.rochester.
edu/faculty/doug/otherpapers/elmendorf-fixed.pdf (visited on 04/22/2023) (cit. on
p. 7).

David Gepner. An Introduction to Higher Categorical Algebra. 2019. arXiv: 1907 . 02904
[math.AT] (cit. on p. 6).

David Gepner, Moritz Groth, and Thomas Nikolaus. “Universality of multiplicative infinite loop
space machines”. In: Algebr. Geom. Topol. 15.6 (2015), pp. 3107-3153. 1SSN: 1472-2747,1472-
2739. por: 10.2140/agt.2015.15.3107. URL: https://doi.org/10.2140/agt.2015.15.
3107 (cit. on pp. 3, 14, 18, 20).

Saul Glasman. Stratified categories, geometric fixed points and a generalized Arone-Ching
theorem. 2017. arXiv: 1507.01976 [math.AT] (cit. on p. 7).

Rune Haugseng. Segal spaces, spans, and semicategories. 2020. arXiv: 1901.08264 [math.AT].
URL: https://arxiv.org/abs/1901.08264 (cit. on p. 38).


https://doi.org/10.2140/agt.2020.20.2687
http://dx.doi.org/10.2140/agt.2020.20.2687
https://doi.org/10.1016/j.aim.2020.107502
https://arxiv.org/abs/1707.02226
https://doi.org/10.2140/tunis.2022.4.87
https://doi.org/10.2140/tunis.2022.4.87
https://doi.org/10.2140/tunis.2022.4.87
https://arxiv.org/abs/2007.13089
https://arxiv.org/abs/2007.13089
https://doi.org/10.2140/tunis.2024.6.1
https://doi.org/10.2140/tunis.2024.6.1
http://dx.doi.org/10.2140/tunis.2024.6.1
https://doi.org/10.1016/j.aim.2021.107733
https://doi.org/10.1016/j.aim.2021.107733
https://arxiv.org/abs/1907.03977
https://arxiv.org/abs/2308.11502
https://arxiv.org/abs/2308.11502
https://arxiv.org/abs/2303.00736
https://arxiv.org/abs/2303.00736
https://arxiv.org/abs/2303.00736
https://arxiv.org/abs/2403.06911
https://arxiv.org/abs/2301.08240
https://arxiv.org/abs/2307.11001
https://arxiv.org/abs/2403.07676
https://ncatlab.org/nlab/files/tomDieckRepresentationTheory.pdf
https://ncatlab.org/nlab/files/tomDieckRepresentationTheory.pdf
https://www.sciencedirect.com/science/article/pii/1385725884900167
https://www.sciencedirect.com/science/article/pii/1385725884900167
https://doi.org/10.1112/s0010437x23007388
https://doi.org/10.1112/s0010437x23007388
https://people.math.rochester.edu/faculty/doug/otherpapers/elmendorf-fixed.pdf
https://people.math.rochester.edu/faculty/doug/otherpapers/elmendorf-fixed.pdf
https://arxiv.org/abs/1907.02904
https://arxiv.org/abs/1907.02904
https://doi.org/10.2140/agt.2015.15.3107
https://doi.org/10.2140/agt.2015.15.3107
https://doi.org/10.2140/agt.2015.15.3107
https://arxiv.org/abs/1507.01976
https://arxiv.org/abs/1901.08264
https://arxiv.org/abs/1901.08264

[Hau23|

[HHLN23|

[HH16|
[Hil24]

[HM23]
[Hor19)

[LMOG6]

[Lin76]

[Lin24]
[LNP22|

[HTT]

[HA]
[Mar22a]
[Mar22b|
[MW22]
[MW23|

[MW24]

[Nar16]

[Narl7]

[NS22|

[QS19]

[Ram22]

REFERENCES 61

Rune Haugseng. An allegendly somewhat friendly introduction to oco-operads. 2023. URL:
https://folk.ntnu.no/runegha/iopd.pdf (cit. on p. 6).

Rune Haugseng, Fabian Hebestreit, Sil Linskens, and Joost Nuiten. “Two-variable fibrations,
factorisation systems and oco-categories of spans”. In: Forum Math. Sigma 11 (2023), Paper No.
elll, 70. 1ssN: 2050-5094. DOIL: 10.1017/fms.2023.107. URL: https://doi.org/10.1017/
fms.2023.107 (cit. on p. 24).

Michael A. Hill and Michael J. Hopkins. Fquivariant symmetric monoidal structures. 2016.
arXiv: 1610.03114 [math.AT] (cit. on p. 3).

Kaif Hilman. Parametrised Presentability over Orbital Categories. 2024. arXiv: 2202.02594
[math.AT] (cit. on pp. 7, 9, 12, 18-20).

Vladimir Hinich and Ieke Moerdijk. On the equivalence of the Lurie’s co-operads and dendroidal
oo-operads. 2023. arXiv: 2206.14033 [math.CT] (cit. on pp. 5, 41, 51).

Asaf Horev. Genuine equivariant factorization homology. 2019. arXiv: 1910.07226 [math.AT]
(cit. on p. 45).

L. Gaunce Lewis Jr. and Michael A. Mandell. “Equivariant universal coefficient and Kiinneth
spectral sequences”. In: Proc. London Math. Soc. (3) 92.2 (2006), pp. 505-544. 1SSN: 0024-
6115,1460-244X. DOI: 10.1112/50024611505015492. URL: https://arxiv.org/pdf/math/
0410162.pdf (cit. on p. 12).

Harald Lindner. “A remark on Mackey-functors”. In: Manuscripta Math. 18.3 (1976), pp. 273—
278. 15SN: 0025-2611,1432-1785. DOL: 10.1007/BF01245921. URL: https://people.math.
rochester.edu/faculty/doug/otherpapers/lindner.pdf (cit. on p. 3).

Sil Linskens. Globalizing and stabilizing global co-categories. 2024. arXiv: 2401.02264 [math.AT]
(cit. on p. 7).

Sil Linskens, Denis Nardin, and Luca Pol. Global homotopy theory via partially lax limits.
2022. arXiv: 2206.01556 [math.AT] (cit. on p. 7).

Jacob Lurie. Higher topos theory. Vol. 170. Annals of Mathematics Studies. Princeton University
Press, Princeton, NJ, 2009, pp. xviii+925. por: 10. 1515 /9781400830558. URL: https:
//www.math.ias.edu/~lurie/papers/HTT.pdf (cit. on pp. 6, 8, 12, 22, 26, 38, 42, 43).
Jacob Lurie. Higher Algebra. 2017. URL: https://www.math.ias.edu/ " lurie/papers/HA.
pdf (cit. on pp. 2, 5, 6, 12, 13, 18, 24, 27, 31, 36, 38, 49, 51, 54).

Louis Martini. Cocartesian fibrations and straightening internal to an co-topos. 2022. arXiv:
2204.00295 [math.CT]. URL: https://arxiv.org/abs/2204.00295 (cit. on p. 7).

Louis Martini. Yoneda’s lemma for internal higher categories. 2022. arXiv: 2103 . 17141
[math.CT]. URL: https://arxiv.org/abs/2103.17141 (cit. on p. 7).

Louis Martini and Sebastian Wolf. Presentable categories internal to an co-topos. 2022. arXiv:
2209.05103 [math.CT]. URL: https://arxiv.org/abs/2209.05103 (cit. on p. 7).

Louis Martini and Sebastian Wolf. Internal higher topos theory. 2023. arXiv: 2303.06437
[math.CT]. URL: https://arxiv.org/abs/2303.06437 (cit. on p. 7).

Louis Martini and Sebastian Wolf. Colimits and cocompletions in internal higher category
theory. 2024. arXiv: 2111.14495 [math.CT]. URL: https://arxiv.org/abs/2111. 14495
(cit. on p. 7).

Denis Nardin. Parametrized higher category theory and higher algebra: Exposé IV — Stability
with respect to an orbital co-category. 2016. arXiv: 1608.07704 [math.AT] (cit. on pp. 7, 14,
15, 26).

Denis Nardin. Stability and distributivity over orbital co-categories (thesis). 2017. URL: https:
//dspace.mit.edu/handle/1721.1/1128957show=full (cit. on pp. 9, 19).

Denis Nardin and Jay Shah. Parametrized and equivariant higher algebra. 2022. arXiv: 2203.
00072 [math.AT] (cit. on pp. 3-8, 18, 19, 21, 23, 27, 29, 34, 35, 3840, 44, 45, 47, 52, 55, 56).
J. D. Quigley and Jay Shah. On the parametrized Tate construction and two theories of real
p-cyclotomic spectra. 2019. arXiv: 1909.03920 [math.AT]. URL: https://arxiv.org/abs/
1909.03920 (cit. on p. 19).

Maxime Ramzi. A monoidal Grothendieck construction for co-categories. 2022. arXiv: 2209.
12569 [math.CT] (cit. on p. 51).


https://folk.ntnu.no/runegha/iopd.pdf
https://doi.org/10.1017/fms.2023.107
https://doi.org/10.1017/fms.2023.107
https://doi.org/10.1017/fms.2023.107
https://arxiv.org/abs/1610.03114
https://arxiv.org/abs/2202.02594
https://arxiv.org/abs/2202.02594
https://arxiv.org/abs/2206.14033
https://arxiv.org/abs/1910.07226
https://doi.org/10.1112/S0024611505015492
https://arxiv.org/pdf/math/0410162.pdf
https://arxiv.org/pdf/math/0410162.pdf
https://doi.org/10.1007/BF01245921
https://people.math.rochester.edu/faculty/doug/otherpapers/lindner.pdf
https://people.math.rochester.edu/faculty/doug/otherpapers/lindner.pdf
https://arxiv.org/abs/2401.02264
https://arxiv.org/abs/2206.01556
https://doi.org/10.1515/9781400830558
https://www.math.ias.edu/~lurie/papers/HTT.pdf
https://www.math.ias.edu/~lurie/papers/HTT.pdf
https://www.math.ias.edu/~lurie/papers/HA.pdf
https://www.math.ias.edu/~lurie/papers/HA.pdf
https://arxiv.org/abs/2204.00295
https://arxiv.org/abs/2204.00295
https://arxiv.org/abs/2103.17141
https://arxiv.org/abs/2103.17141
https://arxiv.org/abs/2103.17141
https://arxiv.org/abs/2209.05103
https://arxiv.org/abs/2209.05103
https://arxiv.org/abs/2303.06437
https://arxiv.org/abs/2303.06437
https://arxiv.org/abs/2303.06437
https://arxiv.org/abs/2111.14495
https://arxiv.org/abs/2111.14495
https://arxiv.org/abs/1608.07704
https://dspace.mit.edu/handle/1721.1/112895?show=full
https://dspace.mit.edu/handle/1721.1/112895?show=full
https://arxiv.org/abs/2203.00072
https://arxiv.org/abs/2203.00072
https://arxiv.org/abs/1909.03920
https://arxiv.org/abs/1909.03920
https://arxiv.org/abs/1909.03920
https://arxiv.org/abs/2209.12569
https://arxiv.org/abs/2209.12569

62 REFERENCES

[Riel4] Emily Riehl. Categorical homotopy theory. Vol. 24. New Mathematical Monographs. Cambridge
University Press, Cambridge, 2014, pp. xviii+352. I1SBN: 978-1-107-04845-4. DOI: 10.1017/
CB09781107261457. URL: https://math. jhu.edu/~eriehl/cathtpy.pdf (cit. on p. 46).

[SY19] Tomer M. Schlank and Lior Yanovski. “The co-categorical Eckmann-Hilton argument”. In:
Algebr. Geom. Topol. 19.6 (2019), pp. 3119-3170. 1SSN: 1472-2747,1472-2739. DOIL: 10.2140/
agt.2019.19.3119. URL: https://doi.org/10.2140/agt.2019.19.3119 (cit. on p. 39).

[Sha22] Jay Shah. Parametrized higher category theory II: Universal constructions. 2022. arXiv:
2109.11954 [math.CT] (cit. on pp. 7, 10-12).
[Sha23] Jay Shah. “Parametrized higher category theory”. In: Algebr. Geom. Topol. 23.2 (2023),

pp. 509-644. 1SSN: 1472-2747,1472-2739. DOI: 10.2140/agt . 2023 .23.509. URL: https:
//arxiv.org/pdf/1809.05892.pdf (cit. on pp. 7, 10-12; 20, 39).

[Ste24a) Natalie Stewart. On tensor products of equivariant commutative operads (draft). 2024. URL:
https://nataliesstewart.github.io/files/ninfty.html (cit. on pp. 15, 29, 43, 49, 51,
53).

[Ste24b)] Natalie Stewart. Orbital categories and weak indezing systems. 2024. URL: https://nataliesstewart.
github.io/files/windex_draft.pdf (cit. on pp. 2, 7, 11, 14-18, 31, 32, 47, 48).

[Weill] Ittay Weiss. From Operads to Dendroidal Sets. 2011. arXiv: 1012.4315 [math.AT] (cit. on

p. 49).


https://doi.org/10.1017/CBO9781107261457
https://doi.org/10.1017/CBO9781107261457
https://math.jhu.edu/~eriehl/cathtpy.pdf
https://doi.org/10.2140/agt.2019.19.3119
https://doi.org/10.2140/agt.2019.19.3119
https://doi.org/10.2140/agt.2019.19.3119
https://arxiv.org/abs/2109.11954
https://doi.org/10.2140/agt.2023.23.509
https://arxiv.org/pdf/1809.05892.pdf
https://arxiv.org/pdf/1809.05892.pdf
https://nataliesstewart.github.io/files/ninfty.html
https://nataliesstewart.github.io/files/windex_draft.pdf
https://nataliesstewart.github.io/files/windex_draft.pdf
https://arxiv.org/abs/1012.4315

	Introduction
	Background and motivation
	Summary of main results
	Notation and conventions
	Acknowledgements

	1. Equivariant symmetric monoidal categories
	1.1. Recollections on T-infinity-categories
	1.2. I-commutative monoids
	1.3. The canonical symmetric monoidal structure on I-commutative monoids
	1.4. The homotopy I-symmetric monoidal d-category

	2. Equivariant operads and symmetric sequences
	2.1. Recollections on algebraic patterns
	2.2. T-operads and I-operads
	2.3. The underlying T-symmetric sequence
	2.4. The monad for O-algebras
	2.5. O-algebras in I-symmetric monoidal d-categories
	2.6. The genuine operadic nerve

	3. Equivariant Boardman-Vogt tensor products
	3.1. Boardman-Vogt tensor products of fibrous patterns
	3.2. Boardman-Vogt tensor products of T-operads
	3.3. T-∞-categories underlying T-operads of algebras
	3.4. Inflation and the Boardman-Vogt tensor product

	Appendix A. Burnside algebraic patterns: the atomic orbital case
	A.1. I-operads as fibrous patterns
	A.2. Pullback of fibrous patterns along Segal morphisms and sound extendability
	A.3. Segal morphisms between effective Burnside patterns

	References

