ON TENSOR PRODUCTS OF EQUIVARIANT COMMUTATIVE OPERADS
NATALIE STEWART

ABSTRACT. We lift the Boardman-Vogt tensor product to a symmetric monoidal closed G-oco-category Op%
of G-operads, whose underlying co-category consists of Nardin-Shah’s Og-co-categories. This possesses a
fully faithful G-right adjoint
N(“)oo : windex,, — Op,,
with image the G-poset of weak Noo-G-operads whose left adjoint constructs the arity support weak indexing
system.
We precisely characterize the weak Noo-G-operads whose tensor powers are weak Noo, called the aE-unital
weak Noo-G-operads. We show that the G-subcategory
wIndexaGEﬂmi‘® - @%
is symmetric monoidal and combinatorially characterize its temnsor products; in particular, the full G-
subcategory of unital weak Noo-G-operads is cocartesian symmetric monoidal, i.e. its tensor products are
joins of (unital) weak indexing systems.
As a special case, we recognize Blumberg-Hill’s No-operads as a symmetric monoidal sub-poset Indexé C

uni,V

wlndex confirming a conjecture of Blumberg-Hill. In particular, for I, J unital weak indexing systems and

C an IV J-symmetric monoidal co-category, we construct a canonical I V J-symmetric monoidal equivalence

CAlg?CAlgf?c ~ CAlg?wc.

From this we recover derived additivity of the equviariant little disks operads in a variety of cases.
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INTRODUCTION

Summary of main results. Fix G a finite group. G-equivariantly homotopy-coherent algebraic structures
are naturally founded in the notion of homotopical G-commutative monoids (i.e. G (semi-)Mackey functors).
In the context of this paper, the co-category® of G-commutative monoids in an oo-category D will refer to
the oo-category of product-preserving functors

CMong(D) := Fun™ (Span(F¢), D),

where Span(Fg) is the effective Burnside 2-category of G and F¢ is the 1-category of finite G-sets. The
oo-category of small G-symmetric monoidal oco-categories is Cat% := CMong (Cat), where Cat denotes the
oo-category of small co-categories.?

Given C® ¢ Catg a G-symmetric monoidal co-category, the product-preserving functor

tpr : Span(F) oG/, Span(F¢)

constructs a symmetric monoidal co-category C% := 15;,C® whose underlying co-category Cp is the value of
C® on the orbit G/H.? For all subgroups K C H C G, the covariant and contravariant functoriality of C%
then yield symmetric monoidal restriction and norm functors

Rest : C5 — C2,
NE . CE —Cy,
which satisfy a form of Mackey’s double coset formula.

Example. In Section 1.5, we use the spectral Mackey functor theorem of [GM17] and the G-symmetric
monoidal Day convolution of [NS22] to construct a G-symmetric monoidal co-category &g such that:

e the H-value of Sp?i, is the symmetric monoidal co-category (Spg) ~ Sp% of genuine H -spectra
— —G/H
under the usual tensor product;
e the restriction functors Resg : Sp% — Sp?} are the usual restriction functors; and
e the norm functors N : Sp% — Sp% is the norm of [HHR16]. N

With the motivating example of Ey -ring G-spectra in mind, we would like to use G-symmetric monoidal
structures on C to encode various theories of algebras in C®, for which we will need a notion of G-operads. To
that end, in Section 2.3 we introduce an co-category Opg of Og-00-operads (henceforth G-operads) equivalent
to that of [NS22]. Given O® € Op a G-operad and S € Fy an H-set for some H C G, we construct a space
of S-ary operations O(S), together with operadic composition maps

(1) o) e K om0 [I mdizn].
H/K;€0rb(S) H/K;€O0rb(S)

operadic restriction maps

(2) O(S) — O(Rest 9),

1 In this paper we will call co-categories co-categories and O-truncated co-categories I-categories. We hope this prevents
avoidable confusion in older readers.

2 When the underlying oo-category is a 1-category, these differ from Hill-Hopkins’ symmetric monoidal Mackey functors only
by asserting some reasonable coherence diagrams for the double coset formula isomorphisms; see Section 5.2 for details.

3 In this paper, “orbits” refer to transitive G-sets, i.e. objects of the orbit category Og C Setq spanned by transitive G-sets.
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and equivariant symmetric group action
(3) Auty(S) x O(S) = O(S).
Egs. (2) and (3) together ascend to a structure of a G-symmetric sequence; we go on to show in Corollary 2.77

that this structure is monadic over G-symmetric sequences under a reducedness assumption.

Definition. We say that O% has at least one color if O(*y) is nonempty for all subgroups H C G, and we
say O%® has at most one color if O(xy) € {*,} for all H C G. We say that O% has one color if it has at

least one color and at most one color. N
When O® has one color, an O-algebra in the G-symmetric monoidal co-category C® can intuitively be

viewed as a tuple (Xgy € CEWG(H))G/Heoc satisfying X ~ Rest Xy, together with O(S)-actions

(4) ps: O(8) @ X9 — Xpy

for all S € Fy and H C G, homotopy-coherently compatible with the maps Eqgs. (1) to (3), where we write

X%S = ® N{(I Resg Xy.
H/KeOrb(S)

for the indexed tensor powers in C®.

Example. There exists a terminal G-operad Comm%, which is characterized up to (unique) equivalence by
the property that Commeg(S) is contractible for all S € Fp; its algebras are endowed with contractible spaces
of maps X%S — Xp for all S € Fy, as well as coherent homotopies witnessing their compatibility. We call
these G-commutative algberas

On one hand, we see in Section 5.2 that Commg-algebras present a homotopical lift of Hill-Hopkins
G-commutative monoids, though we prefer to reserve this name for the Cartesian case, following the convention
of [HA]. On the other hand, our model agrees with that of CHLL, so the recent homotopical Tambara functor
theorem of CHLL presents G-commutative algebra objects in @g as homotopical G-Tambara functors. <

)

In this paper, we are concerned with indexed tensor products of O-algebras as well as P-algebras in the
resulting G-symmetric monoidal co-category. Mirroring the nonequivariant case, we will accomplish this by
realizing an operad of O-algbras in P as the internal hom with respect to a symmetric monoidal structure on
the oo-category of G-operads.

In order to characterize this tensor product, we will relate it to a tensor product on the category of
G-symmetric monoidal co-categories. In Section 1.1 we define the co-category of G-co-categories to be

Catg = Fun(OZ, Cat).

As a weakening of the notion of a G-symmetric monoidal co-category, we define a symmetric monoidal G-0o-
category to be a commutative monoid object in Catg. The restriction structure between the co-categories
CMong(C) is summarized defining a G-oo-category CMon(C) with the values

(CMon(C)) 4 = CMong(C).

Our first theorem establishes a symmetric monoidal structure on CMon(Cat) = Cat$ satisfying an
analogous universal property to [GGN15, Thm 5.1], this time based on G-oco-category of coefficient systems

(Coeff ,C) y == Fun(O%,C).

Theorem A. IfC is a presentably symmetric monoidal co-category, then there exists a unique presentably
symmetric monoidal structure CMon%™°%(C) on CMon(C) such that the free G-commutative monoid
G-functor

Coeff ,C — CMon(C)

possesses a (necessarily unique) symmetric monoidal structure.

In Section 1.3, we generalize Theorem A to G-presentable co-categories, e.g. as developed in [Hil24].
We use this to define the coherences on a Boardman-Vogt symmetric monoidal structure on G-operads.
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Theorem B. There exists a unique symmetric monoidal structure %@) on %G attaining a (necessarily
unique) symmetric monoidal structure on the fully faithful G-functor

FL —mod
Env/ET %2 — Catg/gg °,

Furthermore, @g satisfies the following properties.

(1) In the case G = e is the trivial group, there is a canonical symmetric monoidal equivalence Op? ~
Op&,, under the symmetric monoidal structure of [BS24aj; in particular, the underlying tensor product
is equivalent to that of [BV713; HM23; HA].

(2) The underlying tensor functor — g O : Opg — Opg possesses a right adjoint %g(—), whose
underlying G-o0o-category is the G-co-category of algebras %a(f); the associated oco-category is the
oo-category of algebras Algyn(—).

(3) The J?é(—um’t of Opg is the G-operad trive, defined in [NS22]; hence %ﬁiVG(O) ~ 0%,

(4) When C® is a G-symmetric monoidal co-category, %g (C) is a G-symmteric monoidal co-category;
furthermore, when O%® — P® is a map of G-operads, the pullback G-functor

Alg?(C) — Algg (C)

is G-symmetric monoidal; in particular, if O® has one object, then pullback along the canonical map
triv% — P® presents the unique natural transformation of operads

Alg?(C) — C®,

and this is G-symmetric monoidal when C is G-symmetric monoidal.
(5) When C® — D® is a G-symmetric monoidal functor, the induced lax G-symmetric monoidal functor

® ®
AlgO(C) — AlgO(D)
is G-symmetric monoidal.

Remark. In analogy to [BV73], in Observation 2.33 we interpret algebras over the BV-tensor product

0% %/ P® in a G-symmetric monoidal category C® as bifunctors of G-operads O% x P® — C®: unwinding
definitions in the case C® is G-symmetric monoidal, we interpret these as interchanging pairs of O- and
P-algebras structures on an object of C in Observation 5.21; we show that this fully determines %5’ in
Corollary 4.4.

Furthermore, by Yoneda’s lemma, the G-operad ﬂ% (C) itself is determined by the property that its
(-algebras are interchanging pairs of O- and P-algebra structures on an object in C; we show in Philosophical
remark 4.1 that G-symmetric monoidal co-categories are determined by their underlying G-operads, so this
fully determines %g (C) as a G-symmetric monoidal co-category.

Lastly, in Proposition 4.25 we show that, under the G-symmetric monoidal envelope equivalence
Alg,(C) ~ Fung(EnvO®,C®), the G-symmetric monoidal structure on algebras corresponds with the
pointwise G-symmetric monoidal structure of [NS22, § 3.3]; intuitively indexed tensor products of O-algebras
are simply indexed tensor products of their underlying H-objects with the “diagonal” O-algebra structure. <

Remark. After this introduction, we replace O¢g with an atomic orbital co-category T for the remainder
of the paper; we prove Theorem B as well as other theorems in this introduction in this setting, greatly
generalizing the stated results, solely at the cost of ease of exposition. N
Given O% € Op¢ a G-operad with one color and ¢ : T'— S a map of finite H-sets, we also define the
space of multimorphisms®
Mulg(T;8) = J[ OT xsU).
UeOrb(S)

4 We only make the assumption that O® has one color for ease of exposition; throughout the remainder of text following the
introduction, we will not make this assumption.
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We then define the subcategory® AQ C Fg of O-admissible maps by
A0 = {w TS ’ Mul?)(T; S) # @} C Fe.
In essence, taking tensor products of Eq. (4) yields an action
Mulé)(T; 8) © XET — X©3

and AQ consists of the pairs of equivariant arities over which this produces structure on X.

The fact that @ accepts no maps from nonempty sets potentially obstructs construction of maps as in
Egs. (1) and (2), so AO can’t be an arbitrary subcategory. In order to state restrictions on AQ, we introduce
some terminology; we say that a G-operad O® is E-unital if

{* O(xy) # o

O@v) =14 O(xy) = 2.

We say that O% is unital if it is E-unital and has at least one color, and we say that O® is reduced if it is
E-unital and has one color. More generally, we say that O® is almost E-unital (henceforth aE-unital) if
whenever S € Fy is noncontractible and O(S) # &, we have O(@y ) = *, and we say that O% is almost-unital
if it is almost F-unital and has at least one color. We denote the full subcategory spanned by unital G-operads
by Opg" C Opg-
Theorem C. The following posets are each equivalent:

(1) The poset Subgp,,(Comme) of sub-commutative G-operads.

(2) The poset Opg o of G-0-operads.

(3) The essential image A(Op¢) C Subcat(Fa)

(4) The sub-poset windexCate C Subcat(Fa) spanned by subcategories I C Fg which are closed under
base change and automorphisms and satisfy the Segal condition that

T—Sel — YU € Orb(S), TxsU —=Uc¢€l
(5) The sub-poset windexe C FullSubg(Fs) spanned by full G-subcategories C C Fq which are closed
under self-indexed coproducts and have xy € Cy whenever Cy # &.

Furthermore, there are a equalities of sub-posets
Indexg ~ IndCat = wlndexCatg > s, = wIndexCatgfiZAEoo = AOp‘éfiZEoo C Subcat(Fa),
windexCat = AOpE ¢ windexg
windexCat&™ = AOp&™ C windexg
windexCat&™ = AOpE™ C windexg
windexCat&”"™ = AOpE™ C windexg.

where Indexq denotes the indexing systems of [BH15; BP21; GW18; Rub21a] and the remaining notation is
that of [Ste24).

References. The equivalence between Poset (4) and Poset (5) is handled in [Ste24]; nevertheless, the composite
map from Poset (1) to Poset (5) is shown to be furnished by the self-indexed symmetric monoidal envelope
in Example 2.68. We then characterize the image of A, constructing an equivalence between Poset (3) and
Poset (4) in Proposition 2.43 and Corollary 3.10.

Poset (2) and Poset (3) are shown to be equivalent in Corollary 3.10 by constructing a fully faithful
right adjoint to

(5) A: Opg m——— windexg : N(_ ).

5 Throughout this paper, we say subobject to mean monomorphism in the sense of [HTT, § 5.5.6]; in the case the ambient
oo-category is a 1-category, this agrees with the traditional notion.

In the case our objects are in the co-category Cat of small co-categories, we call this a subcategory; in the case that the
containing co-category is a l-category, this is canonically expressed as a core-preserving wide subcategory of a full subcategory,
i.e. it is a replete subcategory. Hence it is uniquely determined by its morphisms, so we will implicitly identify subcategories of C
a l-category with their corresponding subsets of Mor(C).
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whose image is the G-0-operads. Along the way, in Remark 3.9 we show that Poset (1) and Poset (2) are
equivalent as subcategories. Finally, the remaining identites follow by Observation 3.11 (|

Under the assumption that O® is reduced, by [Ste24], the information of AQ may be understood as
specifying for which subgroup inclusions K < H over which O® prescribes a multiplication

NEX — Xy,
and for which subgroup inclusions K; # - -- # K,, — H, O® additionally prescribes a twisted multiplication

Xg® ®N{éXKi = Xy

We call the operads V] I®OO constructed by Eq. (5) weak N -operads. In general, by Theorem C, we find
that a slice category Opg 0o — Opg is a full subcategory if and only if 0% is a weak N.-operad, in which
case we write

Op; = OpG’/N;g;o ~ A~ (windexg <71);
explicitly, a map P® — N, I®oo is a property of P®, and this property is the arity support condition AP < I.
We may understand N I®oo in a hands-on manner in a number of ways; for instance, it is constructed

explicitly in Proposition 2.43. On the other hand, the equivalence between conditions Poset (2) and Poset (4)
of Theorem C shows that N/ I®oo is uniquely identified by the property

x Ind%S — G/H isinI;
@ otherwise.

(6) Nioo(S) = {

Alternatively, we may see this indirectly using the existence of free G-operads on symmetric sequences (see
Corollary 2.77).
There are many weak N-G-operads of interest outside of the world of N.-G-operads/

Example. Given F C O a G-family, the G-operad triv% := N,

Juriv o, 18 characterized by a natural equivalence
cF

G
Algf’;iwr (C) = Bor%(C®),
in Proposition 2.64, where Borg is the F-Borelification discussed in Section 3.2. N

Example. Given F C OF a G-family, in Section 3.3 we characterize the unital N-G-operad ES__ = N %OO
by a natural equivalence

Alge, (C) ~ CAIZ(T7C) X rreprs Cff
where I'7C® is the symmetric monoidal co-category of F-objects

r7c® ~ lim CY. <
VeFor

We say a real orthogonal G-representation V' is a weak universe if it admits an equivalence V ~V @ V.
Example. Given V' a weak G-universe, we verify in Section 3.3 that the homotopy type E{G? of the little
V-disks G-operad is a weak N_.-operad whose arity support is computed by

S e (AEV)[G/H] — 3 H — equivariant embedding S + V.

In particular, if X is a nontrivial irreducible C)p-representation, we use this to compute AES% » in Section 3.3,
verifying that Eg , is not an N-operad in the sense of [BH15]. In particular, since Ey is also modelled by
the V-Steiner operad, there are point-set models for Ey-actions on V-fold loop spaces [GM17, p 9]). N

Given I an aE-unital weak indexing system, in Theorem 1.51 and Corollary 1.83, we characterize the
oo-category of I-commutative monoids in C a complete co-category as

CMon;(C) = Algy,_(C*) ~ Fun™(Span;(F¢),C),

where Span;(Fg) C Span(F¢) is the subcategory whose forward maps are in I; we define the co-category of
I-symmetric monoidal co-categories as

Cat? := CMon;(Cat).



ON TENSOR PRODUCTS OF EQUIVARIANT COMMUTATIVE OPERADS 7

We also show in Proposition 2.47 that I-symmetric monoidal co-categories have underlying I-operads; for
Ce Cat?7 we define the oo-category of I-commutative algebras in C as

CAlg;(C) == Algy,, _(C).

We show in 77, that analogs of Theorem B hold for I-commutative algebra objects in I-symmetric monoidal
categories.

We would like to use this to characterize indexed tensor product of I-commutative algebras. To that end,
for any I-operad O%, note that the forgetful functor Algg (C) — CT=* preserves indexed tensor products,
preserves indexed cartesian products, and reflects isomorphisms; these together imply that whenever I-indexed
tensor products in C® are I-indexed products, the same is true for Algg (C). This completely characterises
the I-symmetric monoidal structure by the following result. -

Theorem D. When I is almost-unital, there are fully faithful embeddings (—)'=",(=)!=> making the
following commute:

NI-U ERY Y
Cat! AN Cat? L Cat;

|
I
CatG

The image of (—)'=" is spanned by the I-symmetric monoidal co-categories whose indeved tensor products are
indexed coproducts and the image of (—)! = is spanned by those whose indexed tensor products are indexed
products.

We will show that I-indexed tensor products in CAlg?C are indexed coproducts, and that this completely

characterizes N/ f@oo. The crucial step uses Theorem D to reduce this to a category theoretic criterion, namely
I-semiadditivity.
Theorem E. Let O® be a G-operad. Then, the following properties are equivalenent.

(a) The G-0o-category AlgOQG is AO-semiadditive.

(b) The unique map O° — N,?Ooo is an equivalence and AQ is aE-unital.

Furthermore, CAlg?C is I-cocartesian for any I-symmetric monoidal co-category C and aF-unital weak
indexing system 1.

We say that an I-operad O% is reduced if the (unique) map O® — N7, induces equivalences
O(S) ~ Niso(9) VY S e€Fy empty or contractible

(c.f. Eq. (6)). We completely characterize algebras in cocartesian I-symmetric monoidal categories in
Theorem 4.11, and from this Theorem E entirely characterizes the tensor products of reduced I-operads with
N2 in the almost- E-unital setting.

[e )

Corollary F. NI®OO ®Nj®oo is a weak N -operad if and only if I is aE-unital. In this case, if O is a reduced
I-operad, then the unique map

O® @NP_ — NE,
s an equivalence.
Whenever I < J is an inclusion of weak indexing systems, we develop in Section 3.2 a right adjoint to
the natural inclusion Ef : Op; — Op,, which we call I-Borelification and write as Bor] : Op; — Op;. When
BV
1,J are aE-unital, using the adjunction — @ O% H Alg%(f), we find from Corollary F that the smashing

BV
localization induced by the ®-idempotent A j@oo € Opf,‘ad classifies the property of having commutative Borel

J-type; that is, in Theorem 4.14, we conclude that
BV
0° @ NP ~0% <= Bor{O®~N?,
s s
= VSeFy, [[~Q:Alg,(C)s — Alg,(C)v.

U U
< Alg (S¢) is I-semiadditive
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Tensor products of idempotents are themselves idempotents, and they classify the conjunction of the
properties classified by their summands. We leverage this to completely characterize indexed tensor products
of almost-E-unital weak No-operads, affirming Conjecture 6.27 of [BH15].

Theorem G. The functor -/\/(@i)oo : windexg — Opg lifts to a fully faithful G-right adjoint

A

.

windex T Op,

\/f
N oo
whose restriction wIndex“GEu’rli - @G is symmetric monoidal. Furthermore, the resulting tensor product on

WIndex‘é,E‘mi’® is computed by the Borelified join

I®J=Bor{n, (IVJ);
in particular, when I and J are almost-E-unital weak indexing systems, we have
® ® o A/® i o®
Nico ®NJae 2 N7y 1100 @ V1A
® ® ~ A/®
Nloo X NJoo - MIﬁJ)oo
ResG N2~ NP

Resg Ioco

ColndGNE ~ NZ

CoIndg Ioo®

Hence G-norms of I-commutative algebras are Colnng—commutative algebras, and when I,J are almost-
unital, we have

® ® N
(7) CAIg¥CAIg?(C) ~ CAlg, ,(C).

Remark. The reader interesting in computing tensor products 7T-operads may benefit from reading the
combinatorial characterization of joins of weak indexing systems in terms of closures in [Ste24]; there, we
prove that the join of weak indexing systems F; V F; is computed by closing the union F; UF ; under iterated
I and J-indexed coproducts. N

From this, we are able to conclude an equivariant infinitary case of Dunn’s additivity theorem in the
homotopical setting. To do so, we say that V is a weak universe if V.~V @ V.

Corollary H (Equivariant infinitary Dunn additivity). Let G be a finite group and V,W real orthogonal
G-representations satisfying at least one of the following conditions:

(a) V,W are weak G-universes, or
(b) the canonical map EY ~E .\, is an equivalence.

Then the canonical map
BV
EV ® Efy = EVow
is an equivalence; equivalently, for any G-symmetric monoidal category C, the pullback functors
Alge, Alg? (C) « Algg, ., (C) — Alge, Alg? (C)
are equivalences.

For instance, we may set C := S with the Cartesian structure to recover a result about Ey -spaces,
or we may set C := Sp , with the G-symmetric monoidal structure given by Hill-Hopkins-Ravanel tensor
products and norms to recover a the result

Alge, Alg? (Sp,) ~ Alge, ., (Sp,) ~ Alge, Alg? (Sp,,)

under either of the assumptions in Corollary H.
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Remark. In the thesis [Szc23], an ostensibly-similar result to Corollary H is proved: given Dy the little Disks
graph G-operad, Szczesny constructs a non-homotopical Boardman-Vogt tensor product ® and a canonical
map Dy ® Dy — Dy gw, which he shows to be a weak equivalence of graph G-operads in [Szc23, Thm 4.5.5].
Neither of this result or Corollary H imply each other.

On one hand, Szczesny’s result concerns characterizes tensor products of non-cofibrant operads, so it is
incomparable with results concerning oo-categories of algebras satisfying homotopical universal properties.
On the other hand, Corollary H proves the additivity theorem homotopically, but only cases where at least
one of the representations induces I-symmetric monoidal co-categories of algebras whose indexed tensor
products are indexed coproducts; this property will not be satisfied for any nontrivial indexed tensor products
in the finite-dimensional case, so the range of representations in Szczesny’s result is significantly larger. <«

Along the way, we quickly acquire various corollaries in equivariant higher algebra. For instance, in
Section 4.4 we use Corollary H to define iterated Real topological Hochschild homology for Ey-algebras
whenever V' has infinitely many o-summands, and compute it as a colimit when V' = cop. We go on in
Corollary 5.3 to lift Bonventre’s genuine operadic nerve to a conservative functor of co-categories, and verify
in Proposition 5.6 that it restricts to an equvivalence between the two categories of discrete G-operads, giving
traditional presentations for all of our objects in the G-1-categorical setting.

Notation and conventions. We assume that the reader is familiar with the technology of higher category
theory and higher algebra as developed in [HTT] and [HA, § 2-3], though we encourage the reader to engage
with such technologies via a “big picture” perspective akin to that of [Gepl9, § 1-2] and [Hau23, § 1-3]. In
particular, we only pierce the veil to use non-homotopical aspects of quasicategory theory in Appendix B.2.
Throughout this paper, we frequently describe conditions which may be satisfied by objects parameterized
over some oo-category T. If P is a property, in the instance where there exists a Borelification adjunction

Bor;:CTﬁC]::EZ_-—

along family inclusions F C T, we say that X € Cr is E-P when there exists some X € Fr which is P such
that X ~ E;_-_X. We say that X is almost E-P (or aE-P) if Cx has a terminal object ## for all 7, and there
is a pushout expression

X o s Uy
for some F' C F; we say that X is almost P (or a-P) if it’s almost E-P and F' = T in the above.

Acknowledgements.

1. EQUIVARIANT SYMMETRIC MONOIDAL CATEGORIES

In this section, we review and advance the equivariant oo-category theory of of homotopical incomplete
(semi)-Mackey functors for a weak indexing system I, which we call I-commutative monoids. To that end, we
begin in Section 1.1 by reviewing our equivariant higher categorical setup; we go on to cite and prove some
basic facts about I-commutative monoids in Section 1.2. In Section 1.3 we then endow the T-oo-category
of I-commutative monoids with its mode symmetric monoidal structure, and prove that this is uniquely
determined as a presentable symmetric monoidal structure by the free functor from coefficient systems,
proving Theorem A’ and identifying the resulting symmetric monoidal structure with the localized Day
convolution structure. Following this, in Section 1.4 we quickly develop a framework for 7-symmetric monoidal
d-categories, where d < co. We finish the section in Section 1.5 with a tour through the gamut of existing
examples of [-symmetric monidal co-categories.

1.1. Recollections on 7-co-categories. We center on the following definition.
Definition 1.1. An oco-category 7 is

(1) orbital if the finite coproduct completion Fy := T has all pullbacks, and
(2) atomic orbital if it is orbital and every map in T possessing a section is an equivalence. N
We view this setting of atmoic orbital co-categories as a natural axiomatic home for higher algebra
centered around the Burnside category (see [Narl6, § 4]), generalizing the orbit categories of families of
subgroups of finite groups. The reader who is exclusively interested in equivariant homotopy theory is
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encouraged to assume every atomic orbital co-category is the orbit category of a family of subgroups of a

finite group.

Definition 1.2. Let 7 be an oo-category. Then, a full subcategory F C T is a T -family if whenever V € F

and W — V is a map, we have W € F.% The poset of T-families under inclusion is denoted Fam.
Similarly, a full subcategory F C T is a T -cofamily if its opposite F°P C T°P is a T °P-family. N

Example 1.3. The following are all atomic orbital co-categories (c.f. [Ste24]).

(1) For G is a topological group, the full subcategory (’)gn C O¢ spanned by G/H for H finite.
(2) If G is a topological group, the wide subcategory (’)éi' C O¢g whose morphisms are projections
G/K — G/H for K C H finite index inclusion of closed subgroups.
(3) If G is a topological group, the full subcategory Ogi'Sb C Og spanned by G/H for H C G a
finite-index closed subgroup.
4) X a space, considered as an oo-category.
) P a meet semilattice.
) If T is atomic orbital, ho(T).
) If T is atomic orbital, 7 C T a full subcategory satisfying the following conditions:
(a) Forall UyW € F and paths U =V - W in T,V € F.
(b) For all U,W € F and cospans U — V <~ W in T, there is a span U + V' — V in F.
For instance, F may be the intersection of a family and a cofamily whose connected components
have weakly initial objects (e.g. T>v).
(8) If T is atomic orbital and V' € T, the oo-category 7y . <

In this section, we briefly summarize some relevant elements of parameterized and equivariant higher
category theory in the setting of atomic orbital co-categories. Of course, this theory has advanced far past
that which is summarized here; for instance, further details can be found in the work of Barwick-Dotto-
Glasman-Nardin-Shah [BDGNS16a; BDGNS16b; Narl6; Sha22; Sha23], Cnossen-Lenz-Linskens [CLL23a;
CLL23b; CLL24; Lin24; LNP22], and Hilman [Hil24].

(
(
(
(

1.1.1. The T -oco-category of small T -co-categories.

Example 1.4. Let F C O¢g be a subconjugacy-closed family of subgroups and let Sx be the co-category of
F-spaces, constructed e.g. by inverting F-weak equivalences between topological G-spaces. Then, a version
of Elmendorf’s theorem [DK84; Elm83] states that the total F-fized points functor yields an equivalence

Sr ~ Fun(F°P,S). N

Definition 1.5. The oco-category of small T -co-categories as
Caty := Fun(7°P, Caty,). <

Remark 1.6. We show in Example 2.14 that Cat is equivalently presented as complete Segal obects in the
oo-topos S = Fun(7°P, Caty,). <
Remark 1.7. The Grothendieck Construction, imported to oco-category theory as the Straightening-
Unstraightening equivalence in [HTT, Thm 3.2.0.1], provides an equivalence

Cat ~ Catjca)ﬁflft,
the latter denoting the (non-full) subcategory of functors to 7°P whose objects are cocartesian fibrations and
whose morphisms are functors over 7°P which preserve cocartesian arrows. N

Given T an oo-category, we may define the T -functor category to be the full subcategory
Funs(C,D) := Fun%ffrft (C,D) C Fun,700(C, D)
consisting of functors over T which preserve cocartesian lifts of the structure maps.

Example 1.8. For any object V' &€ T, the forgetful functor (T/V)Op — T °P is a cocartesian fibration classified
by the representable presheaf Map,(—; V). We refer to the associated T-category as V. This is covariantly
functorial in 7, since the shriek pushforward (i.e. Ind) yields functors 7;,, — T,y for allmaps f: V — W. <

6 These are named families after subconjugacy closed families of subgroups, which frequently occur in equivariant homotopy;
these are referred to as sieves in [BH15; NS22] and upwards-closed subcategories in [Glal7].
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When G is a finite group, it is well known that the category O¢ has objects homogeneous G-spaces
G/H and morphisms G-equivariant maps G/K — G/H; it is not hard to see that such maps are equivalent
to maps K2~ C G/H, and in particular, the endomorphism monoid is the Weyl group WgH = Ng(H)/H.

It is well known that when G is a finite group, the map Indg : O — Og,/a/m) is an equivalence of
categories, so replacing Og with its overcategories does not escape genuine equivariant mathematics.
Notation 1.9. In the setting that 7 = Og, the elements of T are canonically expressed as homogenous
G-spaces G/H; in this case, we refer to G/H simply as H, we refer to Og-oo-categories as G-oo-categories,
and we refer to the value of a G-co-category C on G/H as Cp. <

The representable T-categories have total categories of a particularly nice form.

Proposition 1.10 ([NS22, Prop 2.5.1]). If an atomic orbital co-category T has a terminal object, then it is
a 1-category; in particular, T,y is a 1-category.

They play an important role in equivariant higher category theory.

Proposition 1.11 ([BDGNS16b, Thm 9.7]). The cartesian product C X7o» D on Caty has exponential
objects Funyop ¢ py which are classified by the functor

V- FHHK(C Xqop V., D Xop K)
We refer to monomorphisms in Caty as T -subcategories, and T-functors which are fiberwise-fully

faithful as full T -subcategories, or T -fully faithful functors.

Observation 1.12. By the fiberwise expression for limits in functor categories (c.f. [HTT, Cor 5.1.2.3]), a
T-functor is a T-subcategory inclusion if and only if it is fiberwise a T-subcategory inclusion. <

Observation 1.13. The terminal 7 -category x is classified by the constant functor V' — x. The poset
of sub-terminal objects in Caty (i.e. monomorphisms) is in monotone isomorphism with Famy, and the
category * r associated with F is determined by the values

x VelF,
*Frv =

& otherwise.
To see this, it suffices to note that when X € {@, x}, the mapping space Map(Y, X) is empty if X = & and
Y # @, and contractible otherwise. N

The oco-category Cat participates in an adjunction
Tot : Cat = Cat : Coeff”
whose left adjoint Tot is the total category of cocartesian fibrations, and whose right adjoint has fibers
(Coeft” C)y =~ Fun ((T)v)*",C)
where the functoriality on f is given by (fi)" (see [BDGNS16b, Thm 7.8]).

Example 1.14. There is an equivalence x = Coeft” € Caty, since right adjoints preserve terminal
objects. N

Example 1.15. Set S := Coeff”S. Then, in the case T = Og, Elmendorf’s theorem [EIm83] may be
reinterpreted as an equivalence

S ~ Coeff?s. q
Definition 1.16. The T -co-category of small T -oo-categories is Cat = CoeffT(Cat). N
Notation 1.17. Fix C € Caty = Fun(7°P, Cat.,). We refer to the value of C at V' € T°P as the V-value
category of C, written as Cy; given f : V — W, we refer to the associated functor as restriction
Resy! : Cw — Cy.

In the case T = Og, we write Resg in place of Resgjg. d

Example 1.18. The V-value of Cat is (Caty), = Caty; we henceforth refer to this as Caty. The
restriction functor Resy : Catyy — Caty is presented from the perspective of cocartesian fibrations by the
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pullback
Resy, C — C
0]

VP sy WP

We additionally construct the associated co-category
I'7C := Funr(x,C),

whose objects consist of cocartesian sections of the structure functor C — 7. We refer to this as the category
of T -objects in C. For instance, if T has a terminal object V, [BDGNS16b, Lemma 2.12] shows that we have
an equivalence

I'7¢ ~Cy;
more generally, this implies that T'7C ~ limy c7or Cy, ie. it is the T-fized points, (the limit of C viewed as a
T°P functor). Defining the T -inflation by

(InﬂZD) =D

\%

for any D € Cat and V € T, the adjunction between limits and diagonals immediately yields the following.
Proposition 1.19. The functor Inﬂz : Cat — Cat is left adjoint to T'T : Cats — Cat.

1.1.2. Join, slice, and (co)limits. We summarize some elements of [Sha22; Sha23].

Definition 1.20. Let ¢ : 7°P x 9A! < T° x Al be the evident inclusion. Then, the 7 -join is the top
horizontal functor

Cat> T Catr

[ I

*

Cat 7orxga1 —— Cat 7y —— Cat/7op
which exists by [Sha22, Prop 4.3]. We write
K% := K %1% and Ke=x+r K
If p: K — C is a T-functor, then we define the T -slice categories as slice categories T-categories
T = Fung ) (K,C):
¢/®7) = Funy ., (K2,C) q
In the case p : 7 — C corresponds with the T-object X € I'7C, we simply write C¥/ := C(»7)/ and

similar for overcategories. In general, the categories C»7)/ take part in a functor out of Catr g,. Of
fundamental importance is the adjoint relationship between these functors:

Theorem 1.21 ([Sha23, Cor 4.27]). The T -join forms the left adjoint in a pair of adjunctions
K%y —:Caty & CatT7K/ : (—)(7’7—)/,
— %7 K : Caty = Catr g, : (—)/ 7).

We say a T-functor p : K< — C extends p : K — C if the composite K — K< — C is homotopic to p.
Definition 1.22. Let C be a T-category. A T-object X € I'7C is final if for all V € T, the object Xy € Cy
is final; if p : K¢ — C is a T-functor extending p : K — C and the corresponding cocartesian section
Op i 7 — ¢/ 7T) is a final T-object, then we say p is a limit diagram for p. N

The fiberwise opposite (or vertical opposite) functor Caty — Caty is the 7 functor induced under
Coeft” by the opposite functor Cat — Cat; the notions of initial 7T-objects and T -colimits are defined dually
as final 7-objects and 7-limits in the fiberwise opposite.

In many cases, these are familiar; for instance, trivially indexed colimits are non-equivariant in nature.
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Proposition 1.23 ([Sha22, Thm 8.6]). Suppose K is a T -category such that, for all morphisms V. — W
in T, the associated restriction (i.e. cocartesian transport) functor Ky, — K, is an equivalence. Then,
a diagram p : K& — C is a limit diagram for p : K — C if and only if for all V, the associated diagram
Py - K — Cy is a limit diagram for py .

Definition 1.24. Let C be a T-category and let K = (Ky)ver C Caty be a restriction-stable collection of
V-categories. We say that C strongly admits K-shaped limits if for each V' € T, each V-category K € Ky and
each V-functors p : K — Cy, there exists a limit diagram for p. We say C is T -complete if it strongly admits
Cat-shaped limits.

If C, D are T-categories which strongly admit all KC-shaped limits and F': C — D is a T, functor, we
say F strongly preserves all T -limits if for all V € T and all K € Ky, postcomposition with the V-functor
Fy : Cyv — Dy sends K-shaped limits diagrams to limits diagrams. <

An important class of examples is indexed (co)products.

Notation 1.25. Consider S € Fy, considered as a V-category under the unique coproduct-preserving
inclusion Sety < Caty . Then, we refer to S-shaped V-limits as S-indezed products and S-shaped V-colimits
as S-indexed coproducts.

If C C F+ is a full T-subcategory, we refer to 7-colimits of the corresponding class as C-indexed
coproducts; similarly, following [Ste24], if I C Sett is a pullback-stable full subcategory, we define the full
T-subcategory Set; C Set of I-admissible sets by

(Set,), = Set;y = {S | md7S >V e I} C Set.r.

We refer to the class of Set;-indexed coproudcts as I-indexed coproducts, and use the dual language for
I-indexed products.
Given C a T-category and S € Setr, we write

CS = H CU,
U€Orb(S)

where Orb(SS) is the multiset of orbits expressing S as a disjoint union of elements of 7. Given S € Set; v =
(Set;)y,, and (Xy) € Cg, we denote the S-indexed products and coproducts as

S S
[[Xvecy, [T xv ecv.
U U

If D strongly admits Set;-shaped limits, we simply say D admits I-indexed coproducts; if I = Fr, we say
that D admits finite indexed coproducts, and if I = Sets, we say that D admits all indexed coproducts. <

Observation 1.26. If C € Caty admits all indexed coproducts, S € Sety, and (Xy) € Cg, then

11 Indg Xy satisfies the universal property for S-indexed coproducts; hence there is a natural equivalence
UeOrb(S)

S
H Xy ~ ]_[ Ind}; Xy,
U UeOrb(S)

and the dual argument characterizes indexed products similarly. N

In nonequivariant homotopy theory, all colimits are coequalizers of geometric realizations. The equivari-
ant version of this states that T-colimits are coequalizers of indexed coproducts. An example is the following
result of Shah.

Proposition 1.27 ([Sha23, Cor 12.15]). Let T be an orbital oo-category. Then, C is T -cocomplete if and
only if it admits all geometric realizations and indexed coproducts.

We will need notation for strongly (co)limit-presereving functors.

Notation 1.28. Let I C F7 be a pullback-stable full subcategory. Following and slightly extending [Sha22,
Notn 1.15], we use the following notation for the described distinguished full 7-subcategories of Fun,(C, D):

(1) mgiL (C,D): the V-functors which strongly preserve Ky -indexed colimits;
(2) @%C-—R(C ,D): the V-functors which strongly preserve Cy -indexed limits;
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@%—(C ,D): the V-functors which strongly preserve small V-colimits;

Fun?(C,D): the V-functors which strongly preserve small V-limits;
5) Fun’~"(C,D): the V-functors which (strongly) preserve I-indexed coproducts;

(3)
(4)
(5)
(6) @é—_x (C,D): the V-functors which (strongly) preserve I-indexed products.
(7)
(8)

4

7) Fun?(C,D): the V-functors which (strongly) preserve ordinary coproducts;
8) Fun’(C,D): the V-functors which (strongly) preserve ordinary products. q

In many cases of interest, it is easy to verify these properties. Given K C Cat, define Iy, C Catsv to
consist of V-categories whose fibers lie in /I, and define K := (K,,) C Cat.
Proposition 1.29 ([Sha22, Thm 8.6]). Let C,D be co-categories and let F : C — D be a functor.

(1) Coeff“C strongly admits KC-shaped limits if and only if C admits K-shaped limits, and
(2) CoeffF : Coeff’C — CoeffD strongly preserves K-shaped limits if and only if F preserves K-shaped
limits.

Definition 1.30. A 7-functor L : C — D is left adjoint to R : D — C if the associated functors Ly : Cy — Dy
are left adjoint to Ry : Dy — Cy forall V e T. 4

These are the same as relative adjoints over T°P by [HA, Prop 7.3.2.1], and they satisfy a parameterized
version of the adjoint functor theorem [Hil24, Thm 6.2.1]. In the case that K = x4, the results [HTT,
Lem 6.1.1.1], Proposition 1.23, and Proposition 1.29 together with [Sha23, Lem 4.8] immediately imply the
following.

Lemma 1.31. The T -functor Ar(C) =2 C is a Cartesian fibration if and only if C admits T -pullbacks; in
this case, for a: X =Y a morphism of T -objects in C, there exists an adjunction

a /X =Y o

where o*(Z) ~ Z xy X.

Additionally, we can make adjunctions non-genuine directly using [HA, Prop 7.3.2.1]
Proposition 1.32. If L : C = D : R are adjoint T -functors, then 'L : TC = T'D : 'R are adjoint.

Fortunately, Coeff” (—) is compatible with adjunctions.
Lemma 1.33. Suppose L : C 2 D : R is an adjunction of co-categories. Then,

Coeff” L : Coeft” € = Coeft” D : Coeff” R
is an adjunction of T -co-categories.
Proof. This follows from the fiberwise description of MTR; indeed, the V-values
L, : Fun ((T)v)°?,C) = Fun ((T)v)°, D) : R,

are adjoint. O

Example 1.34. We may use Lemma 1.33 to e.g. realize the full subcategory of T-spaces whose fixed points
are d-truncated and d-connected as (co)localizing subcategories

S7.>4d Sr ST.<d-

Under the assumption that 7 is orbital, the author believes that most of the results of [LM06] may be carried
out on this level of generality; later on, we will use this line of thought to understand truncatedness and
connectedness of T -operads and T -symmetric monoidal categories. N

Example 1.35. By Lemma 1.33, the classifying space and core double adjunction (—)~ = ¢ = (=)= yields
()=~ ()=

N N

Cat; +——— S, Catr «+— — Sf

= \H: 7

a double T-adjunction and double adjunction. <
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1.2. I-commutative monoids. Following [Barl4], we say that an adequite triple is the data of two core-

preserving wide subcategories X, C X D & of an oo-category such that cospans X Ay &g satisfying
w5 € Xy and ¢y € A lift to pullback diagrams

TIJXXYZ »
b !
%Y%

satisfying 1, € A} and ¢y € Xy. Given an adequate triple &, C X D Xy, we define the span category to be
Spany, ;(X) 1= AT (X, 4, Xy).

In particular, the objects of Span,, (') are precisely those of X, and the morphisms from X to Z are the
spans X &y 2l 7 with vy € Xy and ¢y € Xy, with composition defined by taking pullbacks. 7
Example 1.36. For 7 an orbital oco-category and I C F4 a pullback-stable wide subcategory, Fr = Fy <= I
is an adequate triple; write

Span; (Fr) := Spanau,I(FT)- 4
Warning 1.37. Even when Fr is a 1-category (i.e. 7 is a 1-category), Span;(F7) will seldom be a 1-category;
indeed, in this case, Span;(F7) is a 2-category whose 2-cells given by the isomorphisms of spans

YI
N

X/I Z
\Y/

<

In this subsection, we review the cartesian algebraic theory these corepresent, called I-commutative
monoids. We will find that, in the same way that CMon is easily characterized via semiadditivity (c.f. [GGN15]),
CMony is easily characterized via I-semiadditivity. Little of this subsection is original, simultaneously forming
a slight generalization of [Narl6] and a massive specialization of [CLL24].

1.2.1. Weak indexing systems. We briefly review the setting of weak indexing systems introduced in [Ste24],
which we view as assumptions on I which cut out the intersection of category theoretic and algebraic notions
of I-commutative monoids.

Definition 1.38. A T -weak indexing category is a subcategory I C Fy satisfying the following conditions:

(IC-a) (restrictions) I is stable under arbitrary pullbacks in F;
(IC-b) (segal condition) T'— S and 7" — S are both in I if and only if TUT" — SU S’ is in I; and
(IC-c) (Er-action) if S € I, then all automorphisms of S are in I.

A T-weak indexing system is a full T-subcategory F; C F4 satisfying the following conditions:
(IS-a) whenever F; - # @, we have xy € F; .
(IS-b) E; is closed under E;-indexed coproducts. <

Observation 1.39. By a basic inductive argument, condition (IC-b) is equivalent to the condition that
S—Tisin Iifand only if Ty =T xs U — U isin I for all U € Orb(S); in particular, I is determined by
its slice categories over orbits. q

We denote the I-admissible sets by F; = Set; as in Notation 1.25. Inspired by Observation 1.39, in
[Ste24] we prove the following.

Proposition 1.40. The assignment I — E; implements an equivalence between the posets of T -weak indexing
categories and T -weak indexing systems.

7 Those readers more familiar with [EH23] may note that this specializes to the notion of a span pair, when backwards maps
are X = X, in which case Span;(X) recovers that of [EH23], and hence lifts to an (o0, 2)-category with a universal property
that we will not use.
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We say that F; is unital if it contains the V-set @y is I-admissible for all V' € T; we say that F; is an
indexing system if n - xy is I-admissible for all V' € T and all n € N. When T = Og, this recovers the notion
given the same name in [BH15]; see [Ste24] for details.

These come up for two main reasons: Theorem C will establish that these enumerate the weak N -oo-
operads which form the basis of the main results of this paper, and [Ste24] established that these are precisely
the data consisting of full 7-subcategories F; C F+ which are I-symmetric monoidal subcategories; we will
see throughout the remainder of this paper that the I-indexed coproducts in F; appear frequently as the
arities of compositions of I-indexed algebraic structures.

Remark 1.41. By Observation 1.39, in the presence of Condition (IC-b), Condition (IC-a) is equivalent to
the condition that for all Cartesian diagrams in Fy

TxyU——T

(8) lo/J la
U—V
with U,V € T and a € I, we have o’ € I. <

One important source of examples of weak indexing categories is semiadditivity.

Definition 1.42. We say that a T-oo-category D is I-semiadditive if it possesses I-indexed coproducts and
its I-indexed coproducts and products agree. q

Given D a T-oo-category admitting finite products and coproducts, we define the semiadditive locus

s(P)={T >3 |[[=]]:Pr - Ds}.

Proposition 1.43. s(D) is a T-weak indezring category.

Proof. The functor Dy — Dg is an (external) product of the functors Dr,, — Dy as U ranges across Orb(.S),
so s(D) satisfies ??. Furthermore, unary products and coproducts are modelled by the identity functor, so
s(D) satisfies ??. In view of Remark 1.41, to conclude the proposition, we need that whenever the coproduct
and product functors Dy — Dy agree, the same is true for the restriction DResg 7 — Dy; this follows quickly
from restriction-stability of (co)limits (e.g. [Sha23, Prop 5.5]). O

By [Ste24], the poset windexCats has joins, which we write as — V —.
Corollary 1.44. D is I V J-semiadditive if and only if it is I-semiadditive and J-semiadditive.

Proof. This follows by noting that D is I’-semiadditive if and only if I’ < s(D) and applying the universal
property for joins. O

1.2.2. I-commutative monoids as the I-semiadditivization. Let Trip*d®d c Fun(e — e + e, Cat) be the
full subcategory spanned by adequate triples. By definition [Bar14, Def 3.6], Span_ _(—) forms a functor
Trip®d®d — Cat.

Write Fy, = Fy, and write Iy = I,y. If I C F7 is pullback-stable, then the slice categories form a
T-subcategory I C F.r, yielding a functor 7°° — Trip®®d. We use this to define the composite T-functor

(LErEs) Span

Span;(F ) : T°P Trip?d°d 2222 Cat.

Definition 1.45. If C is a T-oo-category admitting finite 7-products, then the T -co-category of I-commutative
monotids in C is
CMon;(C) = Funt(Span;(F;),C). N
Definition 1.46. We say that a functor F': D — C is the I-semiadditive completion if D is [-semiadditive
and for all I-semiadditive T-categories £, postcomposition along F' yields an equivalence
Fun’/~*(&£,D) = Fun’ =% (€,0). <

Remark 1.47. The article the above is justified by the fact that Yoneda’s lemma yields an equivalence over
C between any two [-semiadditive completions. N
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Theorem 1.48 ([CLL24, Thm B]). U : CMon,;(C) — C is the I-semiadditive completion.

1.2.3. Commutative monoids in T -objects. Let I°° C F+ denote the smallest core-preserving wide subcategory
containing the fold maps n-V — V for all V€ T and n € N; this is precisely the indexing category
corresponding with the minimal indexing system. We set the notation

CMony (C) :== CMon;« (C).

Observation 1.49. The I°°-indexed products are precisely trivially indexed products; by Proposition 1.23 the
I*>°-indexed product preserving functors are precisely the fiberwise product-preserving 7-functors. Further-
more, a T-category is V-semiadditive if and only if, for each V' € T, the oo-category Cy is semiadditive. <«

Thus, we have equivalences Cat} ~ Coeft” (Cat™) and Cat2 ~ Coeff” (Cat®) compatible with the
inclusions; this together with Lemma 1.33 directly implies that the V-semiadditive closure satisfies

CMong (C) ~ (TOP €, Catx SMon, Cat@) ;

Cnossen-Lenz-Linsken’s semiadditive closure theorem (i.e. Theorem 1.48) then yields the following.
Corollary 1.50. There is a canonical equivalence CMony (C) ~ CMon(I'C).

1.2.4. I-commutative monoids in co-categories. We recall a special case of Cnossen-Lenz-Linsken’s Mackey
functor theorem.

Theorem 1.51 ([CLL24, Thm C]). For every presentable category C, there exists a natural equivalence
CMon;(Coeft” (€)) ~ Fun* (Span; (F7), C);
furthermore, given a map f :V — W, the associated restriction functor
Resy/ : Fun(Span; , (Fw),C) — Fun(Span;, (Fv),C)
is given by (fi)".

Definition 1.52. If C is an oco-category with finite products, then the 7 -oco-category of I-commutative
monoids in C is

CMon, (€) = CMon, (Coeff (C)). a
Similar to the case of MT, this construction is compatible with adjunctions.
Lemma 1.53. Let I C T be a pullback-stable wide subcategory of an orbital co-category.
(1) If f : C — D is a product-preserving functor, then postcomposition yields a T -functor
fx : CMon ;C — CMon;D.
(2) If L : C 2: R is an adjunction whose right adjoint R is product preserving, then
L, : CMon;C =——— CMon;D: R,

is a T -adjunction.
Proof. (1) follows by noting that f, exists since f is product preserving, and it is compatible with restriction
because postcomposition and precomposition commute. (2) follows by noting that the associated functors
L, : (CMon,C),, ~ Fun* (Span;,, (Fv),C) m=—= Fun™ (Span;, (Fy),D) = (CMon;D)y) : R,
are adjoint. 0
Construction 1.54. Let X € CMon;C be a a I-commutative monoid, and let V' € 7 be an orbit. Let
v :F = Frsend * =V, and let Iy := I xg, F, where the map F — Fy is ty. Then, the V-value is the

pullback
(—)v

CMon;C CMony, C
12 1
Fun™ (Span; (Fr),C) Y Fun® (Span;e (F), C)

In particular, when I contains all fold maps (e.g. I is an indexing system in the sense of [BH15; Ste24]) and
X is an I-commutative monoid, Xy is a commutative monoid in C. q
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Construction 1.55. Fix X € CMony[I and f:V — W a map in I. There exists a natural transformation
ay @ty — tw whose value on n is the copower map n -V — n - W; this induces a natural transformation
NY . (=)v = (—)w, which we refer to as the norm map. <4

Construction 1.56. Let f : V — W be a morphism in 7. Recall that F7 ;i ~ Fy; hence there is a double
adjunction
fi

L T

Fun(Span(Fy),C) — f* — Fun(Span(Fy),C)
\i/
fa
We prove in 7?7 that all three of these functors restrict to 7-commutative monoids. Write Ind‘v,v = fi,

CoIndy/ = f., and Res}/ := f*. <

1.2.5. I-symmetric monoidal co-categories. We refer to
Cat? := CMon,Cat

as the T -oo-category of I-symmetric monoidal co-categories. In the case I = Fy, we refer to these simply as
T -symmetric monoidal co-categories and write Cat? = Catf?T.

Notation 1.57. Suppose S € F;. Associated with the structure map Ind{,S — V we have functors

S
Q) :Cs —Cv, A% :Cy — Cs
U

S
called the S-indexed tensor product and S-indexed diagonal. We refer to the composite (—)®9 : Cy 25

S
Cs 2o, Cy as the S-indezed tensor power. In the case Ind],S = W is an orbit (i.e. S is a transitive V -set),

we write
w

N%::@:CW%CV. q
U
Observation 1.58. Suppose S, |Orb(S)| - *y, and all orbits of S are is I-admissible V-sets. Then, the
following path lies in I:

Ind{,S — |Orb(S)| - V = V.
In algebra, this yields the formula

S
CS @ CV
(Ngs\ /
()
XOrb(8)
1%

i.e. é Xy ~ ®U€Orb(s) N[‘]/XU. Thus, when [ is an indexing category, the indexed tensor products in an
1 —syrgmetric monoidal co-category is are determined by their binary tensor products and norms. N
Construction 1.59. By 7?7, the orbits functor Fr : F+ — F induces a right Kan extension functor

I' := Span(Fr). : Fun™ (Span(F7),C) — Fun™ (Span(F),C).

In particular, T' is right adjoint to InﬁeT := Span(F7)*. When C = Cat, the counit of this adjunction is a
natural 7-symmetric monoidal functor.

I’ TC® — C®
We refer to the (symmetric monoidal) V-value of this as the symmetric monoidal V -evaluation

evy :FC®—>C§. N



ON TENSOR PRODUCTS OF EQUIVARIANT COMMUTATIVE OPERADS 19

1.2.6. Symmetric monoidal T -0o-categories. The oco-category of symmetric monoidal T -co-categories is
Cat@,fr ~ Coeff” Cat®? ~ CMonCatr.

Definition 1.60. Suppose LC C C is a localizing T-subcategory of a symmetric monoidal T-oco-category. We
say that L is compatible with the symmetric monoidal structure if for each V' € T, the localization Ly is
compatible with the symmetric monoidal structure on Cy in the sense of [HA, Def 2.2.1.6]. <

Proposition 1.61. If L is compatible with the symmetric monoidal structure, there exists a commutative
diagram of T -oo-categories
c® LY Lc®
K /

(F*)triv

satisfying the following conditions:

(1) LC® is a symmetric monoidal T -co-category and L% is a symmetric monoidal T -functor,
(2) the underlying T -functor of L® is L : C — LC, and
(8) L® possesses a fully faithful and lax T -symmetric monoidal T -adjoint extending the inclusion LC C C.

Proof. This follows immediately from [NS22, Thm 2.9.2], which we summarize in Theorem 1.87. (|

1.3. The canonical symmetric monoidal structure on /-commutative monoids. This section is
dedicated to the observation that the parameterized presentability results of [Hil24] are sufficiently strong to
repeat non-indexed rudiments of [GGN15] in the I-semiadditive setting.

Definition 1.62 (c.f. [Hil24, Thm 6.1.2]). A T-oco-category C is T -presentable if it strongly admits finite
T-coproducts and the straightening factors as
C:T° - Prl® - Cat

for some regular cardinal x. The (nonfull) subcategory

Pr%— C Caty
has objects given by T -presentable co-categories and morphisms given by 7-left adjoints. N
Observation 1.63. The conditions of factoring through Pr*, of strongly admitting finite T-coproducts, and
of being T-left adjoints are preserved by restriction; hence Pr{} canonically lifts to a (nonfull) T-subcategory

ﬂ%’ C Cat <

These satisfy an adjoint functor theorem [Hil24, Thm 6.2.1] and have analogous characterizations to
the non-equivariant case; in particular, Pr%— C Caty is closed under functor categories from small categories
[Hil24, Lem 6.7.1] and by Definition 1.62, Pr’ is closed under fiberwise-accessible T-localizations. Hence
CMon;,;(C) is T-presentable when C is T-presentable.

Additionally, in [Narl7], a T-symmetric monoidal structure was constructed on &%, with V unit Sy,
with binary tensor products characterized by

Funk(C ® D, €) ~ Fun’2"(C x D, €),
the latter denoting functors which are T-cocontinuous in each variable, and with norms characterized by

Funk, (NY C, ) ~ Funk (Colnd} C, £).

Definition 1.64. The oo-category of presentably T-symmetric oo monoidal categories is the (non-full)
subcategory CAlgT(&{}@) C Cat?i; the oco-category of presentably symmetric monoidal T -0o-categories is
the (non-full) subcategory CAlg(Pr%) ¢ CMon(Catr). <

Observation 1.65. Let Fun“s, (C®3,D) be the category of distributive V -functors as in [NS22]. Then, by the
description in [Nar17], a T-symmetric monoidal co-category whose underlying 7 -category is presentable factors
through the inclusion &1} C Cat if and only if its structure maps C?S — Cy are in Funf/ (C{%’S,CV); in the
language of [NS22], a presentably T-symmetric monoidal co-category is precisely a distributive T-symmetric
monoidal co-category whose underlying T -oo-category is presentable. N
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Hilman used the universal property of ® in [Hil24, Prop 6.7.5] to prove the formula
©) €@ D~ Fmff (C**.D).
Using this, for any presentable C, we have
CMon;(€) = Fun(Span; (E;),C)

=~ Funr(Span;(E7), @?(C, S7))

~ Funl}(C°, Fun} (Span, (). S7))

~C @ CMon,(S7).
In particular, this implies that the functor C — CMon,(C) is smashing. In fact, we can say more.
Notation 1.66. We say that a presentable T-ococategory is I-semiadditive if its underlying 7T-oo-category is

I-semiadditive, and we let Pr7L—’I_@ C Pr%— be the full subcategory spanned by I-semiadditive presentable

T-categories. q

It follows from Cnossen-Lenz-Linsken’s semiadditive closure theorem [CLL24, Thm B] that CMon,(—)
implements the localization functor

Pr%— — PrfLr’I_EB

left adjoint to the evident inclusion; by the above argument, we find that CMon,(—) is a smashing localization,
hence a symmetric monoidal localization; by [GGN15, Lemma 3.6], this implies that given C € CAlg(PrfLr),
there is a unique compatible commutative algebra structure on its localization CMon;(C). In other words,
we’ve shown the following.

Theorem A’. The localizing subcategory
CMon; : Prk = Pré-’li69 L

is smashing; in particular, if C® is a presentably symmetric monoidal T -category, then there is a unique
presentably symmetric monoidal T -co-category CMon? ~™°%¢(C) possessing a (necessarily unique) symmetric
monoidal lift

Fr® : C® — CMon? ™%(C)
of Fr® : C — CMon,(C).

Warning 1.67. Theorem A’ is not as genuinely equivariant as the user will often want, as it constructs
symmetric monoidal structures, but never norm maps. The author is content with this for the purposes of
this paper, as the algebraic interpretation of indexed tensor products of 7-operads is unclear. q
Observation 1.68. The T-category S+ is freely generated under 7-colimits by one 7T-point, in the sense
that evaluation at x5 yields an equivalence

Funk(S,,C) ~ TC.

In particular, every symmetric monoidal T-oco-category receives at most one symmetric monoidal 7T -left

adjoint from S; in the case C = §7X- the condition of Theorem A’ then may be read as saying that there is a

unique presentably symmetric monoidal structure on CMon, (S+) whose V-value has unit 13°9¢ = Fr(xy).
Furthermore, by Yoneda’s lemma, this unit is characterized by the property that

Mapy, (132°9°) Xy ) ~ Map(*y, X (V) ~ X(V). q

We'd like to identify this symmetric monoidal structure via a familiar formula. We have a candidate:
Proposition 1.69 ([BS24b, Prop 4.24], via [CHLL24, Prop 3.3.4]). If C is presentably symmetric monoidal,
then the Day convolution structure on Fun(Span(Fy),C) with respect to the smash product on Span(F) is

compatible with the localization
Lgeg : PCMony(C) — CMon7(C)

Proof. By the general criterion [CHLL24, Prop 3.3.4], it suffices to verify that A4 A— : Span(F7) — Span(F7)
is product-preserving, which follows by the fact that it is colimit preserving and Span(F7) is semiadditive. O

The rest of this subsection is dedicated to showing that this models the mode symmetric monoidal
structure.
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Theorem 1.70. The localization T -functor
Lgeg - PCMon?ﬂy(C) — CMOH?OdC(C)

possesses a unique symmetric monoidal structure, i.e. CMonr~F°d° (C) is the localized Day convolution symmetric

monoidal structure prescribed by Proposition 1.69.

We explicitly import the following lemma from the proof of [CHLL24, Prop 3.3.4].

Lemma 1.71. If y : Span(F;) — PCMon(S) denotes the Yoneda embedding, then there is a T -natural
equivalence

hom‘lj'CMonj(C) (y(A)7X) ~ X(A+ A —).

Proof of Theorem 1.70. Applying the diagram
PCMon,;(C) ~ PCMon;(S)®C

lLSeg J/LSeg

CMon;(C) CMon;(S)®C

14

1

of [CHLL24, Prop 3.3.4], we find that it suffices to prove this in the case C = S.
The T-Yoneda embedding is T-symmetric monoidal for the 7-Day convolution by [NS22, Thm 6.0.12],

S0 leay ~ y(xy). Hence Yoneda’s lemma and Lemma 1.71 yields that

MapV(l\]:/)ay7 XV) =~ Map(:U(*V)v X) = X(V)7
which implies that 1P% ~ 1m°d¢ and hence the theorem by Observation 1.68. ]

Remark 1.72. It is not likely that it is necessary for 7 to be atomic orbital in the above argument; indeed,
for CMon;(C) := Funy(Span;(F;),C) to implement I-semiadditivization, it suffices to assume that I is
a weak indexing category with respect to an implicit atomic orbital subcategory P C T (c.f. [CLL23b;
CLL24]). Unfortunately, the author is not aware of a symmetric monodial structure on partially presentable
T-categories, and developing such a thing would lead us far afield from our current operadic goals. N

1.4. The homotopy I-symmetric monoidal d-category. Recall that, for d > —1, a space X is d-truncated
if 7, X =0 for all m > d. We say that X is (—2)-truncated if it is empty.

Recall that a d-truncated oo-category (i.e. a (d + 1)-category) is an oco-category C such that Map(X,Y)
is d-truncated for all X,Y € C. We say that an oo-category is a —1-category if it is either * or empty. In
general, we write Caty; C Cat for the full subcategory spanned by the co-categories with the property that
they are d-categories.

Lemma 1.73 ([HTT, Cor 2.3.4.8, Prop 2.3.4.12, Cor 2.3.4.19]). Catg is a (d + 1)-category; additionally, the
inclusion
Caty — Cat

has a right adjoint hy : Cat — Cat,.

Definition 1.74. The T -oo-category of small 7T -d-categories is

Catr ;= Coeff" Cat,;.
A T -poset is a T-0-category. If I C F is pullback-stable, the T -co-category of small I-symmetric monoidal
d-categories is

Cat%d := CMon;Cat,. N
Construction 1.75. By Lemmas 1.33 and 1.73 the functor Cat ; — Cat is an inclusion of a localizing
subcategory; let hr g : Cat — Catr ; be the associated left adjoint.

The mapping spaces in a product of categories is the product of the mapping spaces; in particular, the
inclusion Caty; — Cat is product-preserving. Hence Lemmas 1.53 and 1.73 construct an adjunction

hr.a: Cat}@ = Cat?d L.

whose right adjoint is fully faithful. We refer to ht 4 as the homotopy I-symmetric monoidal d-category. <
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The remainder of this subsection will be dedicated to constructing recognition results for 7-symmetric
monoidal d-categories, which will be useful throughout the remainder of the paper. We first reduce this
consideration to that of plain 7 -oco-categories; the following proposition follows by unwinding definitions and
noting that Cat,; <— Cat is closed under products.

Proposition 1.76. If I C Fr is a pullback-stable wide subcategory, then C® € Cat? is a I-symmetric
monoidal d-category if and only if its underlying T -oco-category C is a T -d-category.

Often in equivariant higher algebra, we will find that our objects come with natural maps to 7-1-
categories, and we’d like to develop a recognition theorem in this case in terms of mapping spaces.

Proposition 1.77. A T -co-category C is a T -d-category if and only if
Mor(C)y := Fun(A',Cy)=
is (d — 2)-truncated for all V € T.

Proof. By definition, it suffices to prove this in the case T = . Fix f,g € Mor(C). Then, we may present
Map(f, g) as a disjoint union over a, b of homotopies

WLX

al/lb

Y —— 7

For fixed a, b, this is either empty or equivalent to the component of the space Map(S*, Map(W, Z)) whose
underlying map is homotopic to bf. If C is a d-category, then this is (d — 2)-truncated; conversely, choosing
a,b=id and f = g, if this is (d — 2)-truncated for all f, then the mapping spaces of C are (d — 1)-truncated,
i.e. C is a d-category. O

Given ¢ : A — C and F : C — D, define the pullback T-space

Mor}(C) —— Mor(C)
BMw ——— Mor(D)

We say that F has (d — 1)-truncated mapping fibers if Morqfﬂ(C) is (d — 2)-truncated for all 1) € Mor(C).

Corollary 1.78. Suppose F : C — D is a T -functor and D is a T-1-category. Then, the following are
equivalent for d > 1:

(1) F has (d — 1)-truncated mapping fibers.
(2) C is a T-d-category.

Additionally, the following are equivalent.

(1°) F has (—1)-truncated mapping fibers.
(2°) F includes C as a T -subcategory of D.

Proof. The only nontrivial part is the equivalence between (1) and (2’), which follows quickly from Observa-
tion 1.12 after unwinding definitions. |

1.5. Examples of I-symmetric monoidal oco-categories. Throughout the following section, we will
occasionally use the technology of T-operads developed in [NS22], which we will go on to review in Section 2.
Crucially, when [ is a weak indexing category, we recognize [-symmetric monoidal co-categories as T-operads
cocartesian fibered over the weak N .-operad N I®oo; we refer to maps between the underlying 7-operads of
I-symmetric monoidal categories as lax I-symmetric monoidal functors.

We assure the skeptical reader that no results between this subsection and Section 4 reference the
results herein, so the forward references do not create cyclic dependency. This subsection is placed here in
order to encourage the reader to go into Section 2 with examples in mind; nevertheless, it would create no
logical inconsistencies to read this section shortly before Section 4.
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1.5.1. (Co)cartesian I-symmetric monoidal co-categories. Fix I a unital weak indexing system in the sense
of [Ste24]. Denote by Caty,Cat; C Caty the non-full subcategories with objects given by T-categories
attaining I-indexed coproducts (resp. products) and with morphisms given by T-functors which preserve
I-indexed coproducts (products). In Appendix B, we prove the following.

Theorem D’. There are fully faithful embeddings (=)' =", (=)= making the following commute:

\I-U \I—x
Cat? S M Cat? P, Cat;y

I

Cat

The image of (—)! =" is spanned by the I-symmetric monoidal co-categories whose indexed tensor products are
indexed coproducts, and the image of (=)'~ is spanned by those whose indexed tensor products are indexed
products.

We call I-symmetric monoidal co-categories of the form C'=" cocartesian, and C!=* cartesian.

Observation 1.79. Two opposing functors of co-categories L : C &= D : R are adjoint if and only if the
induced functors on their homotopy 1-categories are adjoint [RV17]; in particular, this applied to the pair
(f*, fe) in a fixed I-symmetric monoidal oo-category implies that an I-symmetric monoidal category is
(co)cartesian if and only if its homotopy I-symmetric monoidal 1-category is (co)cartesian. q

Before characterizing the algebras in these, we point out that these are often presentable.

Proposition 1.80. Suppose C is a presentable co-category

(1) Coeft” C is I-presentably symmetric monoidal under the cocartesian structure.
(2) If finite products in C commute with colimits separately in each variable (i.e. it is Cartesian closed),
then Coeff” C is I-presentably symmetric monoidal under the cartesian structure.

Proof. Tt follows from Hilman’s characterization of parameterized presentability [Hil24, Thm 6.1.2] that
Coeff” is presentable. By Observation 1.65, in each case we're tasked with proving that the 7-symmetric
monoidal structures are distributive. The first case is just commutativity of colimits with colimits, and the
second is [NS22, Prop 3.2.5]. O

We would like to interpret algebras in C!=* purely in terms of C using the following definition.

Definition 1.81. Fix O® an I-operad interpreted as a T-oco-category over F;. (c.f. Appendix A.1) and
let C be a T-oo-category admitting I-indexed products. Then, an O-monoid in C is a functor M : O® — C
satisfying the condition that, for each X = (Xy) € Og, the canonical maps M(X) — Colndy, M (Xy) realize
M (X) as the indexed product

s
M(X) ~ [ M(Xv). <
In Appendix B, we prove the following equivariaUnt lift to [HA, Prop 2.4.2.5].
Proposition 1.82. The postcomposition functor
Alg,(CT™*) = Funr(0%,0)
1s fully faithful with image spanned by the O-monoids.

The terminal I-operad is N/ fio, so we set the notation CAlgI (C) = Alg " (C) for the T-oo-category
of I-commutative algebras in C. Of fundamental importance is the following corollary to Proposition 1.82,
which interprets I-commutative monoids as operad algebras.

Corollary 1.83 (“CMon = CAlg”). There is a canonical equivalence CMon;(C) ~ CAlgI(CI_X) over C.



24 NATALIE STEWART

Proof. By Proposition 1.82, I-commutative algebras in C!~* are I-semiadditive functors E;. — C. Our
proof is similar to that of [Narl6, Thm 6.5]; There is a pullback square over C

CMon;(C) ———— CAlg,(CI=>) ~ n!~ @(FI*, )
Funz(C°?, CMon, (S7)) Funy(C°P, Fun' =% (E, ., 87))

so it suffices to prove this in the case C = S+. There, we simply compose equivalences as follows

CMon;(S+) = CAlg,(CT=>)

1.51i 1.821\

CMon;(8) —%5 Seggpan, (£, (S) 1% Sege, % Funl -9 (E, ,,S)

noting that each arrow is marked with a reference proving that it’s an equivalenc. O

Remark 1.84. As with much of the rest of this subsection, Corollary 1.83 possesses an alternative strategy
where both are shown to furnish the I-semiadditive closure, the latter using [CLL24, Thm B|. The above
argument was chosen for brevity, as its requisite parts are also needed elsewhere. q
Remark 1.85. In the case C ~ S, the analogous result was recently proved in [Mar24] for the co-category
of algebras over the graph G-operads corresponding with indexing systems. To the knowledge of the author,
this is one of the first concrete indications that the genuine operadic nerve of [Bon19] may induce equivalences
between oco-categories of algebras. N

Example 1.86. We briefly comment on why one may expect Corollary 1.83 in the context of of traditonal
equivariant algebra. In order to set this up, recall that the C, = Z/pZ-orbit category is the following:

< C[Cp/e] — *Cy ™ =id, r=r7 >;

in particular, a Cp-coefficient system of sets is precisely a pair of sets X., X¢,, an order-p-permutation of X,

and a map X¢, — X: “ Wwhich is Cp-equivariant for the trivial action on the codomain.® Coinduction in this
setting is given by

HCXMA—X

where 7* permutes the factors. One can see this by noting that this presents Map(C)/e, X ), where C,, acts

a+b[C /€]

on the domain. If Y € Coeff“rSet is a Cp-coeflicient system, then a map Y, — Y¢, has signature

Ya XY 5 Y,

The applicable associativity law for I-commutative algebras (with Cp-set arities) dictates that, for all
subdiagrams of the following that exist, they commute

YEXYh —— Yex Y —— Yo

>~

Yea X YC e YC

|

YaJrl

8 The notation of homotopy fixed points were placed here to remind the viewer that they are computed as the fixed points of
the Borel action on X, not due to any nontrivial homotopical considerations; following Elmendorf’s theorem, some authors refer
to X¢, as the genuine Cp-fixed points of the coefficient system, which is a terminological collision we would like to avoid.
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By [Ste24], there are six unital C), weak indexing systems. For variety, we describe I = A\ for A a nontrivial
irredicuble real orthogonal C,-representation; thus given an AX\-commutative monoid we have maps Y* — Y,
for all n, and maps ng x Yb — Yo, if and only if a < 1.

Note that the data of a (strict) AA-commutative algebra structure on Y is dictated by the unit
elements Y, < * — Y, the multiplication map Y? — Y., the transfer map Y, — Yc,, and the action map
Ye, xYe = Ye,. These are subject to the associativity /unitality condition that all maps Y& x Yh — Yé’; x Y
constructed out of composites of products of such maps agree; by closure of F 4, under self-indexed coproducts,
maps occur in those arities if and only if the map of arities a + b[Cp/e] — o’ + b [Cp/e] is in AX. Unwinding
definitions, this is exactly the data of an AA-commutative monoid. N

The cocartesian situation is more simple: the forgetful functor Alg,(C!~") — Funy(0,C) is an
equivalence. We study this more fully in Appendix B and Section 4.2.

1.5.2. Constructing I-symmetric monoidal co-categories from other I-symmetric monoidal oco-categories. Fix
I a one-object weak indexing system; that is, we assume that %y is [-admissible for all V € T, so that
I-commutative monoids have underlying 7-objects. In this subsection, we review some known equivariant
lifts to [HA, § 2.2.1].

When C® C Opy is an I-operad and D C C is a full T-subcategory. let D® C C® be the full subcategory
spanned by the objects belonging to

Dg = H Dy C H Cuy ~Cg.
UeOrb(S) UeOrb(S)

Note that the composite map D® — C® — Span;(F7) presents an I-operad by construction.

Theorem 1.87 ([NS22, § 2.9]). Let L® : B® — C® be an I-symmetric monoidal functor and let v : D < C
be a full T-subcategory. Then,

(1) (Doctrinal adjunction) Suppose the underlying T -functor L of L® participates in a T -adjunction
L:B=——=C:R
Then, L® has a unique lax [-symmetric monoidal right adjoint (i.e. map of I-operads) R® prolonging

R.
(2) (Full subcategories) Suppose that, for all S € Fy v, the S-indexed tensor functor

S
C®:Cs—>8v

restricts to a functor P ®S :Dg — Dy. Then, the I-operad D® constructed above is an I-symmetric
monoidal category, and the inclusion D® < C® is a symmetric monoidal functor prolonging i;
furthermore, D® is the unique I-symmetric monoidal category over C® prolonging i.

(8) (Localization) Suppose ¢ has a left adjoint L : C — D such that °®° : Cs — Cy preserves L-
equivalences. Then, D attains a I-symmetric monoidal structure together with an I-symmetric
functor L® : C® — D® prolonging L. Furthermore, the associated lax I-symmetric monoidal structure
on i is symmetric monoidal if and only if D satisfies the conditions of part (2).

In particular, if D is an I-symmetric monoidal localization, then its indexed tensor functors are computed by
s s
PR X ~L <C®XU> :
U U

Proof. (1) follows from [HA, Prop 7.3.2.6] on opposite categories. (2) is [NS22, Prop 2.9.1] and (3) is [NS22,
Thm 2.9.2]. The final statement follows by noting that the composite D® — C® — D® is the identity, hence
it is symmetric monoidal. O

1.5.3. The pointwise T -symmetric monoidal structure. Once more fix I a one-object weak indexing system.
In classical algebra, there are two well-known tensor products of functors F,G : C — D: when D is monoidal,
the pointwise tensor product sets F'@ G(C) = F(C) ® G(C), and when additionally C is monoidal, the Day
convolution product sets F ® G(—) to be the left Kan extension of the functor F(—) ® G(—) : C*> — D along
the tensor functor C2 — D.

[NS22] has equivariantly lifted of both structures. We first review pointwise indexed tensor products.
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Theorem 1.88 ([NS22, Thm 3.3.1, 3.3.3]). Let K be a T -oo-category, and C® a T -operad. Then, there exists

a unique (functorial) I-operad structure Funy(K,C)®P™ on Funy (K, C) satisfying the universal property
Algo (Funy (K, C)®~P%) ~ Fun, (K, Alg, (C))

for O € Op;. Furthermore, when C® is I-symmetric monoidal, Fun,(C,C)®~P™s js I-symmetric monoidal
and satisfies the universal property

Funl=® (D, Fun (K, C)®P*™*) ~ Funy (K, Fun’ ®(D,C)) .
If S is I-admissible, then the S-indexed pointwise tensor product has values

s
AS Dy (Fu) Cs ®

~ s, R

U
U

Dy Cy

Observation 1.89. Suppose F' : K’ — K is a functor. Then, the restriction and left Kan extension natural
transformations

F : Funy (K’,Mé—f‘g (D,C)) ——— Funy (K,Méf(g (D,C)) D B

yield I-symmetric monoidal functors Fun, (K/,C)* "™ = Fun, (K,C)® P prolonging the left Kan
extension and restriction functors between functor categories. In particular, give X € I'7K this yields a
symmetric monoidal lift evx : Fun(K,C)® P™s — C® of the ordinary evaluation 7-functor Fun,(K,C) —
Fun-({X},C) ~C. <
This establishes the pointwise structure as the cotensor in the oo-category of I-symmetric monoidal
oo-categories. We reserve a similar name for the exponential objects in Cat;9
Definition 1.90. Fix D®,C® a pair of I-symmetric monoidal categories. An I-symmetric monoidal category
Funéf®(D, C)®~PWs will be called the pointwise I-symmetric monoidal co-category of I-symmetric monoidal
functors from D to C if it satisfies the universal property

Funlf®(€,@5—7®(D,C)®7ptws) ~ Fun’~®(€ x D, C). <

We verify in Proposition 4.25 that the I-symmetric monoidal structure %%(C) of Theorem B is
the pointwise I-symmetric monoidal co-category of I-symmetric monoidal functors from the I-symmetric
monoidal envelope Env;O® to C, the former being defined in Section 2.5.° This is useful in part because it is
naturally compatible with the pointwise structure on functors:

Observation 1.91. Whenever @5-_(8(7), C)®~PtWs exists and its underlying T-oco-category is @5-_(8(7), C),
the forgetful natural transformation

Funl~® (€, Fund™®(D,€)® ") = Funy (£, Funl®(D, C))

yields an I-symmetric monoidal functor @IT_®(D, C)®~P™s — Fun,(D,C)® P™ by Yoneda’s lemma, and
this prolongs the forgetful 7-functor Mé-_‘@(D, C) = Fun,(D,C). <

1.5.4. Equivariant Day convolution. Once again fix I a one-color weak indexing category. The other structure
we recall is Day convolution.

Definition 1.92. Let O®,P® be I-operads. Then, the Day convolution I-operad Funs(O,C)®~P¥ if it
exists, is the unique I-operad possessing a natural equivalence
Algy (@T(O7C)®_Day) ~ Algo,p(0)

for all Q® ¢ Op;. q

Remark 1.93. Fun(0,C)®~P% is the exponential object in I-operads from P to O; said another way, if
0%, P® are I-symmetric monoidal co-categories, then commutative algebras in Fun,(O, C)®~Pa correspond
with lax I-symmetric monoidal functors P® — O%. q

9 The author suspects that this structure exists for arbitrary I-symmetric monoidal co-categories D®,C® by a similar
construction to that of [NS22, § 3.3]. However, as can be anticipated by the fact that such structure does not appear in the
nonequivariant case in [HA], this is not necessary for our present purposes, and would lead us too far afield to develop here.
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Theorem 1.94 (Day convolution monoidal case). Suppose O is an [-symmetric monoidal category and C®
is a I-operad. Then, the I-operad F‘unT((’),C)@’_Day exists and satisfies the following properties:

(1) The functor C +— Fun,(O,C)®~P% is the right adjoint in an adjoint pair
(=) x 0% : Op; == Op; : Funy (0, =)¥7"™;

(2) the underlying T -0o-category of Fun(0,C)®~P% js Fun(O,C);
(8) For all S € V and V-functors Oy — Cy, there ezists a V-left Kan extension diagram

(9 *>C —>CV

% i

®ytu
where ®° : Fun(0,C)s — Fun,(O,C)y is the S-indexed tensor functor.
(4) If C is a presentably I-symmetric monoidal co-category, then Fun,(O,C)®~P% is a presentably

I-symmetric monoidal co-category.
(5) FunT((’),C)®_Day is contravariantly functorial in O and covariantly functorial in C.

1.5.5. The smash product of pointed T -spaces. Let C be a T-oo-category possessing a terminal object x¢.
Then, the slice category C,, ~ C. embeds as a localizing subcategory

(10) C. C Fun(A' x T°P,C).

n [NS22, Ex 3.2.8], Al x T°P is given a T-symmetric monoidal structure satisfying the condition that
the associated Day convolution structure is compatible with the localization left adjoint to (10). Thus, C.
possesses a symmetric monoidal structure; we suspect that an analog of the argument of [GGN15] will show
that this is uniquely determined by its unit.

In any case, the localization functor Funyr(A! x T°P C) — C, is computed by the pushout

x5y

[—

In particular, we arrive at the formulas

XAY ~XxY/XVY MY X ~ Colndy/ X.

For instance, in the case 7 = Og, we have pointed representation spheres SV for all real orthogonal
G-representations V'; the above formulas compute the indexed tensor products

T
/\ SVi v §BGym; Vi
G/H;

1.5.6. The box product of I-commutative monoids and I-spectra. The spectral Mackey functor theorem of
[GM17] stipulates that

CMong(Sp) ~ lim ( LI Sa LLIN Sg>
whenever G is a finite group. We refer to the result of this as Sp. It was noted in [Nar16] that this satisfies
a universal property of G-stability, which we may generalize to 7.
Definition 1.95 (C.f. [CLL23a, Def 6.2.2]). Let I be an indexing system. Then, a T-oo-category C is I-stable
if it is I-semiadditive factors as
T°P — Cat®® < Cat,

i.e. it’s fiberwise-stable. N

If K consists of I-product diagrams and finite fiberwise limits, then we denote by CatI lez . Cat?flem

the oo-category of T-oco-categories with finite fiberwise limits and I-products, and CatI b C CatI e the
full subcategory spanned by I-stable T-oco-categories.



28 NATALIE STEWART

We denote by Sp ®(—) the postcomposition functor
Fun(7°P, Cat'*®) — Fun(7°P, Cat*').

Proposition 1.96 ([CLL23a, Cor 6.2.6]; c.f. [BH21, Def 1.5] or [Nar16, Thm 7.4]). The fully faithful inclusion
Catff“ — Catéflex has a right adjoint given by CMon;(Sp ®—).

In particular, this presents Sp; := CMon;(Sp) as the I-stabilization of T -spaces. We’ll endow this with
an equivariant symmetric monoidal structure, for which we need a definition.

By cite, the functor Span_ _(—): Trip?d°d — Cat is compatible with pullbacks. In particular, it sends
triples of I-symmetric monoidal categories to I-symmetric monoidal categories. Recall the following definition.

Definition 1.97 ([BH22; Ste24]). A pair of T-weak indexing category (Io,I,) is compatible if E; C E} is
an I,,-symmetric monoidal subcategory. q
Remark 1.98. By [Ste24], the subposet of weak indexing categories I,, such that (I, I,,) is compatible is a
lower-ray wlndexy <y,(z,) for the indexing category defined by

Frtyv = {S €Fy|F; CFE; closed under S-indexed products} . <

It follows from this that (E-,E; ,E;) C (Ef, B, Ef) is an I;;,-symmetric monoidal sub-adequate triple;
hence Span_7_(—) induces a map of I,,,-symmetric monoidal categories.

Span;, (E7) C Span(E;).
Observation 1.99. Fix C a presentably I,,-symmetric monoidal co-category. Then, left Kan extension
preserves product-preserving functors; hence the I,,-symmetric Day convolution structure preserves the full
subcategory
CMon; (C) C Fun(Span;, (Fy),C),
yielding an I,,-symmetric monoidal Day convolution structure on CMon; (C). In analogy to Lewis’ un-

published notes on the theory of Green functors [Lew81], we refer to this as the indezed box product, and
write

CMon, )" = CMon, (C)®~P»; 0% .= ®5. q

Remark 1.100. When C = CoeffT(’D), recall that Cnossen-Lenz-Linsken’s result Theorem 1.51 yields an
equivalence
CMon;, (Coeff” (D)) ~ Fun* (Span;, (F7),D);

in particular, unwinding definitions we find that there is a left Kan extension

H Span;, (Fu) Mu) pxorb(s) _2_, p
U€eOrh(S)
|
(COIndE)UGOrb(S)
v 03 My
Span; (Fv)

Define the V-geometric fixed points of M : Span; (Fy) — D to be the left Kan extension of M along the
“span of fixed points” functor 7 : Span; (Fy) — Span(Fy/). Composition of left Kan extensions then computes
the geometric fixed points formulas

Span;, (Fv) M D

CoI‘ndg \/
ro Span;_ (Fy) N

|

Span(F)

NY M

OV Ny M~adY M
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Span; (F )><2 DXQ/ D Span; (FV)><2 DXQ D
l \ TV’TV))J, (@, <I>VN)
Span; (FV) Span(F)*?
l Ai oV MedY N
Span(F) Span(F)

In particular, this yields the formula
VO My ~ ® oY My,
UeOrh(S)
extending the formulae of [HHR16, Prop B.199, Prop B.209].

29

<

Notably, if (I)n, I,) is a compatible pair of weak indexing systems, then Observation 1.99 constructs an
I,,-symmetric monoidal structure on Sp;_; the author expects that this will satisfy an I,,,-symmetric monoidal
universal property akin to that of spectra developed in [GGN15]. Before then, we summarize another result

from the literature.

Recollection 1.101. Let I C F be a pullback-stable subcategory, so that (F7,I) is a span pair in the
sense of [EH23]. Then, note that Fy is an oo-topos, so it is locally cartesian closed; hence [EH23, Rmk 2.4.7]
implies that (F7, I, F7) is a bispan triple in the sense of [EH23, Def 2.4.3], i.e. it possesses an oo-category

PIT := Bispan; ,;; (F7)
whose core is that F;, whose morphisms are bispans in Fy
SexLyor
with f € I, and whose 2-cells are equivalences
X —Y

<>

X — Y

T

and whose composition is defined by outer bispan in the following diagram:

T

VXSY4>X><SY l gl

V*>X‘/ Y —————— 7

VXb(YXZ(J*XXqY) HYXZ g*XXSY — g« X XgY

g \ / ™

(c.f. [EH23, Thm 2.5.1] and [BH18, Def 2.7]). Then, the oo category of homotopical I-Tambara functors in C

is the functor category
Tamb;(C) :== Fun* (P} ,C).
Furthermore, there is a product-preserving functor ¢ : Span;(Fy) — PIT which sends

S+—X ——T

|

S¢— X — T ——T
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In particular, this induces a forgetful functor U = ¢* : Tamb;(C) — CMony(C). <

The following theorem was proved in the discrete setting for 7 = Og independently by Chan and
Vekemens [Cha24; San23], and will appear for general 7 and I in upcomming work of Cnossen-Haugseng-
Lenz-Linskens

Corollary 1.102. There is a canonical equivalence

CAlg; (CMonZ(C)) ~ Tamb;(C)

2. EQUIVARIANT OPERADS AND THEIR BOARDMAN-VOGT TENSOR PRODUCTS

In Section 2.1, we begin by recalling rudiments of the theory of algebraic patterns and Segal objects
of [CH21] together with the theory of fibrous patterns and the Segal envelope of [BHS22]; in the case of
O = Span(F7), we show in Appendix A.1 that this recovers the theory of 7-symmetric monoidal oo-categories,
T-occ-operads (henceforth T-operads), and the T-symmetric monoidal envelope of [NS22].

Using the language of fibrous patterns, in Section 2.2 we define the Boardman Vogt tensor product, and
we show that it’s closed and compatible with the Segal envelope in Propositions 2.35 and 2.38. Following this,
in Section 2.3, we work out some basic structure and properties of I-operads, including the construction of

the weak Ny -operads of Theorem C. Then, in Section 2.4, we characterize the g—unit of Opy, and leverage
this to compute the T-categories underlying BV tensor products in general and operads of algebras in the
unital case.

Following this, in Section 2.5, we finally use the Segal envelope of [BHS22] to lift the Boardman-Vogt
tensor product to a symmetric monoidal structure on Op;. This culminates in the proof of the following
theorem.

Theorem B’. There exists a unique symmetric monoidal structure @?ﬁ on @T attaining a (necessarily
unique) symmetric monoidal structure on the fully faithful T -functor

Env/ET . @?ﬂ — Cat?ﬁ;?ﬁde,

Furthermore, %;82 satisfies the following properties.

(1) In the case T = *, there is a canonical symmetric monoidal equivalence OpS ~ Op%., where the
codomain has the symmetric monoidal structure of [BS24a]; in particular, the underlying tensor
product is equivalent to that of [BV73; HM23; HA].

(2) the underlying tensor functor — @BV O : Op; — Op possesses a right adjoint &g(—), whose
underlying T-oo-category is the T-co-category of algebras Alg ,(—); the associated oo-category is the
oo-category of algebras Algy,(—).

(3) The unit of Op% is the G-operad triv% defined in [NS22]; hence ﬁﬁiVT(O) ~ 0%,

(4) When C® is I-symmetric monoidal, Algg (C) is I-symmteric monoidal; furthermore, when O%® — P®
is a map of T -operads, the pullback T -functor

Alg?(C) — Algy (C)

is I-symmetric monoidal; in particular, if O® has one object, then pullback along the canonical map
triv® — O® presents the unique forgetful natural transformation

Alg(C) — C®,

which is I-symmetric monoidal when C is I-symmetric monoidal.
(5) When C® — D® is an I-symmetric monoidal functor, the induced lax I-symmetric monoidal functor

® ®
AlgO(C) — AlgO(D)
is I-symmetric monoidal.

References. The initial statement is Proposition 2.70; statement (1) is Proposition 2.56. Statement (2) is
Proposition 2.35 and Corollary 2.65. Statement (3) is Proposition 2.62. Statements (4) and (5) follow by
translating Proposition 2.37 to I-operads using Definitions 2.39 and 2.40. ]
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After this, we go on to study the underlying T -symmetric monoidal envelope functor in Section 2.6,
showing in Corollary 2.77 that it forms a fiberwise-monadic T-functor

sseq. : Op — Funy (25, S7);

in particular, we show that it is a conservative right 7-adjoint.

Last, in preparation for Section 3, we initiate in Section 2.7 the study of the localizing subcategory
of T-operads whose underlying 7T-symmetric sequence is (d — 1)-truncated, called T -d-operads; we show
in particular that the full 7-subcategory of %T spanned by T-operads whose S-ary spaces are empty or
contractible form a T -poset.

2.1. Recollections on algebraic patterns. An algebraic pattern is a collection of data encoding Segal
conditions for the purpose of homotopy-coherent algebra. This algebra is encoded in two constructions. First,
given a pattern O and a complete oo-category C, there is an co-category of Segal D-objects in C, which we
view as -monoids in C; these are presented as functors 9 — C satisfying a Segal condition.

We may view D-objects in Cat (aka Segal D-co-categories) as O-monoidal co-categories; these straighten
to cocartesian fibrations over O satisfying conditions. As in [HA, § 2], the condition of being a cocartesian
fibration may be relaxed to construct a form of operads parameterized by O, called fibrous O-patterns.

In contrast to the categorical patterns of [HA, § B], these are manifestly oo-categorical, and it is relatively
easy to construct push-pull adjunctions between categories of fibrous patterns over different algebraic patterns;
we found our theory of I-operads in this syntax for this reason, as the Boardman-Vogt tensor product is most
easily defined in terms of pushforward along maps of algebraic patterns.

The author would like to emphasize that the program surrounding algebraic patterns has achieved
many results not mentioned in this paper, as fibrous patterns only play a small role. For a significantly more
thorough and elegant treatment, we recommend [BHS22; CH21; CH23].

2.1.1. Algebraic patterns, Segal objects, and fibrous patterns.

Definition 2.1. An algebraic pattern is a triple (B, (B, B2<t), B¢!), where (B, B2?) is a factorization
system on B and B C B is a full subcategory.!’ The category AlgPatt C Fun(Q, Cat) is the full
subcategory spanned by algebraic patterns, where

(11) Q=¢e—e— e <

9

We refer to the morphisms in B as “inert morphisms,” morphisms in B2 as “active morphisms,’
and objects in B¢ as “elementary objects.”” When it is clear from context, we will abusively refer to the
triple (%, (Bin Bact), %el) simply by the underlying oco-category 8. We have a primary source of examples
as follows.

Construction 2.2. An adequate quadruple is the data of an adequate triple &}, Xy C X in the sense of
Section 1.2 together with a full subcategory Xy C Aj; the oo-category of adequate quadruples is the full
subcategory

Quad®®®d ¢ Fun(Q, Cat)

spanned by adequate quadruples, where Q is defined by Eq. (11).
Given an adequate quadruple Xp C A, C X D X}, the oo-category Span,, f(X ) has a canonical
factorization system by backwards and forward maps

AP < Span,, ;(X) < X},
We define the span pattern Span, ;(X'; Xp) via the data
e underlying oo-category Span,, (X),
e inert morphisms X;” C Span(X),

e active morphisms Xy C Span(X’), and
e clementary objects X' C ;7.

10 Throughout this paper, we adopt the definition of factorization system used in [CH21, Rmk 2.2], which does not assert
any lifting properties; that is, a facorization system on C is a pair of wide subcategories C¥,CR C C satisfying the condition that,

for all maps X i) X', the space of factorizations X Ly I X' with I € CF and r € CF is contractible.
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Given a map of quadruples (X, (Xp, Xy), Xo) — (¥, (W, V), Do) the associated functor Span, ;(X) —
Spany, f(y) preserves inert morphisms, active morphisms, and elementary objects by defintiion; hence the

functor Span_ _(—;—): Quad?®®©d — Fun(Q, Cat) descends to a functor
Span_ _(—;—): Quad®®®? — AlgPatt. <
In particular, postcomposition yields a functor
Fun(7°P, Quad®®?) — Fun(7°P, AlgPatt).

Example 2.3. When 7 is an oo-category, and I C Fy is a pullback-stable wide subcategory of a full
subcategory F.(;y C Fr (e.g. I = Fy for T orbital), we define the effective I-Burnside pattern

Span;(Fr) := Span,y, (Fe(ry; T NFepy) - <
Example 2.4. Given T an orbital co-category, we may define the co-category of finite pointed T -sets as
FT,* = Spa‘nshall(FT)?
where FS71— C F7 is the wide subcategory of summand inclusions. In fact, the class of summand inclusions is
restriction-stable, so this lifts to an algebraic pattern
totEr . =~ Spang; ., (totEs; T°P);

this possesses a canonical map of algebraic patterns
(12) ¢ 1 totEy , < Spangy (totE,; T°P) Y, Span(Fr). q

Algebraic patterns provide a general framework for algebraic structures satisfying the associated Segal
conditions, which are encoded in the notions of Segal objects.

Definition 2.5. Let C be a complete co-category and let O be an algebraic pattern. Then, the co-category
of Segal O-objects in C is the full subcategory Segs(C) C Fun(9,C) consisting of functors F' such that, for
every object O € O, the natural map
F(O)— lim F(E)
Eedy,

is an equivalence, where D%l )= O X 5in Dig / is the category of inert morphisms from O to an elementary

object. N
Remark 2.6. By [CH21, Lem 2.9], a functor F : © — C is a Segal D-object if and only if the associated
functor F|gime is right Kan extended from F|ge along the inclusion ¢ — Ot <

Example 2.7. We show in Lemma A.5 that, given I C F+ a pullback-stable subcategory, Span I(F7—)eZ1 )=

(F7—7 /Z)Op contains the set of orbits Orb(Z) as an initial subcategory. Hence there is an equivalence of full
subcategories
Segspan, (£, (C) = CMon, (C) C Fun(Span;(F7),C). q

One benefit of the framework of Segal objects is their general monadicity result.
Proposition 2.8 ([CH21, Cor 8.2]). if O is an algebraic pattern and C a presentable co-category, then the
forgetful functor

U : Segy(C) — Fun(0%,C)

is monadic; in particular, it is conservative.
Corollary 2.9. A morphism of I-commutative monoids is an equivalence if and only if its underlying
morphism of c(I)-objects is an equivalence; in particular, an I-symmetric monoidal functor F : C® — D® is
an equivalence if and only if the underlying c(I)-functor is an equivalence.

Another benefit of Segal objects is a rich framework for functoriality.
Definition 2.10. A morphism of algebraic patterns f : 8 — O is a called a:

e Segal morphism if pullback f* : Fun(9,C) — Fun(P,C) preserves Segal objects in any complete
oo-category C.
e strong Segal morphism if the associated functor f$ K B ;= D;l( xy, 18 initial. q
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Remark 2.11. [CH21, Lem 4.5] concludes that f is a Segal morphism if f* preserves Segal objects in
spaces. <

Example 2.12. We show in Proposition A.12 that, given any functor 7 — 7" of orbital co-categories, the
associated functor

Span(Fr) — Span(F7)

is a Segal morphism.
Additionally, in Corollary A.8, we show that the map ¢ of Eq. (12) is a segal morphism, constructing a
pullback map

CMOHT(C) = SegSpan(FT) (C) - SegtotET’* (C)

In [Bar23, Cor 2.64], conditions for a strong Segal morphism were developed concerning when their pullback
maps are equivalences, and these conditions were checked in [BHS22, Prop 5.2.14] in the case T = OZ; we
review their argument and extend it to arbitrary atomic orbital co-categories in Appendix A.1. The existence
of such an equivalence (not induced by a pattern) is not new, and to the author’s knowledge, first appeared
as [Nar16, Thm 6.5]. q

Many examples of algebraic patterns come from modeling interchanging algebraic structures via
compatible Segal conditions; these are corepresented by product patterns.

Lemma 2.13 ([CH21, Cor 5.5]). AlgPatt C Fun(Q, Cat) is a localizing subcategory; in particular, AlgPatt
has small limits.

Example 2.14. In particular, AlgPatt has products. By [CH21, Ex 5.7], there is an equivalence
Segm xsm/ (C) ~ Segy Segy: (C).

In particular, this combined with Example 2.7 gives a complete segal space model for I-symmetric monoidal
categories; indeed, the pattern A°Pf of [CH21, Ex 5.8] has Segal A°P-f-objects in C given by complete Segal
objects in C, specializing to the fact that

Segaop.s (S) ~ Cat,
and hence
Segnop.a (ST) 2 Segyop.eix por.t (S) = Segyop.a (Cat) ~ Catr,
where 7°P°P¢l ig the algberaic pattern with (’TOP’CI)C1 ~ (Tc’p’d)int o~ TOP o~ (T"’p’d)m. Additionally,
Segpops (CMony(8)) =~ Segnov.s xspan(Fr) (S) ~ Segspan(r,) (Cat) ~ CMony(Cat). <
Cartesian products of patterns play nicely with well-structured maps of patterns.
Lemma 2.15. Suppose [ : O — B and [’ : O = P are (resp. strong) Segal morphisms. Then,
Fxf:Ox0 —=PxP
is a (strong) Segal morphism.

Proof. The case of Segal morphisms follows immediately from Example 2.14, so we assume that f, f' are
strong Segal. Then, the induced map

1 ’el el . el el
Ix)px fx,) = (f % fl)(X,X’)/ (O x D/)(X,X’)/ — (P x ml)(fm,fm’)/
is a product of initial maps; it then follows that it is initial, since limits in product categories are computed

pointwise. 0

The unstraightening functor of [HTT] realizes Segn (Cato) as a full subcategory of Cat,, ;o consisting
of cocartesian fibrations satisfying Segal conditions; we relax this for the following definition, which is
equivalent to the original definition stated in [BHS22, Def 4.1.2] by [BHS22, Prop 4.1.6].

Definition 2.16. Let B8 be an algebraic pattern. A fibrous B-pattern is a map of algebraic patterns
w9 — B such that

(1) (inert morphisms) O has m-cocartesian lifts for inert morphisms of B,
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(2) (Segal condition for colors) For every active morphism w : Vo — V; in 9B, the functor

DV@ —  lim Dwa Vi
aE%?}l/ '
induced by cocartesian transport along w, is an equivalence, where w(_) : %‘;} T §B§> is the inert
morphism appearing in the inert-active factorization of a o w, and
(3) (Segal condition for multimorphisms) for every active morphism w : Vj — V7 in B and all objects
X, € D%Vi, the commutative square

MapD(Xo,Xl) — limae%(‘c}l/ MapD(Xo,waJXl)

| |

Mapgy (Vo, V1) —— limae%;ll/ Mapgs (Vo, wa,1 V1)

is cartesian.

We denote by Fbrs(8) C Catl/ngCocalrt the full subcategory spanned by the fibrous B-patterns, where the
latter category has objects the functors to B possessing cocartesian lifts over inert morphisms and morphisms
the functors preserving such cocartesian lifts. N

Remark 2.17. As noted in [BHS22, Rmk 4.1.8], in the presence of condition (3) above, condition (2) may
be weakened to assrt that the functor Oy, — lima€%$ , Ow. v, I8 a mp-equivalence. To match [BHS22,
1 .

Prop 4.1.6], we may even take the intermediate assumption that this functor induces an equivalence on
cores. 4

Example 2.18. Fibrous F,-patterns are equivalent to oo-operads (c.f. [HA]), and we will review in Appen-
dix A.1 a proof due to [BHS22] that fibrous F .-patterns are equivalent to the 7-oco-operads of [NS22]. «

A fibrous pattern 7 : O — 9B inherits a structure of an algebraic pattern whose inert morphisms consist
of m-cocartesian lifts of inert morpisms in B, whose active morphisms are abitrary lifts of active morphisms
in 9B, and whose elentary objects are spanned by lifts of elementary objects. This is canonical:

Proposition 2.19 ([BHS22, Cor 4.1.7]). Fibrous patterns are closed under composition for the above pattern
structure, inducing an equivalence

Fbrs(O) ~ Fbrs(B) /0.
Furthermore, fibrous B-patterns are well-behaved within Cat /g.

Proposition 2.20 ([BHS22, Cor 4.2.3]). The fully faithful functor U : Fbrs(B) — AlgPatt o participates in
an adjunction

U :Fbrs(B) —— AlgPatt/;B : Lrpys

We construct many Segal morphisms in Appendix A.3. Many more are constructed in the following
lemma, which follows from [CH21, Lem 9.10] after noting that the weak Segal fibrations of [CH21, Def 9.6]
are a generalization of Definition 2.16 (c.f. [BHS22, p. 31)).

Proposition 2.21 ([CH21, Lem 9.10]). Fibrous patterns are strong Segal morphisms.

2.1.2. The Segal envelope. In [BHS22, Lem 4.2.4] it was verified that a fibrous O-pattern is a cocartesian
fibration if and only if it’s the straightening of a Segal O-category; this lifts the fact that an operad C® is a
symmetric monoidal co-category if and only if the corresponding functor C® — F, is a cocartesian fibration.
We would like to describe adjunctions relating fibrous patterns to Segal objects, but to do so, we need a few
constructions.

Definition 2.22. Given Y — B a map of algebraic patterns, the Segal envelope of O over 9B is the horizontal
composite

Envg O —— Arat(9B) —t,®

I

O —m B
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Where Ar,(B) C Ar(®8) = Fun(A!,B) is the full subcategory spanned by active arrows. We denote the
envelope of the identity as
oy = Araet (B) - B. <
Let O be an algebraic pattern and w : X — Y an active map. Define the pullback square

ONw) ——— Ar(Dlm )

| e

D(;/l/ X Del (w( )k )Dmt % Dmt

where w_ D — D‘“ X/ sends a : Y — F to the inert map w, of the inert-active factorization of
X35y S E.

Definition 2.23. O is sound if, for all w : X — Y active, the associated map D (w) — D?}/ is initial. A
sound pattern O is soundly extendable if o5 is a Segal D-oco-category. <

Soundness as a condition allows one to simplify Segal conditions, yielding functoriality results for the
categories of Segal objects and fibrous patterns; sound extendibility reduces many instances of relative Segal
objects of [BHS22, Def 3.1.8] to a morphism with Segal domain by [BHS22, Obs 3.1.9] in the setting of the
Segal envelope. To that end, we prove the following in Proposition A.11 under the first assumption; the case
with the second assumption is [BHS22, Lem 4.1.19], and we proceed by an analogous argument.

Proposition 2.24. Suppose f : P — O is a Segal morphism and either O is soundly extendable or f is
strong Segal. Then, the pullback functor f* : Cat,p — Caty preserves fibrous patterns; in particular, the
associated functor

f* : Fbrs(D) — Fbrs(P)
has a left adjoint given by Lypysfi-

Example 2.25. We show in Lemma A.7 that Span(F7) is soundly extendable; hence Example 2.12 and Propo-
sition 2.24 together yield a functor

Op7 — Span(Fr);
we review a proof that this is an equivalence (originally due to [BHS22] when 7 = O¢) in Corollary A.8. <«

Given f : P — O a Segal morphism between algebraic patterns, we then define the composite functor

e Seg;gz{D Seg/f oo 4, Seg;/mJB

where ¢ is the map fitting into the following diagram:

BL-—— O

This participates in the following theorem, which was proved under a strong Segal assumption which is
rendered unnecessary by Proposition 2.24.

Theorem 2.26 ([BHS22, Prop 4.2.1, Prop 4.2.5, Thm 4.2.6, Rem 4.2.8]). Let O be a soundly extendable
pattern. Then, Enve is the left adjoint in an adjoint pair

Envg : Fbrs(9) == Segy(Cat) : Un.
By taking slice categories, this induces an adjunction

Envgafg : Fbrs(9) === Segy(Cat o) /v,
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whose left adjoint is fully faithful. Furthermore, if f: 9O — B is a Segal morphism between soundly extendable
patterns, the following diagram commutes:

nv/mfD
Sego (Cato) — U Fhrs(9) — 2 Segy (Catoy) /y —— 2 Fhrs(9)
T T
Segy (Cato) B Fbrs(B) W Segy (Catoo) oy, ~ n Fbrs(B)

We will make frequent use of product patterns, so we observe that they interact nicely with Segal
envelopes.

Observation 2.27. If O, are fibrous B-patterns, then their Segal envelopes satisfy

Enve s (9O X PB) = (O X P) Xpxs Aract(B x B)
~ (O Xy Araet(B)) X (P X3 Araet(B))
~ Envg () X Enve (P) <

2.1.3. Algebraic patterns vs categorical patterns. Adjacent to algebraic patterns is Lurie’s notion of categorical
patterns, as described in [HA, § B]. These make up a combinatorial model category capable of formalizing
fibrous patterns and Segal O-oco-categories.

Construction 2.28. Fix B an algebraic pattern and let

CatPatt(B) = <In,All, {ox}, O)
€
CatPattSCg(%) = (All,All, {07?}}‘/ O)
€

Unwinding definitions using [HA, Def B.0.19], we find that we’ve constructed left proper combinatorial
simplicial model structures for Fbrs(8) and Segg (Cat):

Fbrs(B) ~ (Set})
Seg(B) ~ (Set})

/CatPatt(B)
/CatPattSe8 (8)

Furthermore, this recovers Nardin-Shah’s model in the case B = Fr, [NS22, § 2.6].

Corollary 2.29 ([HA, Rmk B.2.5]). The projection map p : B x B’ — B induces adjunctions

* *

P P
A /\

Fbrs(B) L Fbrs (B x B) Segy (Cat) 1 Seggy . (Cat)
I T

2.2. Boardman-Vogt tensor products of fibrous patterns. If C is an co-category, we refer to ob-
jects in the oco-category Magma(C) C Fun(A!,C) spanned by arrows X x X — X as Magmas. Writing
AlgPatt°®  AlgPatt for the wide subcategory whose morphisms are Segal morphisms, we refer to elements
of Magma(AlgPatt5®) as Magmatic patterns.

Construction 2.30. Let 8 be a magmatic pattern. Then, the B-Boardman-Vogt tensor product is the
bifunctor %5/: Fbrs(B) x Fbrs(B) — Fbrs(B) defined by

ng::LFbrs(Dxme%x%Q%). <

We define this in order to have a mapping out property with respect to the following construction.
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Definition 2.31. Let 98 be a magmatic pattern and 9,3, Q fibrous B-patterns. Then, a bifunctor of fibrous
B patterns O x P — Q is a diagram in AlgPatt

OXP —— N

|

BxB L3 B

The collection of bifunctors fits into a full subcategory

BiFung (9,9; Q) C Fun(A® x A', AlgPatt)

Example 2.32. Let B be a fibrous B-pattern, and consider 28 to be a fibrous B-pattern via the identity.
Then, the category of fibrous B-patterns B x P — B is contractible, as it is equivalent to composite arrows
B xP =B x*B = B. N

Observation 2.33. There are natural equivalences
BiFung (O,93; Q) ~ F\lni/“%;cgcart(ﬁ) x P, 1 Q)
~ Funi/ngfcocart(m(g x ), Q)

~ Funint—cocart (D g m Q) q
~ /B s .

Following in the tradition started by the namesake [BV73, § 2.3], in Observation 5.21 we interpret
BiFung (9,93; Q) in the context of equivariant operads as interchanging O and P-algebra structures; as in
[BV73, Prop 2.19] and the variety of recontextualizations of their ideas (e.g. [HA; Weill], we additionally

BV
recognize this as O-algebras in P-algebras, making & into a closed tensor product.
Construction 2.34. Fix B a sound magmatic pattern, let F' : O x 8 — £ be a bifunctor of fibrous
B-patterns, and let € be a fibrous Q-pattern. We have a diagram

oL oxpha,

admitting push-pull adjunctions p, - p* and Fiy 4 F™* on Segal objects and fibrous patterns by Propositions 2.19
and 2.21 and Corollary 2.29. We define the pattern

ﬁ‘?‘/ﬂ(e) = p. "¢ € Fbrs(D);

this is the fibrous O-pattern of P-algebras in € over Q. In most cases, we will have Q = O = 9B, in which
case the information of a bifunctor B x P — B is simply that of a fibrous B-pattern B. In this case, we
simply write
® — ® “ .
Alg&p(Q:) = Algm/%(ef) € Fbrs(B);
this is the fibrous B-pattern of P-algebras in €. <
In the case Q = O = B, the above diagram refines to

id x7

B LB xP T 3«8 LB,

so the functor P — Alg%(@l) has a left adjoint computed by Lgpspu (id X), p*; explicitly, this is computed
on P’ by the fibrous localization of the diagonal composite

(B/ X ‘B ~ ﬂ_*m/

~
Tl'QXid J{
~

B x P
|

T XTI id Xy
s

BxB ——— B

By definition, this is precisely ' @BV R, so we’ve proved the following.
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BV
Proposition 2.35. The functor (=) ® O : Fbrs(B) — Fbrs(*B) is left adjoint to Algg(f).
BV
We additionally spell out a few useful characteristics of ® here. First, we describe functoriality.
Observation 2.36. Fix the fibrous B-pattern . Suppose we have bifunctors of fibrous B-patterns
F:OxP->Q« O xP: G
together with a morphism of fibrous B-patterns ¢ : B — P’ making the following diagram commute:

O xP
T ~I
o | P
O x P’

The right triangle possesses a Beck-Chevalley transformation
o = id 7" = 7',
which possesses a mate natural transformation 7, = m,p*, i.e. a “pullback” natural transformation

Algy, o(=) = Algd o (-).

We observe that, in all of the work above, we may have instead assumed that € € Seggy (Cat), in which

case all of our constructions land in Segy (Cat). Spelled out, this yields the following.

Proposition 2.37. Fiz O,8,9,¢ as in Construction 2.34. Then
(1) If € is a Segal Q-co-category, then Alg?}/g(@) is a Segal D-00-category

(2) if € — D is a morphism of Segal Q-co-categories, then the induced map Algg/n((f) — Algi/Q(Q)

is a morphism of Segal $J-00-categories.

(8) If B — R’ is a morphism of fibrous B-patterns and € is a Segal Q-0o-category, then the induced map

of fibrous patterns
® ®

is a functor of Segal O-0o-categories, i.e. it preserves cocartesian lifts for inert morphisms.

Finally, in analogy to [BS24a] we show that this tensor product is compatible with Segal envelopes.

Proposition 2.38. The following diagram commutes

BV

Fbrs(B)2 = Fbrs(B)

lEnv J{Env

Fun(B, Cat)? —2— Fun(B, Cat) Lsex, Segg (Cat)

Proof. Fix € a Segal B-oo-category. Then, there are natural equivalences

BV .
Fungeg . (Cat) (EnV(D ® %), Q) ~ Fun?%_xcécart (D x P, 1*C)

o~ Fun??,fir% (Envgwms (D x P), n*€)

(13) ~ Funfgty (Enve (9) x Enve (), 1)
~ Fun??ﬁart (Lch,u! (EHV% (D) X EnV‘B (m)) 76)
(14) ~ Funseg% (Cat) (LsegEnV% (D) ® EDV(‘B), Q:)

Equivalence Eq. (13) is Observation 2.27; Eq. (14) follows by symmetric monoidality of the Grothendieck

construction [Ram22]. The result then follows by Yoneda’s lemma.
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2.3. T-operads and [-operads.
Definition 2.39. The oo-category of T-operads is

Opy := Fbrs(Span(F7)).
More generally, when I C F is pullback-stable, the co-category of I-operads is
Op; := Fbrs(Span;(Fr)). <

By Proposition 2.19, if O® is an I-operad, then it has a natural pattern structure s.t. O%® — Span,;(F7)
is a morphism of patterns; the inert morphisms are cocartesian lifts of backwards maps, and the active maps
are arbitrary lifts of forwards maps.

Definition 2.40. The oco-category of O-monoidal co-categories is
Cat%l = Segne (Cat). <
When O® € Op; is terminal, we write Cat%9 = Cat%’ 13 Corollary A.6 yields an equivalence
Cat? ~ CMon;(Cat).

when [ is clear from context, we will frequently simply write Cat% for Cath.

Construction 2.41. We show in Proposition A.15 that the Cartesian product in F7 endows Span(F) with
the structure of a magmatic pattern in the sense of Section 2.2 via the smash product; we refer to the resulting
bifunctor as the Boardman-Vogt tensor product

0% & PP i= Liys (0% x P® — Span(Fy) x Span(Fr)) X

Definition 2.42. If O®, P® are I-operads, then an O-algebra in P is a map of I-operads O® — P®; the
oo-category of O-algebras in P is written

Algo(P) = Fun oo (09, P9).

The T -operad of O-algebras in P is given by the right adjoint Alg% (C) € Op to the Boardman-Vogt tensor
product (see Proposition 2.35). <

For us, the appropriate degree of generality for I will be that for which the pushforward functor
Opy — Op?ﬁ is simply given by postcomposition along the canonical functor ¢7 : Span;(F7) — Span(F);
this turns out to be a familiar setting.

Proposition 2.43 ([NS22, Ex 2.4.7]). Let I C Fy be a core-full subcategory. Then, the functor
NP = (SpanI(FT) LES Span(FT))
is a T-operad if and only if I is a weak indexing category in the sense of Definition 1.38.
If 0% ~ ./\/1®00 arises from Proposition 2.43, we say that O% is a weak N T -operad, and we write
CAlg7(C) == Algl, ()

for the T-operad of I-commutative algebras in C. We delay the proof of Proposition 2.43 until Page 42, first
developing some hands-on structural knowledge of T-operads and I-operads.

Fix I a weak indexing system. If C,D € Cat? are [-symmetric monoidal categories, we say that a lax
I-symmetric monoidal functor C® — D® is a map of their underlying 7T-operads; this is an I-symmetric
monoidal functor if and only if it lands in Cat?, i.e. if and only if it preserves cocartesian lifts for arbitrary
maps in Span;(F7). Then, Proposition 2.37 immediately implies the following.

Corollary 2.44. Fiz O® — P® g map of T-operads and C® — D® a map of T-symmetric monoidal
oo-categories. Then, Alg%(C) is a T -symmetric monoidal category, and the canonical lax T -symmetric
monoidal functors

Alg?(C) — AlgZ(C), Alg?(C) — Alg? (D)

are T -symmetric monoidal.
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Example 2.45. The terminal T-operad is presented by Comm?ﬁ = (Span(FT) 1, Span(FT)), and hence it
is a weak Noo.-operad; we write CAlg?ﬁ(C) = CAlg?T (C), and call these T -commutative algebras. For any

T-operad O%, pullback along the unique map O%® — Comm?ﬁ determines a unique natural T-symmetric
monoidal functor

CAlg?(C) — Alg (),

so we view T-commutative algbras as a universal T -equivariant algebraic structure. N

2.3.1. The structure of T -operads. The Segal conditions for fibrous Span(F7)-patterns were characterized
in [BHS22] in the case T = Og; we generalize this to weak indexing systems over general atomic orbital
oo-categories in Lemma A.5, and summarize the results here.

Construction 2.46. Given 7o : O® — Span;(F7) an I-operad and S € Fy, we define
Og = 75" (S).
Then, inert cocartesian lifts endow on (Oy )y 7 the structure of a T-category, formally given by the pullback
U(o®) —— 0%
[
T°P — Span(Fr)
We call this the underlying T -category, and refer to it as O when this doesn’t cause confusion. N

Proposition 2.47. A functor m: O%® — Span;(Fy) is an I-operad if and only if the following are satisfied:

(a) O% has m-cocartesian lifts for backwards maps in Span;(F7);
(b) (Segal condition for colors) For every S € Fr, cocartesian transport along the w-cocartesian lifts lying
over the inclusions (S <~ U = U | U € Orb(S)) together induce an equivalence

OS >~ H OU.
UeOrb(S)

where the category of S-colors is Og := 7~(S); and

(c) (Segal condition for multimorphisms) For every map of orbits T — S in I and pair of objects
(C,D) € Or x Oy, postcomposition with the w-cocartesian lifts D — Dy lying over the inclusions
(S« U=U|U € O0rb(9)) induces an equivalence

Maphs®(C, D)~ [] Mapys ™77 (C, Dy).
UeOrh(S)
where Ty =T xg U.
Furthermore, a cocartesian fibration w : O% — Span;(Fy) is an [-operad if and only if its unstraightening

Span;(F7) — Cat is an I-symmetric monoidal category.

Proof. Each of our conditions nearly matches with that of Definition 2.16, with the exception being that we
evaluate the limits on the sub-diagram Orb(S) C Span I(FT)QSI/; in fact, we show in Lemma A.2 that tgis is
an initial subcategory, implying the proposition. O

Remark 2.48. The existence of cocartesian lifts for backwards maps furnishes an equivlanece

Mapl5 T ~Y(C, Dy) ~ Mapli Y (Cr,,, Dyy),

where Cr,, € Or, is the Ty-tuple of colors underlying C. Hence in the presence of Conditions (a) and (b),
Condition (c) may equivalently stipulate that the map
Mapps ®(C,D) —»  [[ Mapgi Y (Cry, Do)
U€Orb(S)

is an equivalence. We will generally prefer this version, as the data of a T-operad is most naturally viewed as
living over the active (i.e. forward) maps. <
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Remark 2.49. Practicioners of [HA, Def 2.1.10] should note that, by Remark 2.17, we may weaken
Condition (b) to assert only that cocartesian transport induces a mp-surjection Og —  [[  Op; with this

UeOrh(S)
modification, Proposition 2.47 recovers Lurie’s definition of co-operads when T = . q
Using Proposition 2.47, we gain access to the structure spaces of T-operads.
Construction 2.50. Let O%® be a T-operad. When C,D € O® are objects, define
Mulp(C,D) := H Map:fo (C,D).
i (C)— (D)
active
In the case D € Og, S eFy,and C € O?, we write
O(C: D) = Ma IndVSHV(C D).
Similarly, given S € Fy,, with corresponding map 1 : IndVS — V, we define
O(S) := 1T O(C; D);
(C,D)EOSXOV
we will refer to this is the space of S-ary operations in O. N

We use this to define a litany of useful full subcategories of Op.
Definition 2.51. A T-operad O is:

at most one-colored if Oy € {@,x} forall V e T, ie. O(xy) € {,x} forall Ve T,

at least one-colored if Oy # S for all V € T,ie. Oxy) £ S forall V €T,

one-colored if O% is at least one-colored and at-most one colored,

almost E-unital if O(@y) = * whenever there exists some S # *y € Fy such that O(S) # @.
E-unital if O(@y) = * whenever O(xy ) # &.

almost-unital if O® is almost- E-unital and at least one-colored,

unital if O® is F-unital and at least one-colored,

almost-E-reduced if O% is almost- E-unital and at-most one colored,

E-reduced if O® is E-unital and at-most one colored,

almost-reduced if O% is almost-unital and one-colored, and

e reduced if O% is unital and one-colored. N

Construction 2.52. Given O% a one-colored T-operad, for any T + Indz;S , we have an equivalence
O(S) MapT(—IndVS—>V(IndTS V)

due to the existence of cocartesian lifts for inert morphisms. Hence, given a map U — V in T, composition
in Span(F7) induces a restriction map

v
Res(;

O(S) O(Resy; )
(15) 2 12

MaplndVS—ﬂ/(IndTS V) MapIndTSR—IndTSxVU—)U(IndT Resg S;U)

Furthermore, given a map of V-sets prg : T — S, write Ty ~ Ty xg U — U for the pullback, write
iT € Or for the object in O® corresponding with Indz;T7 and write ppy @ i¢T — ¢V for the structure map of
T. The composition map in O® restricts to fibers to yield a structure map

o) x [ o@y) ——— o)

U€Orh(S)

MapZ2 (iS; V) x MapZZs (iT,iS) —— Mapy” (iT;4iV)
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Lastly, note that every V-equivariant automorphism of S yields an automorphism of Ind@S over V,

leading to an action

(17)

ps : Auty (S) x O(S) —s O(S).

We refer to Resg as restriction, v as the composition, and pg as X-action. N

Proof of Proposition 2.43. Note that Conditions (IC-a) and (IC-c) are true by assumption (they were forced
on us in order to make Span;(F7) definable). We verify the conditions of Proposition 2.47 for I = Fr.

Note that Span;(F7) has unique lifts for backwards maps, so condition (a) follows always. Furthermore,

Span;(F7) always satisfies condition (b) by construction. Lastly, by unwiding definitions and noting that
there exists a map of spaces X — Y x @ = & if and only if X is empty, Observation 1.39 implies that (c) is
equivalent to Condition (IC-b). O

Remark 2.53. The structures of Egs. (15) to (17) are compatible in the following ways:

e The restriction maps are Borel equivariant:
{cocart lifts of Auty (S)} x Mappe (S, V) o——— {cocart lifts of Auty(S)} x Mappe (S, V)

/ Auty (S) x O(S) L O(9S)

ResW lRes% lResW ResW

Autyy (Resly S) x O(Res}y, S) —2— O(Resyy, S) /

/
\

%<

\
/

{cocart lifts of Autyy (Resyy, S)} x Mapgpe (Resyy S, U) ° Mapes (Resyy, S, W)

e The composition maps are Borel Auty (S) x [] Auty(Ty)-equivariant in an analogous way.
UcOrbs

e The identity map on *y yields an element 1y € %y which is taken to 1y by Resg.
e The map ~ is unital, i.e. for all pgy : Ind;CS — V, writing S and ¢V for the associated objects of
0®, the following commutes.

Map$sY (iS,iV) ————— (id {id}) ————— Map$3Y (i5,4V) x Mapids, (iS, iS)
(id,({1v})) ® O(*U \
UeOrb(S)
({id}.id) ({1v}, 1d 7
N2
Mapgs (iV,iV) x Map$3) (iS,iV) o aps(g%v (i8,iV)

e The map +y is compatible with restriction; given a composable pair of morphisms

T
Indvs

1
pTs Psv

-
Indz;T bTV 3 V,
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and U — V a map in T ,the following diagram commutes.

MapZ2 (iS,iV) x Map“”Ts (iT,45) ° MapZ%” (iT,iV)
0(5 [T O(Tv) . o)
U€eOrb(s)
Resyy lRes{’,V JRSSV Resy;
O (Resyy S) x [] O(Ty/) ———— O (Resy; S)
U’€Orb(S)

/

R R . R
Map ebW ?3V (iResyy S,iW) x Map ebW WTS(zRes% T,iResyy S) —o— Map ebW #TV (j Resyy T, iW)

e The map 7 is associative; given a collection of maps and composites

Ind{, R — ¢rr — Ind{ T — m$

\RS

writing i(—) = Ind{,— for the associated object of O, we have

MapZ3) (iS,iV) x Mapd’ (1T, iS) x MapZ&' (iR, iT) o ——— MapZf” (iT,iV) x Map{i’ (iR, iT)

- /7

<0(S)X I1 O(TU)>>< [T O(Rw) ——— O(T) x
UeOrb(Su) U€Orb(S) WeOrb(T)
WeOrb(Ty)

| ¥

T
7 o@S) x 11 <O(TU)>< I1 O(RW)> O(]_[RW> 7

U€eOrh(S) WeOrb(Ty)

v

o(S) x 1 O(ﬁRw> 2

w

UeOrb(S) \
Map22 (iS,iV) x Map9%® (iR, i) 0 Map22V (iR,iV)

Thus, passing to the homotopy category, the data of a T-operad supplies a discrete genuine 7T -operad in hoS
in the sense of Definition 5.4. N

2.3.2. The T -oo-category of T -operads. In fact, we may lift this to a T -co-category by the following.

Definition 2.54. We show in Proposition A.13 that Indy; : Span(Fy;) — Span(Fy) is a Segal morphism for
all maps U — V in T. We refer to the resulting 7 -oo-category

F_
Op, : T FO), Quadrdeaor P, pjopagpSesop Fors, oy

as the T -oo-category of T -operads. <
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Observation 2.55. The V-value of Op__ is Opy := Opy; the restriction functor Resy; : Opy — Opy is
implemented by the pullback

Res); O ——— 0%
| - |
Span(Fy) —— Span(Fy).
4

2.3.3. Comparison with Nardin-Shah T -co-operads. In Proposition A.1 and Corollary A.8, we prove the
following generalization of the contents of [BHS22, §5.2], which identifies our T -operads with those of [NS22].

Proposition 2.56. Suppose T is an atomic orbital oo-category. Then, s : Er , — Span(F7) implements
equivalences of categories

Caty ~ Segg (C);
Opy >~ Fbrs(Ef ).

Remark 2.57. By assumption, if O® is a fibrous Fr .-pattern, it possesses cocartesian lifts over all morphisms
in the composite O® — Er . — T°P. Thus, fibrous Fr ,-patterns possess total T-oo-categories, a fact which

we will use from time to time. N
Definition 2.58. Let O%®, P® be T-operads, Then, the 7 -co-category of O-algebras in P is
Alg, (P) = FuniT“f/*EC;ia“ (s* 0%, s*P?). <

Observation 2.59. Via Proposition 2.56, we find that FTAlgo (P) ~ Algy(P). Furthermore, we find that

Alg,(P)v =~ Fun'' ' (Resf, O%, Res, P?) = Algge,7 o(Res, O)

with restriction functors induced by functoriality of Resg. 4
2.4. The T-oco-category underlying 7-operads of algebras. Recall the underlying T -category functor
U : Op; — Caty of 77. In this subsection, we characterize the underlying 7-oo-category functor and its

BV
relationship with ® and Algé_a(f). One significant reason to study the underlying 7T-oco-category is the
following.

Observation 2.60. In the case C® is an I-symmetric monoidal category, U is a Segal Span;(F7)-pattern
and U(C?®) its underlying Span;(F7)¢-pattern. Hence the composite map

Cat? — Op; — Catr
is conservative by Proposition 2.8. N

Warning 2.61. The functor U is not conservative on Op.; indeed, users of (7-)operads will find that they
are often describing distinct algebraic theories as corepresented by one-object T-operads, yet every map
between one-object T-operads is a U-equivalence. N

2.4.1. The T -oco-category underlying %gﬂ(—) Let triv?ﬁ = N,%OO. The following proposition was originally
proved as [NS22, Cor 2.4.5], although it will eventually follow as an obvious special case of Proposition 3.8.
Proposition 2.62 ([NS22, Cor 2.4.5]). U implements an equivalence

Op7, jpive ~ Catr;
writing triv®(C) == U, L . (C), these are identified by the property

/triv®
Alg (P) ~ Funy(C,U(P%));

T O¢triv®(C)
in particular, triv® (=) : Caty — Opy is a fully faithful left adjoint to the underlying T -category.
These correspond with operads constructed in Proposition 2.43 if and only if C has at most one V-object
for each V, i.e. C = xx C *7 for a T-family F. In this case, we write

trive = triv® (xx) ~ N2

fOO



ON TENSOR PRODUCTS OF EQUIVARIANT COMMUTATIVE OPERADS 45

Observation 2.63. Proposition 2.62 directly implies that
triv®(C) ~ Lgps (C — T°P < Span(F7));
furthermore, if 7 posseses a terminal object V', then we have
triv?ﬁ ~ Lpps (x = {V} < Span(Fr). 4

In Corollary 3.14, we will show that triv?ﬁ- is idempotent with respect to the Boardman-Vogt tensor
product, and the associated smashing localization implements JF-Borelification. First, we show that triv?ﬁ is
the ]?X\;—unit.
Proposition 2.64. For all O® € Op;, we have O% ~ O® gi‘{trivg; hence there exists a natural equivalence

Alg®  (0) — 0°.

—2trivy
Proof. By Observation 2.63, the collection of bifunctors triv?ﬁ x O — P are precisely the functors of T-operads

O — P; put another way, this demonstrates that the forgetful natural transformation

AlgO®BVtriv (P> — AlgO (P)

BV
is a natural equivalence; Yoneda’s lemma then demonstrates that O® ® triv?ﬂ ~ 09,
For the remaining statement, we recite the folklore argument that the unit of a closed symmetric
monoidal structure corepresents the identity:

BV
Map(0%, Alg®  (P)) ~ Map <O® ® trlv?i,P‘X’)

trivy
~ Map(O®, P®)
so Yoneda’s lemma yields a natural equivalence AlgiivT (P) =~ P%. O

Using this, we have a sequence of natural equivalences
UAIgS(P) = Alg,,, Alg}(P)
~ Alg, Alg|, (P)
~ Alg oo, (P)
~ Alg ,(P);
in particular, we’ve proved the following corollary.

Corollary 2.65. There exists a natural equivalence
UAlg? (P) ~ Alg (P).

2.5. Envelopes and canonical coherences for the T-BV tensor product. In [NS22], a left adjoint to
the inclusion U : CMonyCat — Op; was constructed, called the 7 -symmetric monoidal envelope. This was
greatly generalized by Theorem 2.26 in view of Propositions 2.47 and 2.56. For convenience, we spell this out
here.

Corollary 2.66. If P® — O% is a map of T-operads, then the following diagram consists of maps of
T -operads

EnvoP® —— Ar*" (0®) —— 0%
| |
P — s 0%
and the top horizontal composition is an O-monoidal co-category.

When 0% ~ N7 _, we simply write Env;(—) :== Enva,_ (—); when O% ~ Comm%, we write Env(—) =
Envcommy (—). Record a convenient property of the 7-symmetric monoidal envelope here, which follows
by unwinding definitions, and allows us to reduce some structural questions about I-operads to equivariant

higher category theory.
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Lemma 2.67. If O € Op}°, the mapping fiber of Envi(O) over a map ¢ : S — T is

v T o Ma® (15 4
MapEnv;(O)ﬁSpanI(FT) (ZS7 ZT) - Map@@ (Z‘Sv ’LT)

Example 2.68. Let I be a weak indexing category. Then, unwinding definitions, we find that

Env NP ~ Fi=s
where F; C F+ is the full T-subcategory defined in Section 1.2, i.e. it is the I-symmetric monoidal subcategory
generated by {xy | V € ¢(I)}. <
Example 2.69. In the case of N, {@OO € Opy, unwinding definitions, we find that
Fy, Vecl)

b (EnvNiso )y, = F.on;
(EnvAroo )y {@ otherwise. (D)

furthermore, applying Lemma 2.67, we find that

T T
. e ¢ oa ) * IndyS —IndyT € I;
MapEnv(O)v—>Fv (i5;1T) = Map g (1.551T) = {@ otherwise.

FTLI

In particular, this is a 7-symmetric monoidal (non-full) subcategory of EIIVCOI’HH’IT ~ , which we

denote by
T—-U T-U
FI wide ET :

By inspection, Envy : Op; — Cat?i’ JEu retricts to an embedding of posets windexy < SubCaté(Eg) with
image the subcategories which are equifibered in the sense of [BHS22]. N

We proved that Env : @T — CMon; was compatible with the localized Day convolution tensor product
as Proposition 2.38, and that these are the binary tensor products in the mode symmetric monoidal structure
on Cat?i in Theorem 1.70, i.e.

(18) Env (0® ® 7>®> ~ EnvO® @mode Enyp®,

BV
In particular, we prove in Corollary F without using coherences that Comm? is ®-idempotent, so Eq. (18)
implies that EnvCommT ~ FT Y is @medejdempotent. We use this in the following to Eq. (18) to a sliced

statement, canonically lifting ® to a symmetric monoidal structure.

BV
Proposition 2.70. OpT C Cat?® L s ®-closed, and ® acts on @?ﬁ as ®; hence there exists a unique

=T /BT
BV
symmetric monoidal T -co-category lifting ® such that the composite T -functor

Op% — Cat?

®
Op~ 7/;u—>CatT

is symmetric monoidal.

Proof. Eq. (18) yields a commutative diagram

Env <(9® ® P®> —~— Env(0%) @Mede Env(P®)

| J

T—U ~ T—U o Mode g7 —U
%
FT ~ FT— gMode ET

Inverting the bottom map, we find that we’ve constructed an equivalence
Env/Fr ((9® ®BY 'P®) ~ A (Env/ET ((9®) @mode Ery/Er ('P®)) ~ Env/Fr (O®) mOde EnV/FT (7)®)
i.e. full T-subcategory Env/Fr . %7' C Cat JETH is ®-closed and the induced symmetric monoidal

BV
structure has bifunctor ®, as desired. O
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Corollary 2.71. When T = %, there is an equivalence of symmetric monoidal co-categories
Op? =~ Op,
where the latter is the Boardman-Vogt symmetric monoidal co-category of [BS24a]. In particular, this takes

g to the Boardman-Vogt tensor product of [BV'73; HM23; HA].

Proof. After Proposition A.1 and Corollary A.8, what remains is to produce a symmetric monoidal structure
on the equivalence Op, =~ Op_, over Catg. In fact, the forgetful functor Catg,,:u — Catg% is symmetric
monoidal (as all "unslicing" forgetful functors are), so Theorem A constructs a symmetric monoidal structure
on the composite induced Op? — Cat? | the latter having the mode symmetric monoidal structure. In fact,

BV
by [BS24a, Thm E], there is a unigue such structure, so the equivalence is symmetric monoidal, and ® is
taken to the tensor functor in OpZ , which is the tensor product of [HA]. |

2.6. The underlying 7-symmetric sequence. Set the notation X := F7 ., where the latter is the T-space
core of Example 1.35. We refer to this as the T-symmetric T -category, and we refer to Funy (X, C) as the
oo-category of T -symmetric sequences in C; in the case C = S+, we refer to Funy (X, S7) ~ Fun(totX,, S)
simply as the co-category of T -symmetric sequences.
Observation 2.72. For any adequate triple (X, Ay, Xt), the inclusion

X — Spanb)f(X)

induces an equivalence on cores. In particular, choosing (ET,EST'i',ET) (c.f. ?7), we find that the inclusion
(=)+ : Er — E4, induces an equivalence
FF~Fr. =5
In particular, unwinding definitions, we have the computation
Sroy 2 Fy H BAuty S
SeFy

and that the restriction map Xy, — X7y is induced by the forgetful maps B Auty S — B Auty 5. <

Observation 2.73. Under the equivalence Op, ~ Fbrs(ETJ), by Proposition 2.62, triv?i is modeled by the
inclusion ¥ < F1 . Every morphism in the associated factorization system on ¥+ is equivalent to an inert
morphism; hence there exist equivalences

Cati;t/;gi’gift ~ Fun(totXs, Cat) ~ Funy (X, Cat). <

Construction 2.74. Given 0% ¢ Op%‘fd, there is a structure map
o i ® t,/el L ®
Envotrivy o~ trivy X Comm® Ar*et/el(O) trivy
which is an inert-cocartesian fibration by pullback-stability of inert-cocartesian fibrations [BHS22, Obs 2.1.7].
The underlying T -symmetric sequence of O% is
(’)geq = Ungiv, Envotrivye € Fun(totX4, Cat).

Unwinding definitions, we find that there exists a cartesian square

O(S) —— Envotriv == totX; xg_ Ar®et/e(O)
. i
N e L [ — totX
so that OF,, is indeed a T-symmetric sequence. The associated functor is denoted
sseq : Opy — Fun(totX,, S). <

We will often use the following to reduce questions about T-operads to 7-symmetric sequences.

Proposition 2.75. Suppose a functor of T-operads ¢ : O — P satisfies the following conditions:
(a) @ induces surjective maps m1oOy — woPy for all V € T, and
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(b) for all V€ T, all S € Fy, all C € Og, and all D € Oy, the map ¢ induces equivalences
©: O(C; D) = P(pC; D).
Then @ is an equivalence of T -operads; in particular, the restricted functor
sseq : OpF — Fun(totX,, S)

is conservative.

To prove this, we proceed by reduction to the following observation.

Observation 2.76. If C — D is an equivalence of categories over &, then it preserves and reflects cocartesian
lifts of arrows in &; in particular, if ¢ : O® — P® is a morphism of T-operads who induces an equivalence
totyp : O® — P® between the total co-categories of the associated functors to Span(Fr), then its inverse
is also a morphism of T-operads. Said another way, we’ve observed that the functor tot : Op; — Cat is
conservative. N

Proof of Proposition 2.75. In view of Construction 2.74, the second statement follows immediately from the
first, since morphisms of reduced T-operads are automatically mp-isomorphisms by two-out-of-three. Fixing ¢
satisfying (a) and (b), we will prove that ¢ is an equivalence of 7T-operads. Using Observation 2.76, it suffices
to prove that toty is an equivalence of co-categories.

By the Segal condition for colors, we have an equivalence of arrows

700s =~ [lveoms) Oy
L‘OS ll‘[ PV
mPs =~ Ilveom(s) TPv

Since 1O ~ [[¢mOs, (a) implies that ¢ is essentially surjective. Furthermore, the Segal condition for
multimorphisms yields isomorphisms of arrows

Mapoe(C,D) =~ [I Map5(C;D) ~ I [I Map (C,1;Dy) = ]}[HO(CPV;DV)
14

fimC—nD f VeOrb(w(D))
[w J{I_Iso lLIHw J{HH‘P(T\/)
Mapps (9C,¢D) = ] Maph(pC;¢D) =[] [ Mapp (¢Csrv,¢Dy) = [[TTP(¢Cr-rv; eDv).
fimrC—7D f VeOrb(S) fv

the right arrow is an equivalence by (b), so the leftmost arrow is an equivalence, hence ¢ is fully faithful. O
The author learned the U, portion of the following argument from Thomas Blom.
Corollary 2.77. The functor sseqs : OpF* — Fun(totX,, S) is monadic and preserves sifted colimits.

Proof. By [BHS22, Cor 4.2.2], Op5? and Fun(totX,, S) are presentable, so by Barr-Beck [HA, Thm 4.7.3.5]
and the adjoint functor theorem [HTT, Cor 5.5.2.9], it suffices to prove that sseq is conservative and preesrves
limits and sifted colimits. Conservativity is Proposition 2.75, and (co)limits in functor categories are computed
pointwise by [HTT, Prop 5.1.2.2], so it suffices to prove that O — O(S) preseres limits and sifted colimits.
We separate this into manageable chunks via the following diagram:

Op%.C 0=0(S) S s S™o Map(Indz;S,V)
J/USeg eVIndz/—S,VT
Int—cocart,core—iso Ucocart core—iso Us ~\ X2
, _ Ucocart ~
Cat/ Span(Fr) Cat/ Span(Fr) Fun ((Span(FT) ) 7’5)

7 and ev, a7sv preserve (co)limits since they are evaluation of functor categories [HTT, Prop 5.1.2.2]. Ucocart

preserves limits and sifted colimits by [BHS22, Cor 2.1.5]. Useg preserves limits and sifted colimits, as each
commute with finite products.
By [Hau20, Prop 3.12], U, is equivalent to the forgetful functor

Alg(S/ Span(FT):Span(FT):) — S/ Span(F7),Span(F7)>»
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where S;e’y’y is a symmetric monoidal structure on S;yy ~ Syxy =~ Fun(Y x Y, S). This functor preserves
limits and sifted colimits by [HA, Prop 3.2.3.1], completing the argument. (|

In particular, this constructs a left adjoint
Fr : Funy (X, S7) = Fun(totX,, S) — OpT
to sseq. We lift this to a T-adjunction in the following construction.

Construction 2.78. The functor sseq is associated with a 7-functor sseq as in the following diagram

T T

0® trivl —— 0% trivy 0%
m m m
T .
%‘7’_0 (N %T,trivi,ei/ ——  Funy (Inﬁe A%7Op7) XOop {trivy}
ssqu/ l
T .
Fun (E7,S7) == Op7’,/triv§ ———— by (Inﬂe A%,@T) Xop, {trivy}
w w w
sseq O% Envetriv Envetriv Aret/el(0®)
- |
1 "l i
triv%32 triv?i 0%

By [HA, Prop 7.3.2.1], the pointwise left adjoints Fr lifts to a T-adjunction
d
sseq : %g‘f S Fun (24, Sy) : Fr,
i.e. Fr is compatible with restriction. N
2.7. O-algebras in T-symmetric monoidal d-categories. Recall that a space X is said to be d-truncated
if it is empty or m,(X,z) = * for all x € X and n > 0; in particular, X is (—1)-truncated precisely if it
is either empty or contractible. In Section 1.4, we applied this to mapping spaces to define T -symmetric

monoidal d-categories. In this section, we define a compatible notion of T -d-operads, centered on the following
result.

Proposition 2.79. Let O® be a T-operad and let d > —1. Then, the following conditions are equivalent:

(a) O(S) is d-truncated for all S € Fy .
(b) The T-functor EnvO — F. has d-truncated mapping fibers.

Proof. Let ¢ : T'— S be a map of T-sets over V. Then, by Lemma 2.67, we have an equivalence
Ma'pgnvo—)ET (ZTa ZS) = Mapl(g(g (ZT, ’LS)
U€Orh(S))

Given S € Fy, choosing ¥ : S — xy shows (b) implies (a). Conversely, since a product of spaces is
(d)-truncated precisely when its factors are, (a) implies (b). O

We define the full subcategory of d-operads
Lq - OpT,d — OpT

to be spanned by T-operads satisfying the condition that O(S) is (d — 1)-truncated for all S € Fy as in
Proposition 2.79. The following corollary then immediately follows from Proposition 2.79 and the mapping
fiber truncation characterizations of Corollary 1.78.
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Corollary 2.80. Let O® be a T -operad and let d > 1. The following conditions are equivalent:

(a) O is a d-operad, and
(b) EnvO® is a T-symmetric monoidal d-category.

Furthermore, the following conditions are equivalent:

(a’) O is a 0-operad, and
(b°) the T -symmetric monoidal functor EnvO® — ngu is a T -symmetric monoidal subcategory inclusion.

Corollary 2.81. The inclusion Opy ; < Opy has a left adjoint ht 4 satisfying
(h7,40) (5) = 7<aO(5).

Furthermore, when d > 1, this fits into the following diagram

h
[ T,d ®
Caty —— CatT’d

In particular, when C® is a T -symmetric monoidal d-category, the canonical map O% — hr 4O induces an
equivalence

Algy(C) ~ AlghT,do(C)-
Proof. By [BHS22, Prop 4.2.1], the image of the fully faithful functor Op, — Cat?ﬁ JET-u is spanned by the
W ET
equifibered T-symmetric monoidal co-categories, i.e. C® such that, given T'— S a map of finite T-sets, the
associated diagram

CT4>CS

I

Fr —— Fg

is cartesian. We separately argue in the case d > 1 and d = 0 that the image of this is closed under hy g; this
will imply that h7—7dEnv/ Er 0% corresponds with a T-d-operad h7,4O%, which computes the left adjoint to
the inclusios Op 4 C Opy by fully faithfulness of Env/Fro®.

We first consider the case d > 1. In this case, since hy 4 : Cat?— — Cat%d is applied pointwise, it
preserves equifibrations, so hT7dEnv/ Er 0% corresponds with a d-operad hy 40%.

The case d = 0 is similar, except that we are tasked with replacing equifibered T-symmetric monoidal
functors with an equifibered subcategory. In fact, subcategories are precisely (—1)-truncated maps in Cat, so
we may do this by taking the pointwise (—1)-truncation functor and applying [HTT, Prop 5.5.6.5] to see that
the result is equifibered. O

Corollary 2.82. Let O% be a T -d-operad.

(1) if d > 1, then Algy(P) is a d-category; hence Opy 4 is a (d + 1)-category.
(2) if d =0, then Algy(P) is either empty or contractible; hence Opr o is a poset.

Proof. In each case, the second statement follows from the first by noting that the mapping spaces in Op
are Alg,(P)~. For the first statements, note that

Algy(P) ~ Alg;, o (P) ~ Fun?

T JETY (EnvhyO®  EnvP®);

if d > 1, then this is a subcategory of a d-category, so it’s a d-category. If d = 0, then this category is either
empty or contractible since we verified that the map EnvO® — E;*“' is monic. O
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3. EQUIVARIANT ARITIES AND SUPPORT

Indexing systems were first defined in [BH15], and conjectured to classify the Nj..-operads. This was
separately verified in [BP21; GW18; NS22; Rub21a], each time introducing a different combinatorial expression
for indexing systems. These have seen extensive combinatorial study in e.g. [BBR21; BHKKNOPST23;
FOOQW22; HMOO22], which we do not repeat here. Instead, we carry out this program for the class of
arbitrary suboperads of Comm%?7 who may not contain colors above all orbits or cotain fold maps for all of
its colors; these will be called weak N -operads.

In Section 3.1, we finally define the arity support functor A : Opy — wlndexy. We go on in to finally
define weak N -operads, initially as the class of T-0-operads; we show that they are the image of a fully
faithful right adjoint to A in Corollary 3.10. Following these, in Section 3.2 we construct and characterize the
arity-Borelification and restriction adjunctions

Indy
_— B — /Iw\
Op; Op, Opy <—Rest/ — Opyy;
— BorIJ - \i/f
CoIndy

along the way, in Proposition 3.17, we compute the arity support of BV tensor products. Finally, we finish
the section in Section 3.3 by defining and characterizing a wide variety of I-operads of algebraic interest in
equivariant homotopy theory.

3.1. Arity support and weak N, T-operads.
Construction 3.1. Given O € Op, the arity support of O is the subcategory AO C F7 defined by
AO::{w:T—>S|MuI%(T;S)7A®}CFT 4
In particular, maps of operads O — P are functors over Span(F7), hence they induce maps O(S) —
O(P); this endows A with the structure of a functor
A : Opy — Sub(Fy),
where the codomain is the poset of subcategories of Fr.

Remark 3.2. A product is empty if and only if one of its factors is empty, so AO is equal to

AO = {HInd@Ti — Vi| Vi, O(T;) # @} cFr.

as a subcategory of F7; in particular, this implies that A factors as
Op, =7, Fun(totX,,S) — Sub(Fr).

However, we will see that A has smaller image than the right functor in Proposition 3.4, so the associated
essentially surjective functor will only factor through the essential image of sseq;, rather than the full
oo-category of T-symmetric sequences. <

Example 3.3. For all I € windexCaty, we have ANjo = I, so windexCatr C A(Op). <

Proposition 3.4. For all O® € Opy, the subcategory AO C Fr is a weak indexing category; hence
A(Opy) = windexCaty C Sub(F7).

Proof. The second statement follows from the first by Example 3.3, so it suffices to prove that O® € Op,
satisfies Conditions (IC-a) to (IC-c).

Our main trick in characterizing AQ is to leverage Construction 2.52 to transfer nonemptyness of the
structure spaces of O® backwards along the T-operad structure maps; indeed, there exists no map of spaces
X1 x Xo = Y] xYsifand only if Xp, Xo # @ and Y; = & for some 1.

Using this, Condition (IC-a) follows by unwinding definitions using existence of the arity restriction
map of Eq. (15). Similarly, Condition (IC-b) follows by unwinding definitions using the existence of the
operadic composition map of Eq. (16). Lastly, Condition (IC-c) follows by existence of the Auty (S)-action of
Eq. (17). O
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Definition 3.5. A T-operad O% is a weak N -operad if it is a T-0-operad, i.e. for all S € F, it satisfies
0O(S) € {x, o} VS € Fy.
A weak N-operad O% is an N -operad if it has n*y-ary operations for each V, i.e.
O(nxy) = x YV eT, neN. q
Remark 3.6. Unwinding definitions, a weak Ny -operad O® is an No-operad if and only if its arity support
AQ is an indexing category. 4
Recall that the mapping fibers of P® a reduced T-operad over backwards maps of Span(F7) are
contractible; the condition that P® is a 0-operad (i.e. Mulp(S;T) is (—1)-truncated) is equivalent by

Corollary 1.78 to the statement that the map P® — Span(F7) is a subcategory inclusion; by inspecting
mapping fibers, we find that P® = Span 4 (F7) as subcategories. We’ve proved the following.

Proposition 3.7. If P® is a weak N, -operad, then there is a unique equivalence P® ~ ./\/:?POO.
We use this to recognize weak N-operads as sub-terminal objects.
Proposition 3.8. Let O® be a T-operad and I a weak indexing system. Then there is an equivalence

x A0 <,

& otherwise.

(19) Algo(Niso) = {

In particular, there is a unique map O% — Nf?o witnessing a unique equivalence ho 7O% ~ foo.

Proof. All statements of this proposition follow immediately from Eq. (19), so it suffices to prove that
statement. By Corollaries 2.81 and 2.82, Opr is a poset; the proof shows

Algo(NE,) ~ Alghg,To(Nf@oo) €{2,%}.

By Proposition 3.7 it suffices to characterize precisely when there exist maps N j@oo - N ?oo.
In fact, unwinding definitions, we are asking for factorizations of subcategory inclusions

Span;(Fr) C Span;(F7) C Span(Fr);
this occurs if and only if I < J. O

Remark 3.9. By Corollary 2.77, the functor evg : O® — O(S) has a left adjoint Frg(—) : S — Op;
applying this to * € S, we find that O(S) ~ Algp,(,)(O)F; in particular, if P® has the property that
Alg,(P) € {x,o} for all 0%, then P® must be a weak No.-operad.

By [HTT, Rem 5.5.6.12], this demonstrates that the poset of sub-terminal objects Subop, (Comm%) is
spanned by the weak N .-operads, by Proposition 3.8, we then find that

Subop. (Comm?i) ~ wlndex. <

The following generalization of the indexing systems theorems of [BP21; GW18; NS22; Rub2la] then
immediately follows from Propositions 3.4 and 3.8.

Corollary 3.10. The functor of admissible maps admits a fully faithful right adjoint

A
—

(20) Opr L wlndexs
r¥®/
N,

(—)oo
whose image consists of the weak N -operads; furthermore, the following are equal full subcategories of Opy-:
Op; = OpTy/NIoo = Ail(WIndeXCatT)gl).

Observation 3.11. Let P be a property in {one-color, aE-unital, E-unital, almost-unital, unital, has finite fold maps}.
Then, note that
O%® has property P = AQO® has property P.
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In particular, Corollary 3.10 restricts to an adjunction

A
_—

Op7Pi 1 WIndexf—
®

N oo
<

3.2. Operadic restriction and arity-borelification. Given ¢ : 7' — T a functor of atomic orbital oo-
categories, we show in Proposition A.12 that the associated map of Burnside algeraic patterns Span(F7/) —
Span(F7) is a Segal morphism. In this section, we use this to to define various adjunctions between categories
of I-operads.

3.2.1. Arity borelification and its left adjoint.
Construction 3.12. Given a pair of related weak indexing systems I < J, we may write the composite map
of patterns
i Span;(Fery) — SpanJQFC(I) (FC(I)) — Span; (FC(J)) )

which is a Segal morphism by Propositions A.12 and A.14, and a J-operad by Proposition 2.43. We set
the notation EY := ¢}, and Bor{ = 1{*; in the case J = Fy and I = Fx for a F C T a T-family, we set
ET = EE; and Bork := BorE;. <

Similarly, let E{ : windexCaty <; — wlndexCats <; be the evident inclusion, with right adjoint
Bor] = () NF; : windexCats <; — windexCats <;. Note that these intertwine with A, i.e.

E{AO = AE]O; Bor] AO = ABor} O.
Corollary 3.13. For I < J weak indexing systems, E{ := 1},is an inclusion of a colocalizing T -subcategory
— B —
Op}@ i Op%’
- Y~ Bor{ —

whose terminal object is J\/‘{@oo. Furthermore, there is are equivalences

I'\® L A[®
Ef NG = NS,

’
Borj N ~ N©

, .
Borf Joo

Proof. The first sentence follows by the above argument. The computations follow by examining the structure
spaces of the resulting 7 -operads. O

Corollary 3.14 (Color-borelification). Given F € Famy is a T -family, there is a natural equivalence
Algtriv;(o) = F}-Ov
hence there is a natural equivalence
trivy E@;@V O® ~ ETBor 0%,
Proof. The first statement follows by noting that triv?f- ~ E}—triv?f-, so that
Algy;, - (0) ~ Algy, , (Borz(0)) ~ 70
by Proposition 2.64. The second statement then follows by Yoneda’s lemma, noting that
Algtriv;@@ (P) = AlgtrinAlg?; (P)
~T7 Alg,(P)
= AlgBor;O(Bor};P)
= AlgE;Bor;(’)(,P)' U
Given O € Op, we set ¢(O) = c(AO0) ={V | O(xy) # @}.
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Remark 3.15. As with all smashing localizations, Corollary 3.14 implies that InET. = {O® € op” | ¢(0) F}
BV
is a ®-ideal, i.e. if ¢(O) C F, and P?® is arbitrary, then ¢ ((’) ® ’P) C F. In particular, %? is a nonunital

symmetric monoidal full subcategory of Op¢. 4

Observation 3.16. There are natural equivalences
0% ?X\; Pe ~ O% Eg trivf’ogtriv% ]g Pe,
~ O®gtrivf’0m7)gp®,
~ 0% %Y trivég’oﬁcpgtriv%mp ]?8\; Pe,
= ZEQHCPBOI‘Z—OHC"P (0®) %%/ECTOchBOTZ—OncP (P®) )

BV
& ZEDch (BorcTOncP (O®) ® BorZOch (P®)> :

The ¢ONcP-operads Borlp.p (OF) and Bor/pn.p (P?) both have at least one color; hence we may compute
arbitrary tensor products of 7-operads via tensor products of equivariant operads with at least one color. «

Having done this, we may compute supports of arbitrary tensor products of T-operads.

Proposition 3.17. Suppose O®, P® are T -operads. Then,
ad TR T
Proof. By Observation 3.16, we have equivalences
BV
A (0% @ P®) = Elon.pA <B0rZOﬂcP (0%) @ Borlonep (73®)> )

so it suffices to prove the proposition in the case that O® and P® have at least one color.

In this case, first note that there exist maps

0% ® triv?i,triv?i RP® = 0% @ P®,

so that
AOV AP < A(OVP).

On the other hand, there exists a composite map
® & ® & ®
0% @ P¥ = Niow ® Nipo = Nioyapas @ Niovapee = Niovapeo:
hence A(OV P) < AOV AP. O

3.2.2. Results about reduced T-operads extend to the aE-reduced setting. Given I an aE-unital weak indexing
system, set the notation I := BorZ(I)I, where v(I) = {V | @ — V € I} is the family of units of I (c.f. [Ste24]).

Observation 3.18. For P an aF-unital T-operad, the following is a pushout diagram:

E] p Bor] pyP® ————— P?

T T

Boer)triv(P)® — triv(P)®

o(

-
Euep
Applying this for P® := NZ_, we have a diagram

Ioo?
® ®
NE ——— NP

g T

tI‘iVU(I) e trivc(I)
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Unwinding definitions, this constructs a pullback diagram

Alg,(C) ; Funr(P,C)
| |

AlgBorI(P)p (BorUT(P)C> — Fun,(p) (BorUT(p)’P,BorZ(p)C)

for all T-operads (hence T-symmetric monoidal categories) C. In particular, if P has at most one object (i.e.
it is aF-reduced, then the above diagram reads as

Alg,(C) ——— 17¢C
| |
T v(P)
AlgBoerp (Borv(p)C) — Ve

In particular, a P®-algebra structure is seen as simply a T-object together with a (reduced) Borﬁp)P@-algebra
structure on its v(P)-Borelification. q

Proposition 3.19. Suppose I is an almost-E-unital weak indexing system. Then, for a T -operad O%, the

BV
map BorZEI)C)@ — N7®oo ® O% s an equivalence if and only if the map

BV
Bor(f) : BorUT(I)(’)® — N%o ® BorUT(I)(’)®
s an equivalence.

Proof. Tensoring Eq. (21) with O® yields the following.
BV BV BV
Bl (Nfio © BO%T(I>O®> ~  EJBor,) <Nf®oo ® 0®> — N, ® 0%

EBor(f)T T i fT

T T ~ T T T
By nBoryy 0% = E]BorypBor1) 0% ———— Bor;)0®

In particular, we find that if f is an equivalence, then Bor(f) is an equivalence, and if Bor(f) is an equivalence,
then EBor(F) is an equivalence, so pushout stability of equivalences implies that f is an equivalence. (|

3.2.3. Operadic restriction and (co)induction. Recall from Construction 2.78 that the underlying T-symmetric
sequence forms a T -functor sseq : @;‘Ed — Fun (X4, S7); in particular, restrictions of V-operads correspond
with restrictions of V-symmetric sequences; We may use this to upgrade Corollary 3.10 to an adjunction of
T -categories.

Proposition 3.20. Res}’ NP ~NZ : more generally, Eq. (20) lifts to a a T-adjunction

W )
Resy; Ioo

A
4

@ - 1 windex
~_ >

®
N(*)OO

Proof. Restriction compatiblility of the underlying symmetric sequence implies that Res{/,v A0 =A Res‘(,v O,
lifting A to a T-functor %T — windex; whose V-value is A : Opy, — wlndexy . The right adjoints ./\/'(‘%)OO

uniquely lift to a right 7-adjoint to ./\/'((81)Oo by [HA, Prop 7.3.2.1], completing the proposition. |

Since A is a T-left adjoint, it is compatible with 7-colimits. Applying this for indexed coproducts, we
immediately acquire the following properties of A.
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Corollary 3.21. If O, P are T -operads, then we have
A(OUP)=A0V AP.

If Q is a V-operad, then we have
AInd{,Q = Ind], AQ.

We may compute use an analogous argument to that of [BHS22, Lem 4.1.13] to show that Op_
strongly admits 7-limits; since the fully faithful 7-functor Op_ — %%;ﬁ@;ﬁ) possesses pointwise left
adjoints (given by Lgnys), it possesses a T-left adjoint; in particular, we may compute 7-limits of T-
operads in %%;;ﬁ(cgr;) Then, an analogous argument using [BHS22, Prop 2.3.7] constructs T-limits in

Cati/r‘;;;r?fg;t in Fun,(Span(Fr), CatT)/FI*u’ which strongly admits 7-limits, as its a slice T-oo-category

of a functor T-oco-category into a T -oo-category which strongly admits 7-limits. In particular, this implies
that Res}; : Opy — Opy; has a right adjoint, which we call CoIndy; : Op;; — Opy,.

Proposition 3.22. If O® is a d-truncated V -operad, then Cohrldy(’)® is d-truncated.

Proof. This follows simply by taking right adjoints within the following diagram

w
Resy,

OPW,d OPV,d

Corollary 3.23. If LZ/— s totXy, — totX is the inclusion, then
sseq Colndy(’)® ~ Colnd“//v sseq O%;
in particular, we have

ACoIndy O = Colndy! AO.

Proof. The first statement follows by noting that Fr Res‘(/v = * Fr and taking right adjoints. For the second
statement, fix some S € Fy for U — W. In view of [Ste24], we're tasked with proving that O(S) # @ if and
only if for all U’ — W, we have O(Res}y, Indj} S) # @.

The pointwise formula for right Kan extension along 3y — Yy yields

(22) OS)~ lLm OT)~ lm O
Il s Sw T RCSEV, IndlY S~T

Note that a limit of spaces is nonempty if and only if its factors are nonempty; thus this limit is nonempty if
and only if O(Res(}, Ind}y S) is nonempty for all U’ — W, as desired. O

We care about Colndz,—(9® because it is a structure borne by norms of algebras.

Construction 3.24. Let P® — CoInd‘V}/O@’ be a functor of one-object I-operads, let C be a I-symmetric
monoidal co-category, and let V' — W be a transfer in I. Then, the adjunct map ¢ : ResyP — 0%
participates in a commutative diagram of symmetric monoidal functors

s w
Algo(Resl! €) —7 Alggew p(Resl! €) - Algp(C)

iUV lU v iUW
Ny

Cy Cy Cw

Intuitively, we view this situation as saying that CoInd{//V(9® bears the universal structure which is naturally
endowed on N{¥ X ranging across X € Alg,(C). <

3.3. Examples of I-operads. In this subsection, we survey various examples of I-operads which corepresent
notable algebraic theories.
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3.3.1. Basic examples of N®_ operads. Fix F C T be a T-family. In Section 2.4, we introduced the example

oo

trivg = N7 ~ ETtrive. It was verified in [NS22, Cor 2.4.5] that this is characterized by the algebras

triv, F
Algtriv;: (C) = F}-C7

BV
i.e. its algebras are F-objects. Furthermore, we used this in Corollary 3.14 to verify that trivy is ®-

BV
idempotent, with corresponding localizing subcategory consisting of the image of E}— (ie. (—) ® trive
implements color-borelification).

Example 3.25. Let 7 C T be a T-family, and denote by Ejq the weak indexing system satisfying
Sekp = S=xy or Se{@y |V eF}.

We set the notation E?I = /\/ﬁiw. Note that Eq. (21) specializes to a pushout presentation

TE® ®
ETE) —— EJ

@ 1.

triv?f-  — triv?ﬁ
Intuitively, this presents Eq_r-algebras as T-objects together with a distinguished “1-shaped element” of their
underlying F-objects; more precisely, the universal property for pushouts yields
1/
Alge, ,(C) =~ T7C xrpc (I7C) "

Furthermore, we prove a generalization of the following in Proposition 4.16.

BV
Corollary 3.26. Eo 5 is ®-idempotent, whose corresponding (smashing-)localizing subcategory of Op+
consists of those whose F-borelification is E-unital. Furthermore, Eo r is initial among almost-reduced operads
whose F-borelifications are unital.

N

Example 3.27. Let F5° be the minimal indexing system and I°° the corresponding indexing category, as
introduced in Section 1.2.3. We write EZ = N}%. q

E., paramterizes no transfers; we would like to use this to develop a naive model for E,-algebras.
Construction 3.28. Given O%® a T-operad, and V € T, we may form the V -value operad
ro® =iy, 0%,
where iy : Span(F) < Span(F;) is the map of patterns extending the coproduct preserving functor F < Fr

sending * — *y . Using this, we may set

I'70% .= lim 0%,
VeT

noting that this recovers I'V if V is terminal in 7. q

Unwinding definitions, we find that Corollary 1.50 implies that the map of patterns 7°P x Span(F) —
Span ;. (F7) induces equivalences on Segal objects, hence on fibrous patterns. Further unwinding definitions,
this yields an equivalence

Opje >~ Fun(7°P, Op).
In particular, this yields the following.

Proposition 3.29. The functor I'7 : Op+ — Op has a fully faithful left adjoint Infl” : Op — Op+ whose
image is spanned by the [°°-operads whose corresponding functors T°P — Op are constant.

. T .
In particular, we find that E2 ~ Infl’ EZ | i.e.

Alge (C) ~ Alge_(T7¢C);
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3.3.2. Fquivariant little disks/steiner operads. In [Bonl9], a genuine operadic nerve 1-categorical functor was
constructed between a model of graph-G operads and a model for G-operads. Later, in Section 5.1, we lift
this to a conservative functor of G-oo-categories

® .
N%: gOp,, = Op.
where gOpy = (9Opg)y is the oo-category presented by any of the Quillen-equivalent model categories

of dendroidal Segal H-operads, graph H-operads, or genuine H-operads (c.f. [BP22]) with their evident
restriction functors. Guillou and May construct the following.

Proposition 3.30. The little V-disks graph H-operads form a functor of G-1-categories

Repgrth,Emb (G)

— graph—Op o
the latter denoting the G-category whose H-value underlies the graph model structure for G-operads.

Using this, we define the G-operad
Ey := N®Dy,
where Dy is the little V-disks graph G-operad of [GM17], whose n-ary G x ¥, space has
Dy (n) := Emb®*"™(D(V) x n, D(V)) ~ Conf, (V)
by [GM17, Lem 1.2]. The resulting unital G-operad Ey was studied in [Hor19], who showed for instance that
Ev(S) ~ Emb™“"™(D(V) x S, D(V))# ~ ContH (V),

where
Conf (V) := colim Conf (W)
WCVvV
fin.dim
in view of Corollary 2.77.
Given V a real orthogonal G-representation, we let AV = AEy , i.e. AV corresponds with the weak

indexing system F 4y of finite H-sets admitting an embedding into V.

Proposition 3.31. Let G be a topological group, H C G a closed subgroup, S € Fyg a finite H-set admitting
an configuration v : S — W, and V, W real orthogonal G-representations whose associated map

ConfZ (V) — Conf¥ (Vv & W)
is an equivalence. Then, Conff (V) is contractible.

Proof. Note that linear interpolation to ¢ yields a deformation of Map’? (S,V @ W) onto the subspace
Map® (S, W) consisting of maps whose image has zero projection to V. The path of a point beginning in the
subspace Confg(V) C Confg(V @ W) consisting of configurations with zero projection to W lands within
Conf§ (V @ W) at all times; composing this deformation after the deformation retract Conf% (V @ W) =
Conf? (V) thus yields a deformation retract of ConfX (V @ W) onto {1}, so it is contractible.'’ By the
equivalence Conf% (V) ~ Conf§ (V @ W), the space Conf§ (V) is contractible as well. O

Remark 3.32. This is unsatisfying for a prominent reason; Fadell-Neuwirth’s original strategy for proving the
nonequivariant version of this benefits from significantly greater generality. In forthcoming work, the author
hopes to demonstrate using an equivariant lift of Fadell-Neuwirth’s homotopy fiber sequence to demonstrate
for instance that EJ}, is (d — 2)-connected for all d and V. <

We say that V' is a weak universe if it is a direct sum of infinitely many copies of a collection of
irreducible real orthogonal G-representations; equivalently, there is an equivalence V~V @ V.

11 Said explicitly, let h : [0,1] — ConfH (V & W) be the deformation retract onto those configurations with zero projection
to W. Then, our deformation retract h’ onto ¢(w) is computed by

2—20)-h(1)+ (2t —1)¢ t> 1L
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Corollary 3.33. If there exists an equivalence E% o~ E§®W’ then the canonical map BorZ;WE{i}) — NSOW 18
an equivalence; in particular, if V is a weak universe, then the canonical map
® ()
EV = Ny
is an equivalence.

Observation 3.34. If V is a universe (i.e. it is a weak universe admitting a positive-dimensional fixed
point locus), then it admits embeddings of all finite sets; hence it is not just a weak N.-operad, but an
Noo-operad. N

Because of the above observation, much study has been dedicated to the less general setting of universes;
here, Rubin has given a complete and simple characterization of those indexing systems (equivalently, transfer
systems) occurring as the arity-support of an Ey-operad in [Rub21a], where they are modelled via Steiner
operads. Nevertheless, we do not need this assumption to work with Ey .

Corollary H (Equivariant infinitary Dunn additivity). Let G be a finite group and V,W real orthogonal
G-representations satisfying at least one of the following conditions:

(a) V,W are weak G-universes, or
(b) the canonical map ES ~ E%@W is an equivalence.

Then the canonical map
® 2 ee ®
Ey ® By = Evew
s an equivalence; equivalently, for any G-symmetric monoidal category C, the pullback functors
Alge, A1g§w (€) « Alge,,,,, (C) — Alge,, Alggv ©)
are equivalences.

Proof. Given Corollary 3.33, case (a) follows from Theorem G and case (b) follows from ?7?. O

Example 3.35. Let p be prime and let A be an irreducible real orthogonal C)-representation given by rotating
the plane (or line if p = 2) by a primitive pth root of unity. Then, we may explicitly describe AcoA = AX by
noting that it has infinitely many orbits of type [C},/e] and exactly one orbit of type *¢,; this implies that it
admits a Cp-equivariant embeddings of the Cp-set a xc, +b[C)/e] if and only if a < 1.

Moreover, the underlying vector space of A is positive-dimensional, so it admits embeddings of a*. for
all a. Hence we’ve completely characterized the weak indexing system, and it matches windex. N

3.3.3. Equivariant linear isometries. Let V be a real orthogonal G-representation. The nth space of the
linear isometries operad L(V'), given by the linear isometries £(V"™, V'), canonically acquires an action of
G x ¥, where G acts on V. Hence it presents a graph G-operad.

Proposition 3.36. The V-linear isometries H-operads form a functor of G-1-categories

RepOrth,Emb

We refer to the associated G-operad simply as Ly. The following result is claimed frequently in the
literature, but the author was not able to find a proof; instead, she could only references recursively claiming
it to be analogous to the nonequivariant case. We find this to be true, but spell it out regardless.

Proposition 3.37. For any weak G-universe V., Ly is an N -operad.
Note that V being a weak G-universe is equivalent to existence of an equivalence
VVeV;
hence it suffices to prove that Ly is a weak N -operad. Unwinding definitions, we find that its space of
S-ary operations are given by the I'g-fixed points
Ly (S) =~ L(VESL Vs ~ L(VES V),

where V¥ is the S-fold direct sum V&5 ~ &P Ind% Res V. Thus, it suffices to prove the following.
G/HEOrb(S)

Lemma 3.38. If V is a weak G-universe and W a real orthogonal G-representation, then the space of
equivariant linear isometric embeddings L(W, V') is either empty or contractible.
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Proof. Assume W embeds into V', and fix ¢ one such embedding. Unsurprisingly, we perform an analogous
swindle to [May77]

Indeed, we write a decomposition V ~ V @V, and we perform a sequence of linear deformation retracts
of LW, V) ~ LW,V & V); the first deforms linearly onto those linear isometries intersecting trivially with
the first summand, and the second deforms linearly onto ¢ & 0. ]

Thus, Theorem G will imply the following.
Corollary 3.39. Given U,V weak universes, ﬁ% ® E% is an Nyo-operad.

Example 3.40. If V is a weak G-universe with 0-dimensional fixed points, then it only embeds its self-

induction from subgroups H C G such that V' = 0; indeed, we have (Indg Resg V)G ~ VH,

In particular, if A is an irreducible C), representation rotating the plane (or line when p = 2) by a
primitive pth root of unity, the above argument shows that the canonical map EZ — [,;8; 5 is an equivalence. <
Example 3.41 ([Rub2la, Prop 5.2, Cor 5.4]). The following conditions are equivalent:

(a) V is a complete G-universe;
(b) ALy contains the transfer e C G;
(c) LY ~ Comm. <
The author is not aware of how to compute ALy in general. In fact, we can’t even reduce to irreducibles
in the obvious way, as shown by the following disturbing fact.

BV
Remark 3.42. We do not attain an equivalence E% ® LE ~ E%@v' We see this from Example 3.41, since
there are exactly 2 C)-indexing systems, given by E%‘; and Ecp- This directly implies that

E?p i ™ Eg

for all 4, where A, (i) is the 2-dimensional real orthogonal C)-representation on which a fixed generator acts
by rotating by 27 /i; hence the canonical map

p
ES ~ QLYo = Lo rm = Fo,
=0

is not an equivalence. q

3.3.4. Rubin’s combinatorial free and associative G-operads. We will see in Section 5.2 that discrete genuine
G-operads are equivalent to G-1-operads over G-symmetric sequences. A rich source of these is Rubin’s N
operads [Rub21a].

In particular, in the setting of graph operads, much is said in [Rub2la, § 4] concerning free and assiative
graph G-operads on symmetric sequences in G-sets; for instance, he realizes arbitrary indexing systems via
free and associative graph G-operads. Unforunately, the author is not aware of a uniform scheme to translate
between G-symmetric sequences of sets and symmetric sequences of G-sets, so we do not comment at depth
about these; the author believes that it is likely that Rubin’s characterizations carry over, and can form a
basis for a discrete notion of equivariantly associative algebraic structures extending the Ey family.

4. EQUIVARIANT ALGEBRAS

Philosophical remark 4.1. The restricted coYoneda embedding
Opy —— Cat?i’/E# — Cat? —— Fun(Cat%, Cat)
w w w w
0® — Env/Fr 0% —— EavO® — Algy(—)

is conservative; indeed, the first and last arrow are fully faithful, and the middle is conservative as it simply
forgets the structure map to E‘:'r. hence T-operads are determined conservatively by their theories of algebras
on T -symmetric monoidal categories
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On the other hand, the right adjoint Cat?— — Opy is full on cores, since automorphisms over B
automatically preserve cocartesian lifts. Hence the associated map of spaces

Cat~ Op7 Fun(Op, Cat)~
w w
C® Alg ()

is a summand inclusion. That is, a T-symmetric monoidal category is determined (functorially on equivalences)
by its categories of O-algebras for each O € Op. <

Following along these lines, we further restrict our view from O-algebras in T-symmetric monoidal
categories to a universal case; on one hand, in Section 4.1 we prove that the functor Alg_)(S7) : Op“7—ni — Cat
is conservative by explicitly computing its monad. On the other hand, S+ is cartesian in the sense of
Theorem D, so Proposition 1.82 expresses its algebras category-theoretically as O-monoids.

We show in Corollary 4.5 that %?(CI ~*) is a cartesian; by Theorem 1.48 and Corollary 1.83,
its underlying 7-symmetric monoidal category Cat;(C!=*) ~ CMon,(C) is I-semiadditive so %? (S+)
is a cocartesian I-symmetric monoidal category. We use this in Section 4.2 to bootstrap to the general
case, proving that CAlgf.9 (C) is I-cocartesian for all C®, i.e. I-indexed tensor products of I-commutative
algebras are I-indexed coproducts. Using work from Appendix B, we use this to conclude lifts of Theorem E
and Corollary F.

We take this to its logical extreme in Section 4.3, using this to completely characterize the smashing
localizations associated with ®-idempotent weak N .-operads. As promised in the introduction, we use this
classification to prove a generalization of Theorem G. Following this, we demonstrate the strength of our
results in Section 4.4 by using them to clarify properties of Real topological Hochschild homology.

4.1. The monad for O-algebras. Fix O® a one-object T-operad, fix C® a distributive O-monoidal category
in the sense of [NS22] (e.g. it may be presentably O-monoidal) and let triv?ﬁ — C® be the functor of operads
associated with a T-object X € I'C. Denote by X® : EnvotriV?i — C® the associated O-symmetric monoidal
functor, and denote by

Ogsseq(X) : Envotrivy — C
the underlying T-functor. Recall that

X®5 ~ ® N{ Xy e IC.
VeOrb(S)

Proposition 4.2 (“Equivariant [SY19, Lem 2.4.2]”). The forgetful functor U : Algo(C) — C is monadic,
and the associated monad T acts on X € C by the indexed colimit

ToX := colimOggeq(X).

In particular, we have

(24) (TOX)V = H (O(S) : X®S)hAutV S’
SeFy

Proof. Monadicity is precisely [NS22, Cor 5.1.5], so it suffices to compute the associated monad.
By [NS22, Rem 4.3.6], the left adjoint Fr : C — Alg,(C) is computed on X by T-operadic left Kan

extension of the corresponding map triv® X o along the canonical inclusion triv® — O®, and the

underlying T-functor of this is computed by the T-left Kan extension

Envetriv X XE, AraCt’/el(O) X = C
~L ?ﬂ_’ TOX// ///
DI N ////
! T Tox

O ol i
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T-left Kan extension diagrams to %, are T-colimit diagrams by definition (see [Sha23, Def 10.1] when
D = %), so the underlying T-object is

ToX ~ colimOgeeq(X).
More generally, the T-left Kan extension foX has values

ToX(S) ~ colim X%
{S}XETAract,/el(O)

~ colim X®%
7o (S)

~ O(S)- X5,
By composition of left Kan extensions and [Sha23, Prop 5.5], we then have
ToX), =~ colim ToX®*
(ToX)y = colim To

1

~ colim O(S)- X3
SeFE

~ H (O(S)~X®S)hAutvs. O
SeFy

Remark 4.3. Let Ogxyx, 1, C Ogxy, be the full subcategory spanned by G x ¥,,/T's for ¢g : H — 3,
with associated graph subgroup I's = {(h, ¢s(h)) | h € H} C H x ;5. Then, a G-equivalence

IT %¢xs.r. ~Z¢
neN
was constructed in [NS22, Ex 4.3.7], and in particular, this provides a formula akin to Eq. (24) in the language
of graph families. q
By [NS22, Prop 3.2.5] (noting that all colimits involved are finite), the Cartesian 7-symmetric monoidal

structure on CoeffT(C ) is distributive whenever C is a cocomplete Cartesian closed category. We apply this
to S = Coeft” S.

Corollary 4.4. The functor Alg(f)(§7—) : OpF — Cat is conservative.
Proof. Suppose ¢ : O — P induces an equivalence Algy(S;) — Algy(Ss). Then ¢ induces a natural

equivalence To = T’p respecting the summand decomposition in Proposition 4.2. Choosing X = S5 € Fy,
there is a natural coproduct decomposition
S ~
((’)(S) x 8% )hAutVS ~ (O(S) x Auty S)hAugVS UJo,s
Z(O(S)Lhﬂgﬂ,

for some Jo_g; hence the summand-preserving equivalence T, : To.S = TpS implies that ¢(S5) : O(S) —
P(S) is an equivalence for all S, i.e. sseqp : sseq O — sseq P is an equivalence of T-symmetric sequences.
Thus Proposition 2.75 implies that ¢ is an equivalence. ([l

We also point out a straightforward consequence of the fact that the forgetful functor is a right 7-adjoint.

Corollary 4.5. The I-symmetric monoidal co-category Alg% (CI’X) is cartesian.

Proof. The forgetful functor U : Algg (CI _X) — C is conservative, preserves T-limits, and preserves tensor

products; for all (Xw) € %g (CI’X)S, the canonical map
s s s s
U <®XW> ~QUXw) = [[UXw)~U (H XW>
w w w w
s S
is an equivalence, so @ Xw — [[ Xw. O

w w

To finish the section, we repeat the above work without the one-color assumption.,
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Observation 4.6. By either [NS22, Lem 2.4.4] or [CH21, Lem 2.9], we find that X, -fibrous patterns are
right Kan extended from their underlying 7 °P-fibrous patterns. Unwinding definitions, this expresses

WotriV(O)v ~ {(C,D) € Og x Oy | S e Fv}

<

Observation 4.7. Analogously to the above, for O® an arbitrary T-operad, the operadic left kan extension
formula of [NS22, Rmk 4.3.6] expresses the values of the associated monad as the left Kan extension

Envotriv(0) = tottriv(0)® xpe Ar**/(0) — X ¢

- L
l( \S _T"OX/ 7

WOO)® - )
tottriv 0) N .

-

{ o Tox
% O

The T-functor Tp(X) sends

S
(25) (C,D) (o (C;D) e ) XU> <
h Auty S

U

Corollary 4.8 (“Equivariant [HM23, Thm 4.1.1]”). A map of T -operads ¢ : OF — P is an equivalence if
and only if it satisfies the following conditions:

(a) U(p): O — P is T-essentially surjective, and
(b) the pullback functor ¢* : Algp(Sy) = Algy(Sy) is an equivalence of co-categories.

Proof. The fact that ¢ being an equivalence implies the above conditions is obvious, so assume the above
conditions. The result follows by using an identical argument to Corollary 4.4, using Eq. (25) instead of
Eq. (24) to show that ¢ : O(C; D) — P(¢C; ¢D) is an equivalence for all C, concluding the equivalence from
Proposition 2.75. (]

4.2. Indexed tensor products of /-commutative algebras. In Lemma B.4, we show that every object
in a cocartesian I-symmetric monoidal structure bears a canonical I-commutative algebra algebra structure,
i.e. CAlg s (C) — C is an equivalence. In this subsection, we demonstrate the converse, or equivalently, we
demonstrate that I-indexed tensor products of I-commutative algebras are indexed coproducts. We go on
to use this to completely characterize the smashing localization on Op4 associated with aE-unital weak
Noo-operads.

First, we need some prerequisites on unital T-operads, beginning with the following.

Observation 4.9. If C® is an I-symmetric monoidal category with unit 7-object 1, and X € Cy, then
Mappe (&, X) ~ Mape,, (1y, X), so C® is unital if and only if 1, is initial; in particular, if C® is cartesian,
then it is unital if and only if it is pointed. N

Using this, in [NS22] unitality was shown to be compatible with algebras, which we recall here.

Proposition 4.10 ([NS22, Thm 5.2.11]). If O% is a unital T-operad and C® an O-monoidal co-category,
then Alg% (C) is unital.

Thus Yoneda’s lemma characterizes Alg,(C) by its algebras over unital T-operads.

Theorem 4.11 (Indexed tensor products of NV.-algebras). The following are equivalent for C® € Cat?.
(a) For all morphisms f : S — T in Z, the action map fg : Cs — Cr is left adjoint to f* : Cr — Cg.
(b) There is an I-symmetric monoidal equivalence C® ~ CI=Y extending the identity on C.
(¢) For all unital I-operads O®, the forgetful functor Alg ,(C) — Fun(O,C) is an equivalence.
(d) The forgetful functor CAlg (C) — C is an equivalence.

In order to prove Theorem 4.11, we introduce yet another condition:

(b’) There is an I-symmetric monoidal equivalence C® ~ CT=-.
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The implication (b’) == (c) is precisely the computation Lemma B.4. For the implication (¢) =
(b"), note that C'/ ~ Algg (C) — C an equivalence implies that C® is unital by Proposition 4.10; hence

uni

Yoneda’s lemma applied to Opy™ constructs an I-operad equivalence C® ~ C!~Y, which is an I-symmetric
monoidal equivalence by Philosophical remark 4.1.

Furthermore, the implication (b’) == (a) follows by definition, (a) == (b) is precisely Theorem D’,
and the statements (b) = (b’) and (¢) = (d) follow by neglect of assumptions. To summarize, we've
arrived at the implications

(26) =

Our workhorse lemma for closing the gap is the following.

Lemma 4.12. The following are equivalent for P® € Opy:
(e) The T -co-category Algp (S+) is I-semiadditive.
(f) For all O% € Op}™, the forgetful functor

Algoep(Sy) =~ AlgoAlg?(Sy) — Funy(0,S1)

is an equivalence.
(9) For all O® € Opy™, the map trivy @BV P® — 0% @BV P® is an equivalence.
(h) For all O% € Opy™ and C € Cat?, the forgetful functor

Algogp(C) =~ AlgpAlg? (C) — Funy(0,C)
is an equivalence.
Proof. Since Corollary 4.5 shows that Algg(§7—) is cartesian, the equivalence between (e) <= (f) is just

(a) <= (c) applied to %g (87). (f) = (g) follows from Corollary 4.8, and the implications (g) =
(h) = (f) are obvious. O

Proof of Theorem 4.11. After the implications illustrated in Eq. (26), it suffices to prove that %I(C)
satisfies (c) for all C® € Cat?; by Lemma 4.12, it suffices to prove that CAlg, (S7) is I-semiadditive. But in
fact, by Corollary 1.83 there is an equivalence CAlg I(§7—) ~ CMon;(S+) and the latter is I-semiadditive by
Cnossen-Lenz-Linsken’s semiadditive closure theorem Theorem 1.48. ([l

Rephrasing things somewhat, we’ve arrive at the following theorem.

Theorem E’. Let O% be an almost-E-reduced T -operad. Then, the following properties are equivalenent.
(a) The T -oo-category Alg S is AO-semiadditive.
(b) The unique map O% — /\/’ff’ooo s an equivalence.

Furthermore, CAlg?C is I-cocartesian for any I-symmetric monoidal oo-category C and almost-E-unital weak
indexing system I.

Proof. By Lemma 4.12 and Theorem 4.11, Condition (a) is equivalent to the condition that Algg (C) is
AQO-cocartesian for all C. In fact by Theorem 4.11, this is equivalent to existence of the first equivalence in

CAlgfinAlg? (C) ~ AlgpCAlg, (C) =~ Algy(C),

which by Yoneda’s lemma is equivalent to the unique map 0% — N,?Ooo being an equivalence, i.e. Condi-
tion (b). The remaining statement follows immediately from Theorem 4.11. ]

Corollary 4.13. Let O® be a reduced I-operad. Then, the canonical map F : Njo, — N @ O% is an
equivalence.
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Proof. By Theorem 4.11, the forgetful map
F*: Algogy,., (C) ~ AlgoAlgl, (C) — Alg,. (C)

is an equivalence for all distributive G-symmetric monoidal categories C; the statement follows by specializing
to C := S and applying Corollary 4.4. |

4.3. Smashing localizations for NI®OO and the main theorem.
4.3.1. The smashing localization classified by N j@oo. We would like to prove the following.

Theorem 4.14. Let I be an aE-unital weak indexing system. Then, a T -operad O% satisfies O® %V N;io ~
0% if and only if the following conditions are satisfied:

(a) ¢(O) C c(I).

(b) v(O) D v(I).

(¢) The canonical map Borz—mc(o)()@ — /\/’I‘%C(O) is an equivalence.

Remark 4.15. Condition (c) of Theorem 4.14 is equivalent to the condition that, for all P® € Op;. (o) and
C € Cat%, the forgetful map Algpgg (C) — Algy(C) is an equivalence; by Theorem 4.11, this in turn is
equivalent to the condition that, for all C (or just C = S) and all I-admissible ¢(O)-sets S, the S-indexed
tensor products in %g (C) are indexed coproducts. <

Note that ¢ (O ®N7) ~ ¢(O) Nc(I), so (a) is necessary; in fact, assuming (a), we may apply
Proposition 3.19. This reduces Theorem 4.14 to the following proposition.

Proposition 4.16. Let I be a unital weak indexing system. Then, an at-least one color T -operad O% satisfies
BV

0%® ®@ NP ~ 0% if and only if the following are true:
(b) O® is unital.
(¢) The canonical map Bor] O% — N is an equivalence.

The hard step of this is the following lemma, whose proof we slightly postpone.
BV
Lemma 4.17. O® € OpY satisfies O® ~ 0% @ EJ if and only if it is unital.
BV
Proof of Proposition 4.16. First assume that O® ® N ~ O%. By Lemma 4.17, we have
BV BV BV BV
0 ~0% @ NP, ~0%° @ NP2, ® EY ~0%® @ EJ,

BV
so O% is unital. To prove (c), in light of Remark 4.15, it suffices to note that the equivalence 0% @ N, I®oo ~ O%®
demonstrates that the canonical map

CAIgI(éT) <l "AlgBorTOCAlgi9 (QT)
~ CAlg} Algy - (S7)
- AlgBorT@(éT)

is an equivalence, so Corollary 4.8 proves that BorITO® — N I®OO is an equivalence. The converse follows by
noting that each of the above arguments works in reverse. |

4.3.2. The proof of the main theorem. We are finally ready for Theorem G. We start with the unital case.
BV
Proposition 4.18. When I and J are unital, there is an equivalence J\/‘?OO ® N?OQ ~ J\/’{%Jm,

BV BV
Proof. By [CSY20, Prop 5.1.8], NV, I®OO @ N ?oo is an ®-idempotent classifying the conjunction of the properties

BV BV
which are classified by N> and NZ; that is, a unital 7T-operad O® is fixed by (—) ® N2, ® N _ if and
only if Alg o (S7) is I-semiadditive and J-semiadditive; By Corollary 1.44, this is equivalent to the property

that Alg (Sy) is IV J-semiadditive , i.e. O% is fixed by (—) %5 N, ;. Thus, we have

® © BY . g BV %S/ © BY
Nivg =N @ Ny @ Njo, 2 N, @ Ny
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|
We may now conclude the full theorem, which we restate in the orbital case.
Theorem G’. The functor ./\/(@i)oo s windexr — Op lifts to a fully faithful T -right adjoint
A
/_\
wlndex T Op -
\_/{
N oo

whose restriction wIndex%—Euni C @T is symmetric monoidal. Furthermore, the resulting tensor product on
WIndexaTEmn’® is computed by the Borelified join

I1®J=Borls,ppuns IV J);
in particular, when I and J are almost-E-unital weak indexing systems, we have
N @NG = Q?VJ)OO ® triV%ImJ)
NEo X N§ =~ J\/((%ﬁ.])oo
Resy! NP o~ Nﬁis‘vy

Colndy/ N2 ~ N&

OInd‘V/V Ioo®

IToo

Hence W-norms of I-commutative algebras are Colndyl-commutative algebras, and when I,J are almost-
unital, we have

(27) CAlg?CAlg? (€) = CAlg, . (C).

Proof of Theorem G°. The T-adjunction is precisely Proposition 3.20, the equations are immediate from the
symmetric monoidal adjunction, the statement about norms of I-commutative algebras is Construction 3.24,
and Eq. (27) follows immediately from symmetric monoidality of /\/'((8;)00. We are left with proving that the
adjunction is symmetric monoidal in the aF-unital case.

In view of Proposition 3.17, to prove that this is a 7-symmetric monoidal adjunction with the
BV
prescribed tensor product, it suffices to prove that the collection of aF-unital weak N,.-operads is ®-

closed, for which it suffices to prove that for all aE-unital weak indexing systems I and J, the unique

BV
map ¢ : Nj@m ® NJ®OO — Nﬁu is an equivalence. In fact, by Proposition 3.19, it suffices to prove that
BorUT( ) () is an equivalence, i.e. we may assume that I and J are unital. Then, the statement is precisely
Proposition 4.18. |

4.3.3. Unitalization. We now focus on Lemma 4.17, beginning by recalling a result of Nardin-Shah.
Proposition 4.19 ([NS22, Thm 5.2.10]). If C is a T -symmetric monoidal co-category with unit T -object 1,

then there is a canonical equivalence Alg_ (C) =~ cl/.
— o0

In the case that C is a cartesian Iy-symmetric monoidal category (i.e. the unit is terminal, e.g. it is
pulled back from a cartesian 7-symmetric monoidal category), this has a more familiar form, as

Alge (C*) =~ (T7C), .
We use this to prove the following strengthening of Lemma 4.17.
Proposition 4.20. Given a T -operad O% with at least one color, the following are equivalent:
(a) Bor3;(9® is unital.
(b) O® is unital.
(¢) The oo-category Algy(St) is pointed.
BV
(d) O® ~ 0% ® EJ.
BV
(e) Bor};(’)® ~EY ® Bor%(’)&
(f) The co-category AlgBorITO@(QT) is pointed
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Proof. (a) = (b) follows immediately by definition; (b) = (c) follows immeditely by [NS22, Thm 5.2.11].
(¢) = (d) and (e) = (f), since Algpge, (S7) =~ Mong,Algy(Sy) =~ Algy(St). over Algn(Sr). (d)
= (e) follows by applying Borelification.

What’s left is to prove that (f) = (a). We argue the contrapositive, writing P® := Borﬂ O®, assuming
that P® is not unital, and fixing C' € Py such that P(@v;C) # . We choose the “skyscraper” P-algebra
M, with values

M(D) {P(@V,C’) D=C

* otherwise,
gotten by truncating the functor corepresented by @. Then, note that
Map(+p, M) ~ P(2;C) # *,

so the unit *p € Algp(S+) is not initial. By [NS22, Thm 5.2.11] it is terminal, so by contrapositgion we
have shown (f) = (a). O

Last, we point out a corollary. In Appendix B, given C a T-category (which may not admit I-indexed
coproducts), we construct an I-operad C!~" together with an equivalence
(28) Alg, (€'Y ~ Fun(0,C)
for all unital I-operads O. In particular, this proves the following.

Corollary 4.21. The restriction Uyy; :@uTni — Cat is left T-adjoint to (—)~1.

Warning 4.22. Corollary 4.21 shows that no nontrivial 7-colimit of one-color T-operads has one color; in
particular, no one-color T-operads are the result of a nontrivial induction. N

Furthermore, note that Theorem 4.11 yields equivalences
CAlgrAlg? (C'™V) ~ AlgoCAIg?(C'Y)
~ Alg,(C"™Y),
for all O® € Op“T“i. Hence Theorem 4.11 implies the following.

Corollary 4.23. Suppose O% is a unital I-operad and C admits I-indexed coproducts. Then, the I-symmetric
monoidal category Algg (CI_'-’) s cocartesian.

We use this to compute the T-category underlying BV tensor products.

uni

Proposition 4.24. The underlying category Ul|uni : OpF — Caty functor sends
BV . .
U <0® ® P®> ~ UM(O%) x U™ (P?).

red

in particular, @7’

C @7’ is a g/—closed T -subcategory.
Proof. Corollaries 4.21 and 4.23 together yield a string of equivalences
® 2 pe I-u
Funyr (U [ O¥ @ P9 |,C| ~Alg gy (C )
ORP
~ AlgoAlg? (C'7Y)
~ Alg,Fun, (U(P?),C)

~ Funy (U(O®),MT (U(P®),C’))
~ Funy ((U(O®) x U(P®),C),

I—-u

so the result follows by Yoneda’s lemma. |
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4.4. Application: iterated Real topological Hochschild homology. Let O® € Ops be an arbitrary
T-operad. Then, for all P® € Op, and C € Cat?i, we have an equivalence

Fun?i (Env?’éz),@?i (Env(9®, C®)> ~ Fun?i (EnVP® x EnvO®, C®)
~ Fum?i (Env (73® ® (’)®) ,C®)
~ Algpgp(C)
= Algpﬂ% (©);

Thus, we’ve proved the following.

Proposition 4.25. Under the equivalence Alg  (C) =~ Fun?(Env7O%,C®), the T-symmetric monoidal
structure on the latter is the (restricted) pointwise structure.

In particular, this constructs a G-symmetric monoidal lift for genuine equivariant factorization homology.

Corollary 4.26. Given M a V-framed smooth G-manifold, M -factorization homology lifts to a G-symmetric
monoidal functor

. ® Q.
/M : AlgEV (C) — C%;
in particular, it further lifts to a G-symmetric monoidal functor
/ : CAlg® (C) — CAlg? ().
M

Proof. In the notation of [Hor19], let % : Disk® "V =/mY — MAd®Y ~/"" be the symmetric monoidal inclusion
of V-framed G-disks into V-framed G-manifolds. Then, | 7 may be presented as a composition

Fung (DiskG’V_fT,C> —“ .\ Fung (MﬂdG’V_fT,C>

v I

Fun% (MG’V_’CT,C) —_ Fun% (mG’V_fT,C>
1

Alge, (€) L g

To construct the lift of [ 2> We may compose G-symmetric monoidal lifts of U, v, and ev; these are given
by Observations 1.89 and 1.91. O

ev

Corollary 4.27. Real topological Hochschild homology lifts to a Cy-symmetric monoidal functor
. ® .
THR: Alg. (Sp) — Spe,;
in particular, if V' contains infinitely many copies of o, then THR lifts to a Cy-symmetric monoidal functor
. ® ®
THR : AlgEV €)= AlgEV (©).
Furthermore, given A € CAlgc, (C), there is an equivalence
THR(A) ~ colimg- A,
with colimit taken in CAlge, (C).

Proof. The last sentence is the only part which does not follow immediately from combining Horev’s
facotization homology formula [Hor19, Rmk 7.1.2] with Corollary 4.26 in view of the equivariant infinitary
Dunn additivity of Corollary H. In fact, the collar decomposition formula of [Horl9, Prop 7.1.1] yields a
coequalizer diagram

N&2A ————2 A® A —— THR(A)
R 2 H
CoInd? Res$? A —= A¢ A —— THR(A)
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Pulling A out of the bottom expression, we find that THR(A) ~ colimx A, where X is the Cs-space
CoEq([C2/e] = 2%¢,) — X; this is just the standard Ca-cell presentation of X = S°. O

5. EQUIVARIANT DISCRETE ALGEBRAS AND THE SURROUNDING LITERATURE

In Section 5.1, we repay the debt incurred in Section 3.3, and we prove that the total right derived
functor of [Bonl9]’s genuine operadic nerve exists and is conservative. Following this, in ?? we study this
nerve at greater depth in the discrete setting, verifying that all models for discrete G-operads agree, and
producing a new concrete model for 7-1-operads. In Section 5.3 we leverage this new model to construct

explicit counterexamples, demonstrating that outside of the aE-unital setting, N I®OO %5 N I®oo fails to even
have connected structure spaces; thus we finally conclude Theorem E and Corollary F. Finally, we finish the
section in Section 5.4 with an attempt to stimulate discussion around equivariant higher algebra, listing a
wide variety of basic (though not easy) questions and conjectures.

5.1. A conservative co-categorical genuine operadic nerve. In [BP21], a model category sOpg of
colored genuine G-equivariant operads was constructed, and later shown to be quillen equivalent to several
other variations on G-operads (e.g. [BP20a, Tab 1]). We refer to the resulting oo-category as gOp, and its
one-color variant as gOp¢s .

Generalizing [HA, Def 2.1.1.3], Bonventre went on to construct a genuine operadic nerve 1-categorical
functor sending objects in the model category of genuine G-operads to objects in a model category presenting
G-operads (c.f. [NS22, § 2.6]):

N®:sOpg — SsetEG_*,Ne'

The functor N® was shown to preserve the respective classes of fibrant objects in [Bon19, Thm 4.10]. We go
on to endow N® with homotopical structure in the following result.

Proposition 5.1. N® preserves and reflects weak equivalences between one-color locally fibrant genuine
equivariant G-operads.

Proof. By [BP21, Thm II, Prop 4.31], the functor U : sOpZ — Fun(X,sSet) is monadic and gOpg
possesses the (right-)transferred model structure from the projective model structure on Fun (X, sSetquilten);
in particular, U preserves and reflects weak equivalences.

It is not hard to see that the underlying symmetric sequence functor sseq of Section 4.1 may be presented
as total right-derived from a functor

ssseq : sSetf(Ei’ Ne) Fun (X, sSetQuiuen)Pmj

setting Ogseq(S) 1= wal(Inng — G/H); by Proposition 2.75 sseq is conservative, so ssseq preserves and
reflects weak equivalences between fibrant objects. Hence it suffices unwind definitions and note that the
following functor commutes

,ocC
Fs,Ne)

x J{ssseq

Fun(X, sSet)

®
sOpy 2y sSet;r(

In fact, the one-color assumption was not necessary.

Proposition 5.2. N® preserves and reflects weak equivalences between arbitrary locally fibrant genuine
equivariant G-operads.

Proof. Tt is not too hard to see that N® preserves and reflects the property of inducing bijections on sets
of colors, so we may fix a coefficient system of sets of colors €. Then, we are tasked with proving that
Ng - s0pg.¢ = Opge = (7T0U>_1 (€) preserves and reflects weak equivalences between fibrant objects.
Thankfully, we have the same tools as in the one-color case; writing X as in [BP22, Def 3.1], sOpg ¢ possesses
the right-transfered model structure from along a monadic functor U : sOpg ¢ — Fun (X¢, sSetquillen) by
[BP22, § 5.2]. Furthermore, Proposition 2.75 constructs a functor ssseq : sSet;“(’FCT,Ne) — Fun (X, sSetquillen)

which preserves and reflects weak equivalences between fibrant objects, and such that N® is a functor over
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Fun (X, sSetquillen); by two-out-of-three for weak equivalences, N® preserves and reflects weak equivalences
between fibrant objects. O

The theory of total right derived functors (e.g. [Riel4, § 2]) then immediately yields the following
corollary.

Corollary 5.3. N® presents a conservative functor of co-categories N® : gOps — Opg, whose restriction
participates in a commutative diagram

®
gOpy —— Op¥

x Jq

Fun(ZGa S)

5.2. The discrete genuine operadic nerve is an equivalence. Recall that whenever O% is a T-operad
and C® is a T-1-category, there is an equivalence of T-1-categories

Algy(C) ~ Algy,, 0(C);

because of this, for the rest of this subsection, we assume all 7T-operads are T-1-operads.

Definition 5.4. A discrete genuine T-operad in a symmetric monoidal 1-category V the data of:

(1) a T-symmetric sequence O(—) : totL, — V,
(2) for all V € T, a distinguished “identity” elements 1y € O(xy ), and
(3) for all S € Fy and U € Fg, a Borel £ X [[17¢0m(s) v -equivariant “composition” map

S
v:08)e @ (T@%O(HTU)
UeOrb(S) U

subject to the following compatibilities for all :

(a) (restriction-stability of the identity) for all U — V, the map Res}; : O(xy') = O(xy) sends 1y to 1y;
(b) (restriction-stability of composition) for all U — V, the following commutes

o(s) x II 0(Ty) —————— O(T)
UeOrb(s)
lﬁesy JRes&V
O (Resyy S) x [I O(Tyr) —— O (Res}y, S)
U’eO0rb(S)

(¢) (unitality) for all S € Fy,, the following diagram commutes

o(s) LD o510 @ O(w)
\

U€Orh(S)
(1v,id) \
4

O(xy) @ O(S) T—— O(S5)

2=

—~
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5 T
(d) (associativity) For all S € Fy, (Ty) € Fg writing T := [[ Ty, and (Rw) € Fr writing R == [[ Rw,
U W
the following diagram commutes
<O(S) ® O(TU)> ® ® O(Ty) —— O(1)® @ O(Rw)

UeOrb(Sy) U €O0rb(S) WeOrb(T)
WeOrb(Ty)

| ¥

o) e ® <0<TU>® ® 0<RU>> 0<ﬁRw>

UeOrb(S) W eOrh(Ty) 1%
lry

o) e ® 0<THU RW) 2 O (R)

U€eOrb(s) \W

A morphism of discrete T-operads in V is a map of 7-symmetric sequences in V preserving 1y and intertwining
~v; we refer to the resulting 1-category as gOps (V). <
Remark 5.5. By inspection, we see that gOpg, (sSet) ~ sOpg ., in the sense of [Bon19, Def 3.22]. In
particular, the natural fully faithful embedding gOpo,, (Set) < gOpo,, (sSet) >~ sOpg ., has image spanned
by those genuine G-operads whose structure simplicial sets are discrete. <

We henceforth specialize to discrete genuine 7T-operads in Set, which we refer to simply as discrete
genuine T -operads. From the data of a discrete genuine 7 -operad O, we construct a 1-category N®O with a
functor O® — Span(Fr) using the recipe

HOIII]\]@(Q(T‘7 S) = H O(TU)
UeOrb(S)

with composition maps given by v and identity arrow on T given by (1¢7)orn(r). This is a specialization of
the genuine operadic nerve of [Bonl9] in the case T = Og, and of the T-operadic nerve of [NS22, § 2.5] in
the case that 7 is a 1-category. Conversely, from the data of a T-1-operad O, the data of a discrete genuine
T-operad O(—) is supplied by Remark 2.53.

Proposition 5.6. N® descends to a functor gOp(Set) — OpS, with quasi-inverse O(—).

Proof. Since N® is compatible with restrictions, we may replace 7 with V, and hence we may assume that
T is a l-category. In this case, [NS22, Prop 2.5.6] implies that N® is a T-1-operad. Thus it suffices to
prove that the compositions gOpr(Set) — gOpr(Set) and OpF, are homotopic to the identity; this follows
immediately after unwinding definitions. ]

Now having an explicit combinatorial model for T-1-operads, we focus on algebras.

Definition 5.7. If C® is a T-symmetric monoidal oo-category and X € I'7C a T-object, then the endomor-

phism operad of X is the full sub-operad End}e} C C® spanned by X (c.f. Theorem 1.87). N
Observation 5.8. Endx has underlying symmetric sequence Endx (S) ~ Map(X‘?S, Xy ), identity element
ly =1idx, , and composition map given by composition of maps. N

In general, an O-algebra in C® may be viewed as the information of its underlying object X together
with the factored map O® — End$ < C®. The following proposition follows by unwinding definitions.

Proposition 5.9. IfC® is a T -1-category and X,Y are O-algebras in C®, then the hom set Homag, o) (X,Y) C
Home (X, Y) consists of those maps such that the following diagram of operads commutes:

End}e}
7 J
O@

Endg
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For the sake of comparison, we will propose one more model for discrete I-commutative algebras.

Definition 5.10. Let I be a one-color weak indexing category. Then, a strict I-commutative algebra in C is
the data of a T-object X together with Auty S-equivariant maps pg : X{‘?S — Xy for all S € Fyy subject
to the following conditions:

(1) (restriction-stability) The functor Res}; takes pg to HResY, 5-

(2) (unitality) for all maps S Uy € Fy v, the following diagram commutes:

X{?SU*V

/ \

Xy Xy

s
(3) (associativity) for all S-tuples (Tyy) € Fr g, writing T' = [ [ Ty, the following diagram commutes:
U

)

5 Ty (pry ®S
?XU — Xy

1R s
{

T BT
XHr —— Xy
<

Proposition 5.11. If C® is a T-symmetric monoidal 1-category, then the categories of I-commutative
algebras and strict I-commutative algebras in C agree.

Proof. This follows from Observation 5.8, noting that Map(N®_,End%) ~ Map(NZ_,Bor] End$) and

Too? Too»
unwinding definitions using Proposition 5.6. (]

Corollary 5.12. IfC is a G-symmetric monoidal 1-category and I is an indexing system, then I-commutative
algebras in C are equivalent to [Cha24, Def 5.6]’s “I-commutative monoids” over C.

Proof. This follows by matching Definition 5.10 with [Cha24, Def 5.6], noting (e.g. by [Ste24]) that it suffices
to check the associativity and unitality conditions of Definition 5.10 for S = 2%y or an orbit, since indexing
systems are generated under binary coproducts and self-inductions by {2%} and transitive H-sets. ]

5.3. Failure of the non-aE-unital equivariant Eckmann-Hilton argument.

Observation 5.13. Fix I a weak indexing system. By Propositions 3.8 and 3.17, there is a contractible
space of diagrams of the following form:

® ~ A[® BV [ . ®
Nloo - NIoo ® trlchupp(I)

furthermore, the composite N>, — N> is homotopic to the identity by Proposition 3.8.
In particular, this implies that there is a canonical natural split codiagonal diagram

id®BVcan ) BV ® Q .
—— N @V NE, = N,

Ioo?

CAlg; CAlg? (-)

/ \
CAlg,(—) CAlg;(—)

<

We will interpret . }800 %5/ N, I®Oo—algebras as pairs of interchanging I-commutative algebra structures in
Observation 5.21, thus § will take a structure to two interchanging copies of itself, and U will simply forget
one of the structures. Hence a weak form of the Eckmann-Hilton argument states that the functor U is an
equivalence, or equivalently, J is an equivalence.

Unfortunately, this does not hold for all weak indexing systems I. The following counterexample to
nonunital Eckmann-Hilton was pointed out to the author by Piotr Pstragowski.

Example 5.14. Let R be a nonzero commutative ring. Then, the Abelian group underlying R sports a
Comm?, ® Comm? structure given by the two multiplications

p(r,s) =rs, fio(r, s) = 0,
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which are easily seen to satisfy interchange but be distinct. In particular, the associated Commf?u ® Comm? -

nuw
algebra is not in the essential image of the codiagonal

AlgCommnu (Ab) — AlgCommnuAlgCOmmnu (Ab)7

S0 § is not an equivalence. N

An analogous weak form of the co-categorical Eckmann-Hilton argument of [SY19] yields a classification
of ®BV-idempotent algebras in reduced co-operads. In fact, Example 5.14 shows that the associated unitality
assumption only misses one example among nonequivariant weak N,.-operad.

Corollary 5.15. A weak Ny -x-operad O% possesses a map triv® — O% inducing an equivalence
O® _N_> O® ®BV O®
if and only if O% is equivalent to triv®, ES, or EZ.
Proof. [SY19, Cor 5.3.4] covers the unital case, so it suffices to assume that O(@) = @ and show that O% ~

triv®. Note that Comm,,, is the terminal nonunital N,-*-operad, i.e. there exists a map O® — Comm,,,,,
yielding a diagram

0% @ O® —— Comm® ® Comm®

nu nu

| I

O® R — Comm®

nu

Pulling back the example of Example 5.14, we find that if O(n) = * for any n # 1, then R has a O® @ O%®-
structure that is not in the image of the diagonal; hence O(n) = @ when n # 1, i.e. it’s equivalent to
triv®. |

By [Ste24], this is precisely the list of nonempty aF-unital weak indexing systems for *. In this section,
we introduce an equivariant analogue to this argument in order to prove the following proposition; in order to
do so, we say that O% is n-connected if O(S) is n-connected for all n, and we say that O% is connected if it
is 0-connected.

BV
Proposition 5.16. Suppose NI®oo ® NI®OO is connected. Then, I aF-unital.
Our strategy for proving this centers on the following proposition.

Proposition 5.17. Let O® be a T-operad. Then, the following are equivalent:
(a) O is (n — 1)-conncted.
(b) The canonical map h,O% — N5y is an equivalence.
(¢) For all T-symmetric monoidal n-categories C, the canonical T -symmetric monoidal functor

CAlg 40 (C) — Algy(C)

is an equivalence.
(d) The canonical T -symmetric monoidal functor

CAlg a0 (S<n-1) = Algp(S<n-1)
is an equivalence.

Proof. (a) = (b) follows immediately from Corollary 2.81. Similarly, using the adjunction, we find that (b)
implies that CAlg,»(C) — Alg;, »(C) ~ Algy(C) is an equivalence for all C € Cat?i,d C Opy 4, implying
(¢). (c) obviously implies (d). The remaining implication follows by the same argument as Proposition 4.2;
we find that, for all S such that O(S) # &, the map

T<(n—1)O(5) = (h, O) (5) — Nao(S) ~
is an equivalence, implying (a). a

Thus, given a non-aE-unital weak indexing category I, it will suffices to construct two distinct inter-
changing I-commutative algebra structures in some 7-symmetric monoidal 1-category. We do so by passing
to a universal case.
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Construction 5.18. Let 7+ C T be a T-cofamily Then, define the full subcategory

Fyv — {@\/} Ve .FJ';

Fy DFri_ =
v FhonuV {FV otherwise.

This is evidently closed under restriction, so it defines a full T-subcategory Fr._,, C F+. Furthermore, it
has contractible V-sets and is closed under self-indexed coproducts by inspection. Hence it is a weak indexing
system. N
Observation 5.19. F-. _,, is the terminal weak indexing system possessing unit-family v(I) = F; F; is
non-aE-unital if and only if it shares a non-contractible V-set with F, . for some V' € v(I)*; thus,

to prove Proposition 5.16, it suffices to construct two interchanging N f L—algebra structures who differ in
v(I)*-arities and apply the analogous argument to Corollary 5.15. <

—nu

Construction 5.20. Let M be a nontrivial commutative monoid and le F': Span(F7) — Set be the functor
F(S) = MI®!

with functoriality induced by the action maps in M; this is evidently product-preserving, i.e. it’s a T-
commutative monoid in Set. In particular, since Comm% ® E§’ ~ Comm?, this is in the image of the forgetful
functor CAlg,(Set,) — CMon7(Set), so we replace F' with a product preserving functor F’ : Span(F7) —
Set,.

We furthermore modify this, constructing a new functor G : Span Iy, (F7) — Set, via

G(S) = 11 F'(U).

UeOrb(S)NF+
This is product-preserving, so it yields an Ir. _,,-commutative monoid in Set,. Last, we let Gy be the
Ir1_,, on the underlying G-coefficient system of pointed sets whose action maps are all zero. <
We would like to show that G and Gg interchange, for which we make the following observation.

Observation 5.21. Let C® be a T-symmetric monoidal 1-category, and let O®, P® be 1-object T-1-operads.
The data of a bifunctor of T-operads O% x P® — C® maybe viewed as an object X € I'7C (which is the
image of intert morphisms of O%® x P?®) together with action maps

X852 0(S) = Xy X852 P(S) = Xpu

subject to the functoriality condition that these structures yield an O-algebra, a P-algebra, and these
structures satisfy the interchange law

S v T \%4
®Resy T @SXT @ Resy, S 2 ResY QT
@XV ~ XV o~ %XV 7§Reswus—> XV
\
s
® Res}; pr wr
U
. |
X‘Q/?S Hs Xy

for all pairs pg € O(S) and pr € P(T). A morphism of O ® P-algebras is a natural transformation of
bifunctors, i.e. a morphism of 7T-objects X — Y which is both a O-algebra map and a P-algebra map.

In particular, an N7 ® Nso-algebra is equivalently a pair of collections of maps y, p/ : X®T — X©®R
for all T — R in I which are separately N.-algebra structures and which satisfy the interchange law

S v T v
®Resy; T SxT ® Resyy, S T
Xy Y ~ XX >~ Xy, VT —w— Xy

U W |
|

R u K

v 1l

X{?S Iy Xy

Lemma 5.22. G and Gy interchange.
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Proof. Tt suffices to note that all of the compositions in Observation 5.21 factor through a zero map, and
hence they are all zero, making the diagram commute. (|

BV
Corollary 5.23. If N7°_ is not aB-unital, then N7, ® N7 is not connected.

Proof. Note that
® @ ® D A® ®
N7, @ Npo, connected <= <N @ Njoo ~ Nan, oni. =~ N

= CAlg;(Set,) — Alg,;, g, (Set,) essentially surjective.

BV
Furthermore, Lemma 5.22 constructs an N R N satisfying the condition that its two

v(I)+—nuoco v(I)+—nuoco

individual structure maps G(S) — G(*y) differ whenever V € v(I)* and S # *y,. Since I is not aE-unital, it

BV
must have some noncontractible S € Fy v for Vu(I)+4, so the pullback N, ® N7 structure on (G, Gy) has
two distinct underlying I-algebra structures, implying it is outside of this essential image. The contrapositive

BV BV
shows that N2 @ N2 is not connected. O
By combining Corollaries 4.13 and 5.23, we have the following.

Corollary F’. NP @ N7 is a weak N -operad if and only if I is almost-E-unital. in this case, if O% is a
reduced I-operad, then the unique map

O® @ NP, — NP
is an equivalence.

Remark 5.24. Using the above argument, one can show that if O% is a ]g—idempotent T-operad, then
its nullary spaces O(@y ) are nonempty. If additionally O(@y ) are assumed to be contractible (i.e. O% is
aE-unital), then Proposition 4.24 shows that the underlying fixed point catgeories Oy are all x-idempotent
algebras, i.e. they are contractible or empty. Hence O% will be shown to be aE-reduced. It is likely that the
equivariant analog to [SY19] will demonstrate that such idempotents are all infinitely connected; hence the

BV
author believes that the aE-unital weak N ,.-operads are likely to completely enumerate the ®-idempotent
algebras in Opy. <

5.4. Conjectures and future directions.

5.4.1. Closing the gap between models. Furthermore, several papers such as [BH15; Rub21b; Szc23] have
characterized the behaviour of various “Boardman-Vogt” tensor products on examples in various models. We
propose means to close the loop.

Conjecture 5.25. The Boardman-Vogt tensor products of [BH15; Rub21b; Szc23] lift to a common symmetric
monotdal co-category gOp% possessing a G-symmetric monoidal equivalence

gOp% ~ Op%.

We are interested in this conjecture for two reasons; on one hand, some tensor products of G-operads
have been computed in models, such as tensor products of models for N-operads in [Rub21b] and tensor
products of models for Ey operads in [Szc23]. On the other, the model categories are hard to work with,
and to the author’s knowledge, no BV tensor product on models has been lifted to a homotopical symmetric
monoidal closed structure, so these results are difficult to apply to constructions of algebras.

We suggest two possible lines of argumentation for the equivalence of co-categories. First, note that
N® is a conservative functor between two oo-categories who are each monadic over Fun(X, S); To compare
our notions, it suffices to characterize the free G-operad on a G-symmetric sequence and provide an explicit
comparison between it and the genuine equivariant operad monad of [BP21, § 4.2]. If these monads are shown
to be equivalent via N® then N® itself with be an equivalence.

Another line of argumentation is to generalize the non-equivariant case; for instance, we conjecture that
[Bar18, § 10] applied to the perfect operator category F. will provide an equivalence between G-operads and
Seg N (S), the latter being comparable to the equivariant dendroidal Segal spaces of [BP20b; Perl8] by an

equivariant lift of the argument of [CHH18] in the language of algebraic patterns and using the recognition
principle for Morita equivalences of patterns due to [Bar23, Thm 2.63].
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The underlying tensor products and norms seem amenable to argumentation once pushed to structures
on a common oco-category; for instance, the universal property of BV tensor products in [Szc23, Def 1.7.2]
bears resemblance to the fact that our BV tensor product corepresents bifunctors of G-operads.

5.4.2. The equivariant homotopical Eckmannn-Hilton argument. We conjecture a strengthening of Corollary F.

Conjecture 5.26. Suppose I is an aFE-unital weak indexing system and O, P are dy,ds-connected reduced
I-operads with AO = AP. Then, O ® P is (d1 + da — 2)-connected.

Note that this immediately implies a weak form of infinite loop space theory, i.e. the map
colim,, ((’)@)@n — Naooo
is an equivalence for all aE-reduced O, or equivalently, letting Algg n(C) = Algg - (C) with Alg?; O(C) =C,

lim Alg? (C) ~ CAlg? (C).

The author hopes to fulfill this in upcoming work bearing similarity to [SY19]. In view of Proposition 3.4, we
will acquire an inductive strategy to construct algebras over any aE-unital weak N, operad, using at each
step e.g. the associative or free I-operads of [Rub21al.

We also would immediately acquire an intrinsic characterization of almost-unital weak N..-operads,
and hence of A; since infinite tensor products of almost-reduced 7 operads are weak N .-operads, and weak
Noo-operads are idempotent by Theorem G, the argument of Remark 5.24 will immediately show that the

BV !
®-idempotent algebras in OpF™ are precisely the almost-unital weak Noo-operads.

5.4.3. Equivariant Dunn additivity. In the thesis [Szc23], the non-homotopical graph-operad equivalent to
the following conjecture was proved.

Conjecture 5.27. The map p : E{e} ® E%, — E%?@W is an equivalence of G-operads.

In forthcoming work, the author plans to prove this theorem after stabilizing to spectral G-operads.

5.4.4. Discrete models for G-operads. Much of the strategy employed in sources such as [HA] which characterize
E,-algebras consists of reduction to the Ei-case via Dunn’s additivity theorem; E; is a discrete operad,
and hence it is amenable to combinatorial study. Unfortunately, Conjecture 5.27 does not predict such a
luxury in the equivariant setting; for instance, if |G| is odd, then G' admits no nontrivial 1-dimensional real
orthogonal G-representation. Given V' of finite dimension at least 2, Ey (2#.) ~ Conffy) (V') ~ S(V)¢, which
is not discrete, as it has nonvanishing dim Vth homotopy group. Thus we are inspired to ask the following
difficult question.

Question 5.28. Does there exist a family of G-operads O such that Ey € O for all V' and such that O is
BV
generated under ® by discrete G-operads? N

One potentially fruitful source of examples is the subject of the next set of questions.

5.4.5. Coinduced V-operads and free equivariant symmetric sequences.
Question 5.29. Let O be a V operad and U — W a map. What structure does a CoInng—algebra have? <

This is nontrivial, as coinduced operads are characterized by mapping-in properties, but their algebras
are maps out. It is useful, as Construction 3.24 uses this mapping-in property to argue that CoIndg(’)® is the
universal structure borne by V-norms of O®-algebras. It is old, as coinduced operads appear in the graph
model structure as early as [BH15, § 6.2.1]

For instance, Proposition 3.22 leads to the following perplexing observations:

Observation 5.30. CoIndel is a discrete G-operad whose underlying weak indexing system is complete;
CoIndeG E; is a 1-truncated G-operad whose underlying weak indexing system is complete. N

The author is frustrated to report that she has guesses as to what CoIndSEn is when 1 < n < oo despite
its structure being borne by HHR norms of all E,,-rings.
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Observation 5.31. Let X, be a V-symmetric sequence. Then,
Map,, (Xe, sseq Colndy; O) ~ Map(Fr(X,)®, Colndy; O%)
~ Map(Resy; Fr(X,)%®, 0%)
~ Map(Fr(Resy; X,)%,0%)
~ Mapsseq(Resg X.,sseq O).
In particular, if Fr(S) is the free V-symmetric sequence on S € Fy,, this demonstrates that
Colndj;O(S) ~ Mapsseq(Resg Fr(S),sseq O);

thus, combinatorial control of free V-symmetric sequences is likely to yield information about the equivariant
symmetric sequence underlying coinduced V-operads; in particular, since the underlying V-symmetric sequence
functor is conservative, this is a potential avenue by which to “guess and check” the identity of coinduced
V-operads, giving intrinsic characterization of the structure of HHR norms of O-algebras. 5

5.4.6. On developing global operads.

Definition 5.32. Let 7 be an oo-category. Then, a weak indexing datum of T is a pair (P, Ip), where P is
an atomic orbital subcategory and Ip is a P-weak indexing category. N

There is a cartesian symmetric monoidal subcategory Span;(F7) C Spany(F7), yielding on this category
the structure of a symmetric monoidal algebraic pattern, allowing one to define the Boardman-Vogt tensor
product.

Definition 5.33. Let 7 be an oo-category. Then, the ®-category of T-I-operads is

BV
Opr = (Fbrs(Spanl(FT))7 ®> . <

Question 5.34. Does the work of this paper and [NS22; Ste24] extend to Op ;? <

Recollection 5.35. In [CLL23a, § 4.7], the free T-oo-category Fp, = E?* admitting P-coproducts on a
point was constructed; in particular, since Spanp(F;) admits finite P-products and is P-semiadditive, it
admits finite P-coproducts, and hence admits a unique P-coproduct preserving 7 -functor

t:Ep. — Spanp(Er)

sending %4 > *. N

If one would like to repeat arguments from Appendix B and [NS22; Ste24] verbatim, one needs a
[HA]-style pattern modelling Op ;; this is especially important for Proposition 1.82, whose conclusion can’t
easily be formulated over effective Burnside patterns in the first place. Thus we formulate the following
conjecture:

Conjecture 5.36. Fp, admits a structure as a sound algebraic pattern such that the composite functor
Ep, — Spanp(Es) — Spanp(Fr)

is a Morita equivalence.

APPENDIX A. BURNSIDE ALGEBRAIC PATTERNS: THE ATOMIC ORBITAL CASE

The following appendices are not written to be particularly original; most of their contents appear as
straightforward technical extensions of beloved works in higher algebra, and they are included for the sake of
mathematical completeness.

A.1. I-operads as fibrous patterns. This subsection deviates only slightly from [BHS22, § 5.2], so we
suggest that the reader first read their work. We're interested in proving Proposition 2.56, so we freely use
its notation.
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A.1.1. The pattern Ex . Our first step is to prove the following proposition.
Proposition A.1. There are equivalences of categories
Segg(C) = CMon7(C),
Fbrs(Er ) ~ Opr o,
the latter denoting Nardin-Shah [NS22]’s co-category of T -oo-categories.

To prove this, we must understand the associated Segal conditions. The following lemma characterizes
their indexing category.

Lemma A.2 ([BHS22, Obs 5.2.9]). Fiz [S — U] an object in Ex .. Then, there are equivalences

el op si
(29) ((ET,*) (S0 /) =T xe, B jis-u)
(30) ~T xe, BEr. /1501
Furthermore, the full subcategory of T ><7—E7—7*,/[S_>U] consisting of morphisms f :T — S such that f is a

summand inclusion is an initial subcategory equivalent to the set Orb(S).

Proof. (29) follows by definition. For (30), this follows by noting that whenever [U =U] — [S — V] is a
morphism in F+ out of an orbit, the associated morphism U — S Xy U is a summand inclusion, as it’s split
by the projection S xy U — U.

For the remaining statement, the inclusion Orb(S) < T x7 Er . s,y has a right adjoint sending
f:T — Sto f(T)— S, so it is initial. O

Lemma A.3 ([BHS22, Footnote 6]). The pattern E, is sound.

Proof. We verify the conditions of [BHS22, Prop 3.3.23]. First, we must verify that (E%f)
faithful, i.e. if there is a diagram

/s Fr /g is fully

52%51%5‘0

L0

U24>U1*>U0

such that the associated maps Sy — Sy Xy, U2 and S; — Sy Xy, U1 are summand inclusions, the map
Sy — 51 Xy, Uz is a summand inclusion. In fact, the associated map S — Sy X7, Uz may be decomposed as

SQ — Sl X, U2 — So XUp U1 Xy, U2 g SO XUy U2.
The composition and second map are each summand inclusions, or equivalently, split monomorphisms; this
implies that the first map is a split monomorphism, so S — S; X, Us must be a summand inclusion as well,
ie. (E¥) g = Er s is fully faithful.
Last, we must verify that

si,el el
Erissu = E7 550

is final for all [S — U] € E+; in fact, it is an equivalence by Lemma A.2. O

Proof of Proposition A.1. For the first statement, note by Lemma A.2 that a Segal Er ,-object in C is
equivalent to a functor
M:Er,—=C
satisfying M ([, U;) ~ [ I, M (U;); this is precisely the condition that M is product preserving, i.e. it is a
T-commutative monoid object.
For the second statement, Lemma A.3 together with [BHS22, Prop 4.1.7] reduce the Segal conditions of
a fibrous pattern to precisely the conditions of [NS22, Def 2.1.7]. O

We now turn to the remaining statements of Proposition 2.56 making use of the following theorem:

Theorem A.4 ([BHS22, Prop 3.1.16, Thm 5.1.1]). Suppose O — P is a strong Segal morphism of algebraic
patterns such that the following conditions hold:

(1) fCl : 0 = P s an equivalence, and
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~

(2) for every O € O, the functor (Oj‘cot)i — (777?(0)> is an equivalence.

Then, the functor f* : Segp(C) — Segn(C) is an equivalence. Furthermore, if P is soundly extendable, then
f* : Fbrs(P) — Fbrs(O) is an equivalence.

For posterity, we temporarily increase in generality.

A.1.2. Global effective burnside patterns. Let T be an oo-category and I C F$ C F+ a one-object weak
indexing category of an atomic orbital subcategory of 7 in the sense of [CLL24]; write

Span;(Fr) = Span,; ;(F7; T°P)
for the resulting pattern. There is a span pattern analog to Lemma A.2 which is proved identically.

op
Lemma A.5. For T an arbitrary oo-category, the full subcategory of (SpanI(FT)‘/’IS> ~ T xgr Fr s

consisting of morphisms f : T — S such that f is a summand inclusion is an initial subcategory equivalent to
the set Orb(S).

Unwinding definitions, this demonstrates the following.
Corollary A.6. The forgetful functor

SegSpanI(FT) (C) - Fun(SpanI(FT)7 C)
1s fully faithful with image spanned by the product preserving functors.

Global effective Burnside patterns are generally well behaved:
Lemma A.7. The pattern Span;(Fr) is soundly extendable.

Proof. Tt is sound by [BHS22, Cor 3.3.24]. To see that Span(F7) is extendable, it is equivalent to prove that
Hspan(F,) is a Segal Span;(F7)-oco-category, i.e. for every S € Span;(F7), the associated functor ¢ of

Spans(FryE —— o fs =[] In
VEeOrb(S)
J | <
VeSpErIxI(lFT)esl/ Span(FT)‘}%} — VeTthIEFT,/S I/V
is an equivalence. In fact, it is an equivalence by Lemma A.5. O

A.1.3. The equivalence. We resume our original assumption that 7 is atomic orbital.
Corollary A.8. The source functor s : Ey , < Span(Fr) induces equivalences of categories
SegSpan(FT) (C) = SegET,* (C)v
Fbrs(Span(F7)) ~ Fbrs(Er ).

Proof. Tt is clear that s is a morphism of algebraic patterns, as it is induced by a morphism of quadruples.
The pattern Span(F7) is soundly extendable by Lemma A.7. In order to verify that s is a strong Segal
morphism, we must verify that seklg SV is initial. In fact, by the following diagram,

~ 7 op ~ [e)
FS sy —— (]:XFF E.SF,/[SHV]) —— [I BAuws@)™

U€Orb(S)
Lel
[S—=V]/ J/Lp

~

Span(FT;}")gl/ e (]: XFEr FT,/S)Op —_— H (]:/U)Op
UeOrb(S)

it suffices to verify that the functor ¢ is final. Indeed, since 7 is atomic, the subcategory B Aut(U) < Ty
is downwards closed, i.e. initial. This implies ¢ is a product of opposites of initial functors, hence it is final.
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It remains to check that s satisfies the conditions of Theorem A.4. We check this in parts. Condition 1
follows immediately by construction. Condition 2 follows by noting that the following diagram commutes:

FF isov) —— Erjissv) —— Fyys —— H V,u

C T T

Span(F7; F)3¢ —— Fr s —— Fr s —— [[ 7w
UeOrb(S)

and by noting that ¢ is an equivalence, since V' C T is a full subcategory containing any element attaining a
map to V, and there exists amap U — S — V. O

In fact, we may say something more general; define the pullback pattern

Fro — FEr.
.

l l

Span;(Fr) —— Span(Fy)

so that F v . corresponds with pointed I-admissible V-sets.
Observation A.9. By Lemma A.2, F; ,-Segal objects in C are precisely I-semiadditive functors F; , —
Coeff"C. <

The conditions of Theorem A.4 follow from the case I = 7, so we have the following.

Corollary A.10. If I is a weak indexing category, then pullback along the map F; , >~ Span;(Fr) induces
an equivalence

Op; ~ Fbrs(Span;(Fr)) ~ Fbrs(F; )
A.2. Pullback of fibrous patterns along Segal morphisms and sound extendability.

Proposition A.11. Suppose ¢ : O — P is morphism of algebraic patterns and B is soundly extendable.
Then,

(1) If the precomposition functor
©* : Fun(B, Cat) — Fun(O, Cat)
preserves Segal objects, then the pullback functor
¢* : Cat)p — Cat /g

preserves fibrous patterns.
(2) If ¢ is an inert-cocartesian fibration and the left Kan extension functor

¢ : Fun(9, Cat) — Fun(P, Cat)
preserves Segal objects, then postcomposition
©r: Cat/g — Cat/cp

preserves fibrous patterns.

In particular, if ¢ is an inert-cocartesian Segal morphism between soundly extendable patterns whose left Kan
extension preserves Segal categories, then pullback and postcomposition restrict to an adjunction on fibrous
patterns

o1 : Fbrs(9) & Fbrs(P) : ¢*

Proof. Our argument mirrors that of [BHS22, Lem 4.1.19]. In either case, the property of being an inert-
cocartesian fibration is always preserved, either by assumption or by [BHS22, Obs 2.2.6].
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We prove (1) first. Fixing .# € Fbrs(B), by [BHS22, Obs 4.1.3], it suffices to prove that the left vertical
arrow in the following pullback diagram is a relative Segal ©-oco-category.

Stiélt (p*F) —— @*Stiﬁtﬁ

! !

Ay ——— pralp

By [BHS22, Lem 3.1.10], relative Segal 9-oco-categories are pullback-stable, so it suffices to prove that the
right vertical arrow is a relative Segal D-oo-category. By sound extendability /4y is a Segal J3-co-category,
and since ¢* preserves Segal co-categories, p*.a/p is a Segal D-co-category; by [BHS22, Obs 3.1.8] it then
suffices to prove that @*St%ltﬁ is a Segal D-oo-category. Since p* preserves Segal co-categories, it suffices to
prove that St?ﬁtﬁ is a Segal PB-category, which follows by the assumption that .# is a fibrous pattern.

(2) is similar; this time, by taking left adjoints to the commutative square of [BHS22, Prop 4.2.5], it

suffices to prove that the composition
@!Stgtg — 19y — ahy
is relative Segal; since 93 is soundly extendable, [BHS22, Obs 3.1.8] again reduces this to verifying that gogStiStﬁz

is Segal; this follows from the facts that .# is a fibrous pattern and ¢, preserves Segal co-categories. |

A.3. Segal morphisms between effective Burnside patterns. In this section, we fill our grab bag full
of a wide variety of Segal morphisms between effective Burnside patterns.

Proposition A.12. Suppose F C F' C F are wide subcategories. Then, the inclusion
¢ : Spang (F7) — Spang, (Fr)
is a Segal morphism.
Proof. We are tasked with verifying that precomposition with ¢ preserves product-preserving functors, i.e.
that ¢ is a product-preserving functor. In fact, this is immediate, since a functor Spanyp(Fy) — C is product-

preserving if and only if the backwards maps (S <= U)ycorn(s) together map to a product diagram, which is
obviously true of «. |

Proposition A.13. Suppose ¢ : V. — W is a morphism in T. Then, the associated functor Span(lnd&v) :
Span(Fy ) — Span(Fyw ) is a Segal morphism.

Proof. We're tasked with proving that precomposition along Span(Indy) preserves product-preserving
functors, i.e. it is a product-preserving functor. Since Span(Fy) and Span(Fy ) are semiadditive, it is
equivalent to prove that Span(lndy) is coproduct-preserving; since coproducts in Span(Fy ) are computed in
Fy, it’s equivalent to prove that Ind“//v : Fy — Fw is coproduct-preserving, which follows from the fact that
it’s a left adjoint. O

Proposition A.14. If f : T' — T is a functor of atomic orbital co-categories, then the associated functor
Span(F7) — Span(Fr) is a Segal morphism.

Proof. By [CH21, Rem 4.3, it suffices to verify that fg(l / induces an equivalence on the left vertical arrow

lim  F—— [[ F@©)
Span(Mix, UEOm(f (X))

J !

lim Fof!—= [[ Ffv)
Span(T’)‘k/ VeOrb(X)

whenever F' is restricted from a Segal Span(F) space. This follows by noting that the horizontal arrows are

equivalences by construction, and Span(f) sends the set of orbits of X bijectively onto the set of orbits of
f(X). O

Proposition A.15. The map Span(F7) x Span(F7) EAN Span(F7) is a Segal morphism.
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Proof. By [CH21, Ex 5.7], a functor Span(F7) x Span(F7) — C is a Segal object if and only if it preserves
products separately in each variable. Hence we're tasked with verifying that A*F preserves products
separately in each variable whenever F' preserves products. In fact, this follows by distributivity of products

and coproducs in Fr; indeed, we have
NFE(Xy®Z,Y)~F(XUX)xY),
~F((XxY)U(X'xY)),
~F((XyAYy) e (X AYY))
~F (X AY,)®F (X AYS)
~ NF (X4, Y4) & ANF (X, Y,). O

APPENDIX B. CARTESIAN AND COCARTESIAN /-SYMMETRIC MONOIDAL 0co-CATEGORIES

Fix I a unital weak indexing category. This appendix can be understood as a lift of [HA, § 2.4.1-2.4.3] to
the setting of (co)cartesian I-symmetric monoidal co-categories; we proceed by an essentially similar strategy,
complicated only by less convenient combinatorics. In particular, we use the combinatorics of F; ,-fibrous
patterns throughout, so we will freely synonymize Op+ and Fbrs(EI,*) throughout.

Define the T-1-category I'; to have V-values

F;,V = {U+ i) S+ | U GK} C Ar(EI,*)V

that is, the objects of I'; v are pointed I-admissible V-sets with a distinguished orbit, and the morphisms of
I';v preserve distinguished orbits. This possesses a tautological forgetful functor I'; — F; .. We use this to
construct an oco-category C over F; , in Appendix B.2 satisfying the following universal property.

Proposition B.1. Given C a T-oo-category, there exists an oo-category CT= over E; . satisfying the
universal property that there is a natural equivalence

Fung, (D,C'"") ~ Funy (D xg,  I},0);

I,%

that is, the functor (—) xg, L7: Cat., /g, | — Caty possesses a right adjoint (—)I-{.

An object of CI~" may be viewed as S, a pointed V-set and C = (Cyy) € Cs an S-tuple of elements

of C; a morphism f : C — D may be viewed as a F; ,-map (Sy — Vs 1) EN (T4 — Vp ) together with a
collection of maps

{fw : NyCw — Dy | W € f~1(U)}
for all U € Orb(T). In particular, we have the following:

Lemma B.2. CI~Y satisfies the Segal conditions (b) and (c) of [NS22, Def 2.1.7].
Furthermore, unwinding definitions and applying [HTT, Cor 3.2.2.13], we find the following.

Proposition B.3. A morphism f: (C,S) — (D,T) is w-cocartesian if and only if {fw} witnesses Dy as
the coproduct
H NVI[J/OW >~ DU
wef-1(U)
for all U € Orb(T). In particular, f is inert if and only if the following conditions are satisfied:
(a) The projected morphism ©w(f): S — T is inert.
(b) The associated map Cy-1yy — Dy is an equivalence for all U € Orb(T).

Hence C'=Y is an I-operad, which is an I-symmetric monoidal co-category if and only if C admits I-indexed
coproducts.

Thus, when C® admits I-indexed products, we’ve constructed an I-symmetric monoidal co-category
whose indexed tensor products are coproducts; we will now compute its algebras, eventually forcing all other
such I-symmetric monoidal structures to be equivalent to this one.
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B.1. O-comonoids and (co)cartesian rigidity. Define a diagram of Cartesian squares.
O —— Of 0%
[

TP —— I] —— Fy,

Note that the objects of OF consist of triples (Sy — Vi, U, X) where U € Orb(S) and X € Og, and the
image of ¢ is equivalent to the triples where S € V, hence U = S.
Further tote that cocartesian transport along inert morphism U, < S, induces an equivalence

Mapol@ (Y7 (S+ - V+7 U7 X))) = Ma’pol@ (Y, (U+ — V+7 Ua XU)))
for all Y € O. In particular, ¢ witnesses O as a colocalizing subcategory, with colocalization functor
R(S+ — V+, U,X) ~ (U+ — V+, U7 XU)

Lemma B.4. Fiz a functor A : (’)1@ — C. Then, the following are equivalent

(a) The corresponding map OF — C'= is a functor of I-operads.

(b) For all morphisms o in OF whose image in O is inert, A(a) is an equivalence in C.

(c) If f: (S =V, U, X)— (Uy = Vi, U, Xy) is a cocartesian lift of the corresponding inert morphism,

then A(f) is an equivalence.

(d) A is left Kan extended from O.
Furthermore, every functor F': O — C admits a left Kan extension along O — 01@; in particular, the forgetful
functor Alg (C) — Fung(O,C) is an equivalence.

Proof. (a) <= (b) follows immediately from Proposition B.3. (b) <= (c) is immediate by definition. (c)
<= (d) and the remining statement both follow by the more general observation that the left Kan extension
of F': C — D along a functor L : C — & with right adjoint R is given by the composite FR: £ - C — D. O

We would additionally like to characterize I-symmetric monoidal functors into C!~". The following
lemma follows immediately from Proposition B.3.

Lemma B.5. Assume C has I-indexed coproducts and D€ is an I-symmetric monoidal co-category. Then,
TFAE for a laz I-symmetric monoidal functor ¢ : D® — C1~Y:

(1) ¢ is a map of I-symmetric monoidal categories.
(2) The corresponding T -functor F : D® — C satisfies the property that, for all (Xy) € Ds, the canonical
maps Ind; F(Xy) — F(X) exhibit F(X) as the indezed coproduct

S
[[F(xv) = F(X).
U

We use this for the following fundamental proposition underlying (co)cartesian rigidity.

Proposition B.6. Suppose D® is an I-symmetric monoidal category satisfying the condition that its action
maps fo : Dg — Dy are left adjoint to the restriction map f* : Dy — Dg. Then, the forgetful functor

U : Fun$ (D%, C'~") — Funs(D,C)

is fully faithful with image spanned by the I-coproduct preserving functors; dually, if £% is an I-symmetric
monoidal category satisfying the condition that its action maps fg : Es — Ev are right adjoint to the
restriction map f* : &y — Eg, then the forgetful functor

U : Funf (2, (CT=%)v°P) — Funy(&,C)
is fully faithful with image spanned by the I-product preserving functors, (—)"°P denoting the fiberwise opposite

over Fy ..

Proof. The first statement follows by noting that those 7-functors D® — C satisfying the conditions of
Lemma B.5 are precisely those which are left Kan extended along the (fully faithful) 7-functor D < D®
from I-coproduct preserving functors. The second follows by taking fiberwise opposites. |
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We are now ready to prove our main generalization for Theorem D’ (see p. 23).

Proof of Theorem D’. The two cases are dual, so we prove it for (—)!~". To see that it’s fully faithful, it
suffices to note that the action maps in C'~" are left adjoint to restriction and apply Proposition B.6. The
compatibility with U is obvious, and the description of the image follows immediately from Proposition B.6. [

B.2. A quasicategory modeling C'~". Let T be a quasicategory and C € sSet‘;%E‘“”rt a cocartesian fibration
to 7. There exists a simplicial set C'~ satisfying the universal property

(31) Homg, (K,C'™Y) ~Homy(K xg, I7,C).

Lemma B.7. The map of simplicial sets '™ — E; . is an inner fibration; hence C'=Y is a quasicategory.

Proof. The proof is exactly analogous to the analogous part of [HA, Prop 2.4.3.3]; that is, we may apply the
universal property

Ar Loy or-u AP xg, T =~ I &v—c
/7‘ U€Oorb(S) e
% f(U)eSfLY+ //
— o
/// J/ ///
7
n n * ~ n op
S A Tpo= I AT T
' U€eOrb(S)
FU)ESy o

after which the lifting problem on the RHS has solutions in bijection with the tuples of solutions to the lifting
problems made up of the summands, which exist by assumption that the functor C — 7 is a cocartesian
fibration (hence an inner fibration).

The remaining claim follows by noting that F; , is a quasicategory, so the composite map of simplicial
sets C!=" — F; _ — % is an inner fibration. O
Proof of Proposition B.1. Unwinding the above work, we’ve verified that C!~" is a quasicategory over
F; .. Fixing some quasicategory D over F;, and applying Eq. (31) for K = D x A", we find that
Fun(K,CT~") ~ Funy(K XE, . I'7,C). The result then follows by replacing “quasicategory” with “oo-
category.” |

B.3. O-monoids. Recall that an O-monoid in C is a functor O® — C satisfying the condition that for all
X = (Xy) € Cg, the canonical maps F(X) — F(Xy) witness F(X) as the indexed product

S
F(X) ~ [ F(xv).
U

We are tasked with proving the following.

Proposition 1.82. Fiz C a T -category. Then, the postcomposition functor Alg.(C1=*) — Funy(O®,C) is
fully faithful with image spanned by the O-monoids.
In order to do so, we introduce a construction.

Construction B.8. The (non-full) T-subcategory I'; C Ar(E; ,) has V-objects given by summand inclusions

of pointed V-sets S < S and morphisms of V-objects given by maps a : S — T with the property that
—1/m yad

a NT)cCS. q

Recollection B.9 ([NS22, Def 2.1.2]). A morphism f in F;, from S, € F;. v to Ty € Fr. v may be

modelled as a morphism of spans

— ) L

S T
. 7,
Resy; S
U T~ Ve—e——1V
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such that f° € I. Such a morphism is T, -cocartesian if f° and ¢y are both equivalences, i.e. it witnesses
an equivalence Res; S; ~» Ty <

Let T4 — Sy be a map in F; , lying over an orbit map U — V and let S C S be an element of
T} lying over S;. We would like to construct a Cartesian edge landing on S C S; we do so by setting
T = f"Y(Resy S) C f~1(S) C T, and letting the associated map ¢ : (f~'(Res); S) C T) — (S C S) be the
canonical one. The following lemma then follows by unwinding definitions, where U : EIX — EI,* denotes the
forgetful functor.

Lemma B.10. t is a U-cartesian arrow; in particular, U is a cartesian fibration.

Given C a T-oo-category, modelled as a quasicategory cocartesian fibered over a fixed model for 7°P,
we may define a simplicial set C!=* over F 1, by the universal property

Hom g, (K,C'*) ~ Hom,7op (K xg, T},C).

For S, € F; ,, we view objects in CNLIQIX over V as V-functors &y (S)°P — Cy, where Py (S) is the poset of
V-subsets of S.
The following lemma is then immediately implied by [HTT, Cor 3.2.2.13].

Lemma B.11. Let p: CI=* — E; . be the projection, and let & : F' — G be a morphism lying over a
morphism o : T — S lying over an orbit map U — V. Then, & is p-cocartesian in the sense of [HTT] if and
only if, for allT' C T, the induced map F(a’l(Resg 7)) — Resg G(T") is an equivalence; in particular, p is
a cocartesian fibration of simplicial sets

Since CI=* — F; . is a cocartesian fibration of simplicial sets, it is an inner fibration, so Cl-*is a
quasicategory. Using this, we henceforth treat C1—* — F; . as a cocartesian fibration of co-categories. Let
C1=* < C1=* Dbe the full subcategory spanned by those functors P(S)°P — Cy satisfying the property that,
for all T C S, the maps B

F(T) — Colnd}; Resy; F(U)

exhibit F(T) as the T-indexed product F(T) ~ Hg F(U) in C. Once again, the following follows by definition.

Proposition B.12. A morphism in CI=* is p-cocartesian if and only if it lifts to a p-cocartesian morphism
of CI=>. In particular, the projection p : CI=* — E; . is an I-symmetric monoidal category if and only if C
admits I-indexed products.
Observation B.13. C!~* is a cartesian I-symmetric monoidal oo category with underlying 7T -oo-category C,
so we have not created a clash in notation. N
Observation B.14. The structure map O% Xg, Lr.— 0% admits a left adjoint L sending X € (’)?+ to
(X, S C S); the unit map of this adjunction is evidently an equivalence, so L : 0% — 0% xg, L'y, is fully
faithful. 4
Fix a 7 functor 4 : O% xg, I — C with corresponding functor ¢ : O® — C1=* and restricted functor
A" 0% — C. Lemma B.11 immediately implies the following.

Lemma B.15. Suppose A’ is a T-functor. Then, the following conditions are equivalent:
(a) The map ¢ is a functor of I-operads.
(b) For all morphisms « in O% XE, . T} whose image in O% is inert A(«) is an equivalence in C.
(c) If f:(Sy — V4,8, F,X) = (Sy — Vi,S,F,X) is a cocartesian lift of the corresponding inert
morphism, then A(f) is an equivalence.
(d) A is right Kan extended from A’ along L.

In this case, the composite map OF — C1=* — C is homotopic to A’.

We use this to finally identify Cartesian algebras in the following lemma, which also follows imeediately
from Lemma B.11.

Lemma B.16. Suppose ¢ is a functor of I-operads. Then, the following conditions are equivalent:
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(a) ¢ factors through the inclusion C'=>* C cl-x,
(b) A" is an O-monoid.

Proof of Proposition 1.82. CI=* < C!=* is fully faithful, and hence it is a monomorphism in Cat. This
implies that the associated functor

Alg,(CT) — Fun%t]_mcart ((9®, éI_X) ~ Funy ((’)®, C)

is fully faithful. By Lemma B.16, its image is the O-monoids. ]
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